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Biological data are often transformed before statistical analysis 
is carried out on them (Cancela da Fonseca, 1965; Proctor and Marks, 
1975). The purpose of such transformation is mainly to establish the 
homogeneity of the variances and the normality of the distribution. 

A frequently used transformation is Xi = loga Yi (i = 1, 2 ... n) 
with Yi the ith original observation, Xi the corresponding transformed 
value and a the base of the logarithmic system. However, a dif
ficulty arises when interpreting the calculated mean X, because 
the scale in which it is expressed is not always very meaningful 
either for the research worker himself or for the practitioner. There
fore, besides the value of X, the value obtained by inverse trans
formation is also given. The latter is calculated by taking antilog 
(X) or ax, which is the geometric mean. This estimate of the true 
mean of the population is however biased. This bias can be very 
important, in particular when a number of estimates obtained from 
independent sets of observations are averaged in order to estimate 
the average effect (Neyman and Scott, 1960). 

To obtain an unbiased estimate of the population mean, a correc
tion should be carried out. The term « unbiased}} can be defined as: 
« ... the expectation of the estimate is the true value }} (Kempthorne, 
1952). It should be noted that the mean of the original observations 
is indeed an unbiased estimate of the true mean, although this 
estimate is not efficient. Efficiency means: « ... the variance of the 
distribution of the estimate relative to some standard}} (Kempthorne, 
1952). Although from a statistical point of view the problem of inverse 
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transformation has already been studied, the practical application 
seems not to be used frequently by research workers in zoological 
disciplines. 

The purpose of this paper is to demonstrate the procedure of an 
inverse transformation with correction. First a simple experimental 
design is theoretically described, after which the necessary mathe
matical relations are given. 

It should be noted that Aitchison and Brown (1957) and Thani 
(1969) have published tables for the transformation Xi = loge Yi and 
Xi = 10glO Yi respectively for the case of a single sample. These tables 
cannot be used when several samples are combined in one analysis. 
Furthermore, these tables are not always easily accessible for the 
research worker. Because small electronic calculators are now readily 
available, the calculations can easily be done by the research worker 
himself. 

THEORETICAL ASPECTS 

Experimental design 

The described experimental design is a completely randomized 
one. Suppose that p treatments must be compared for their effects 
on populations of soil inhabitants (e.g. the effect of p nematicides on 
the number of nematodes infesting a plant). For the first treatment 
there are nl experimental units (plots, pots ... ) in the experiment; 
for the second treatment the number of experimental units is nz ... 

If the original counts are represented by Yij (i = 1, 2, ... nj; 
j = 1, 2, ... p) and if a transformation Xij = loge Yij is carried out, 
the Xij values can be shown as in table 1. Furthermore suppose that 
the transformed data within each treatment follow a normal dis
tribution with parameters mj (j = 1, 2, ... p) and 0

2
, the latter being 

constant for each treament. 

The transformed data can be analyzed using an analysis of 
variance, for which the model is given in table II, with N = nl + nz + 
... nj + ... np. 
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Table I - Experimental design. 

Treatment 2 ... 

Table II - Model of analysis of variance. 

Source 

Between treatments 

Within treatments 

Total 

Degrees of 
freedom 

p- I 

N-p 

N - 1 

T2 = 

Ti 

j ... 

Xli 

X 2i 

Sum of squares 

P nj 

~ ~ (Xj X)2 

H i~l 

P nj 

~ ~ (Xij - X j )2 

H i~l 

P nj 
'P ~ (Xij - X)2 "-J 

H i~l 

-109 -

P 

X 1P 

X 2p 

Mean square 

s2 -2- Tj(p-I) 

sT = Td(N--p) 



Basic principle 

Using the properties of the expectations and the properties of 
the normal distribution (e.g. Hoel, 1971) it can be shown that: 

E stands for the expectation and Mj for the true mean of the jth 
population. The abbreviation exp stands for the number e to the 
power. The problem is to find a relation, starting from Xj and S2 as 
estimators of respectively mj and 0

2, such that the expected value 
of this relation equals Mj. In mathematical expression: 

(1) 

For a single sample of n observations, Finney (1941) has shown 
that such a function can be defined as a series which can be ex
panded as: 

n - 1 (n - 1)3 (s2/2)2 
1 + (S2 /2) + + 

n n2 . 2! n + 1 

(n - 1)5 (s2/2)3 
(2) 

n3 . 3! (n + 1) . (n + 3) 

Oldham (1965) has shown that if several independent samples 
are combined in the analysis then the expansion of the series is 
given by: 

1 V 

2! V + 2 

1 V 
+ (3) 

3! (V + 2) (V + 4) 

In (3), V is the number of degrees of freedom on which S12 is 
based. It can easily be shown that (3) is identical with (2) if only 
one single sample is considered, for in this case: 

nj = n (j = 1,2 ... p) and V = n - 1. 
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ESTIMATION OF THE NUMBER OF RADOPHOLUS SIMILIS 
NEMATODES IN CALATHEA MAKOYANA PLANTS 

From four Calathea makoyana plants, 2 g roots were taken in 
4, 8, 8 and 6 replicates respectively and the numbers of Radopholus 
similis (Cobb) Thorne determined. These numbers are represented 
in table III; the same table also shows the transformed data, using 
natural logarithms. The observations are taken from a larger set from 
Heungens et al. (1971). The problem is twofold: 

(i) can a significant difference be shown between the plants? 
(ii) what is the mean number of nematodes in each plant, as 

an unbiased estimate of the true number? 

Table III - Numbers of Radopholus similis in 2 g roots. Original and trans
formed data (loge Y ij = Xij). 

Plant 2 3 4 

Number of observations I 4 8 8 6 

6 13 4 49 

1.791759 2.564949 1.1386294 13.891820 

80 42 24 50 

4.382027 :l.7B7670 13.178054 13.9120213 

125 53 43 124 

4.828314 13.970292 3.761200 4820282 

778 85 52 160 

8.656727 4.442651 3.951244 5.075174 

116 62 542 

4.753590 4.127134 6.295266 

1313 221 718 

4.8901349 5.398Hl3 6.576470 

175 234 

5.164786 5.455321 

200 1880 

5.298317 7.539027 
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The first problem can be solved by carrying out an analysis of 
variance according to the general outline of a completely randomized 
design with unequal numbers of replicates. 

Before the analysis is carried out, the homogeneity of variances 
is tested by the procedure of Bartlett (1947). The calculated x2 yields 
a value of 21.85 with three degrees of freedom. The probability of 
exceeding such a value (under the hypothesis of equal variances) is 
0.00007, which is too small to accept equality of variances. If the 
data are transformed, using natural logarithms, the calculated x2 

yields a value of only 4.10. The corresponding probability of exceeding 
that value does not exceed 0.252. The reduction of x2 shows that the 
transformation of the data was adequate, as far as the homogeneity 
of variances is concerned. Table IV gives the variances of the samples 
for original and transformed variables, and the results of the Bartlett 
test. Table V shows the analysis of variance of the transformed data. 

Table IV - Variances and results of the Bartlett-test. 

Plant 1 
Plant 2 
Plant 3 
Plant 4 

Calculated X2 

Degrees of freedom 
Probability 

Table V - Analysis of variance. 

Source D.!. 

Plants 3 
Error 22 

Original data 

127606.13 
4328.32 

407592.86 
81054.09 

-

21.852 
3 
0.000070 

Mean square 

0.827038 
2.162350 

112 -

F calc. 

0.38 

Transformed data 

4.026371 
0.818871 
3.314664 
1.311666 

4.090 
3 
0.251890 

I 
Prob. 

0.769 



Although no significant differences between the plants can be 
shown, as the probability of the calculated F-value is too large, there 
still remains the problem of obtaining an unbiased and efficient es
timate of the true mean value of the number of R. similis for each 
plant. 

Using (3) with s/ = 2.1623 and V = 22 and n being 4, 8, 8 and 6 
respectively, the value of f(t) can be calculated. Substitution of f(t) 
in (1) finally gives the estimates of the population means. Table VI 
shows the successive terms of f( t). 

Table VI . Successive terms of f(t). 

Plant I Plant 2 and 3 

1.000000 1.000000 
0.810881 0.946028 
0.301367 0.410194 
0.068925 0.109451 
0.010978 0.020339 
0.001305 0.002822 
0.000121 0.000305 
0.000009 0.000026 

2.193586 2.489165 

Plant 4 

1.000000 
0.900978 
0.372058 
0.094548 
0.016733 
0.002211 
0.000228 
0.000019 

2.386775 

These terms rapidly converge to very small values, e.g. values 
which have no longer a significant impact on the value of f( t). 
Moreover, if an experimental design is used with equal numbers 
of replicates, the calculations are considerably reduced as only one 
series of f( t) must be calculated. 

CONCLUSIONS 

Table VII gives the different calculated means, respectively the 
arithmetic mean of the original data, the arithmetic mean of the 
transformed data, the geometric mean, and the inverse transformed 
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mean with correction. The geometric mean always yields a value 
less than the arithmetic mean of the original data and the corrected 
mean. As already mentioned in the introduction, the geometric mean 
is a biased estimation and in such way that it is an underestimation. 

Table VII Mean values. 

Plant 

2 
3 
4 

Original data 
y 

247 
102 
1lHi 
274 

Transformed data 

X 

4.414707 
4.3f>2~26 

4.349566 
5.095173 

Geometric mean Corrected mean 

exp (X) exp (X). f(t) 

~2 181 
77 1 !lil 
77 1911 

163 390 
-----_._-----.. _-----------

Furthermore it should be noted that due to an extreme value in 
the sample (e.g. plant 3) the mean of the original value is large. The 
effect of this can be reduced by using a logarithmic transformation. 

Returning to the original scale, the correction deals with the bias. 
Extreme values also can produce mean values which are quite dif
ferent when working with the original data although· the geometric 
means have the same value, e.g. plants 2 and 3. The fact that the 
corrected means also yield the same value is explained by the equal 
numbers of replicates with plants 2 and 3. 

SUMMARY 

The basic principles are given for estimating the mean of a population 
after transforming the data to a logarithmic scale. These principles are applied 
to an experiment dealing with Radopholus similis and Calathea makoyana 
plants. The different mean values are compared and it is shown that the 
geometric mean, which is frequently used, is an underestimation of the true 
mean. 

RIASSUNTO 

Stima di popolazioni per mezzo di trastormazione dei dati: un esempio 
pratico per dati zoologici. 

Vengono illustrati i principi di base per stimare popolazioni per mezzo 
di trasformazione dei dati in scala iogaritmica. Viene dato un esempio pratico 
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sulla interrelazione esistente tra il nematode Radopholus similis e la specie 
vegetale Calathea makoyana. I diversi valori medi sono raffrontati tra loro e 
viene dimostrato che la media geometrica, frequentemente usata, da una stima 
per difetto rispetto alla media reale. 
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