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A NOTE ON DESCRIBING THE DECREASE IN A NEMATODE POPULATION
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Sumumary. The exponential model Y = aexp (-8X) is commonly used to describe the decrease within biological phenomena. Four fitting
techniques were compared in relation to the unbiasness and the variability of the estimates of the parameters. The applied techniques were:
iterative solution for least squares, optimization of the likelihood, linearization, and linearization with weighting. It was shown that least
squares and the likelihood always yields satisfactory results. Both of the other techniques could yield estimates deviating to a large extent

from the parameters, depending on the rate of decrease.

Population decreases are frequently studied in nematol-
ogy. The independent variable can have different natures.
Roberts et al. (1981 studied the relative decrease of popu-
lation levels of Heterodera schachtii Schmidt in function of
time at two sampling depths. Davis (1984) studied the de-
crease of the presence of Tylenchulus semipenetrans Cobb
in function of depth.

The population decrease can adequately be described
by the exponential function:

Y = o exp (-B8X) T

the model being the solution of the simple differential
equation dY/dX = -BY; where Y is the population density,
X a controlled variable and 8 a specific constant.
A common way to fit observations to this relationship
() is to transform the function into a system which is line-
ar in the parameters. Daniel and Wood (1980) give a varie-
ty of curves and their transforms, including the exponential.
It is clear that (1) can be linearized by logarithmic transfor-
mation (base e).

The purpose of this paper is to show that linearization
is not the optimum solution for estimating the parameters
in (1. As these parameters often have a biological interpre-
tation such as “initial population” (Y at X = 0) and “gradient
of decrease” (dY/dX at X)), 2 more precise procedure for
estimation should be used.

Method

Some statistical concepts in relation to the problem.
Model (1) is estimated by:

Y=aexp (-bX) @)

Using the least squares method and assuming n pairs of
observations (X, ,Y), then

S (Veaexp (-bX))? 3
=1

should be minimum.
Taking the derivatives with respect to @ and b respec-
tively, yields the set of equations:

En, Y; exp(—in)=ozzn, exp(-2bX)
=1 i=1 @

7

XY, exp(-bX)=a X, exp(-2bX,)
~1

i=1 7

The unknowns @ and b cannot be written in an explic-
it way. An iterative procedure should be used to solve for
aand b.

The parameters of model (1) can also be estimated by
maximum likelihood. If it is assumed that

E[Y] = a.exp(-BX) and Var(Y) = 62

and Y is independently and normally distributed, then the
likelihood I'is given by:

1 - 1
Ko, B)=—F—)"exp —— > (Y, - oc.exp(—st,))z 5
o \N2n 202 i1

The log-likelihood L is:

7 -1 2
-5 log2zn-nlogo Y] 20 Y—o.exp(-8X))
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solving

8L _ 8L _,
do  8p

yields the same set of equations as (4).

Indeed, the least-squares fitting is a maximum likeli-
hood estimation of the fitted parameters if the errors are in-
dependent and normally distributed (Press et al., 1986). For
the mathematical model which we use later, this assump-
tion is made. The likelihood (5) can directly be maximized.
An algorithm to solve this problem has been given by Neld-
er and Mead (1965).

If logarithmic transformation is applied to (2):

InY=lna-6X ®
Y=atbX

Minimizing (5), the same way as (3), yields the set of
classic normal equations:

a=Y-bX

b=(zn,Xi Y, ’—(En,X 2. Y)/n)/ (XW,X,-Z-(EnJQ)Z/ w0
=1 =1 i=1

=1 =1

From (6) a’and b can easily be calculated. Detransfor-
mation by taking antilogarithms, yields the parameters in
the general form of equation (2). This procedure results in
a bias as medians are involved instead of means (Hald,
1952).

Although other transformations could be used (Box and
Cox, 1964; John and Draper, 1980), the logarithmic one is
obvious as it results in a simple linear relationship, and still
yields interpretable results (Wetherill, 1981).

A very simple correction for the bias that is easily car-
ried out is suggested by Aivazian (1970). The correction
consists in weighting each deviation (Y’; -(Ina - X)) by the
squared reciprocal of the derivative of the transformation
function. In this specific case, as the transformation func-
tion f(Y) = In Y, it follows that I/f'(Y)) = Y,.

The sum of squares to be minimized is now:

S V(¥atbx)’
-1

and the resulting set of equations to be solved:

n n n
a' LY -bXY=EYTY] %)
i=1 i=1 i=1
n n > n 2
a' XX YDA Y=L XYY,
=1 =1 =1

Taking antilogarithms as with (6), the general form (2)
is obtained.

Simulation. To demonstrate the efficiency of the meth-
ods mentioned above, a simulation is carried out according
to following procedure. The values of o and 8 in (1) are
fixed: the parameter o is set at a value ranging from 5 to
200 (5, 10, 15, 20, 50, 100, 150, 200), the parameter 8 rang-
es from 0.01 to 0.1 (step 0.01). Within an arithmetic series
of 10 fixed X-values (0, 20, ..., 180), the corresponding Y-
values are calculated according to (1), vielding pairs (X,
¥). Each of the ¥, ’s is considered as the mean of a Gaus-
sian distribution with a fixed standard deviation ¢. The
standard deviation is chosen as a percentage of the value of
o (ranging from 2% to 20%) being the spread at the re-
sponse for X = 0 and remains constant over the range of X-
values. From these normal distributions (at each X)) a ran-
dom Y-value is selected yielding new pairs (X, Y). The
normal variates (Y) are generated using the decomposition
method described by Newman and Odell (1971).

The exponential curve is fitted to the generated (X, Y)
pairs using following methods: () an iterative approach
(M) using the set of equations as described by (4). Al-
though several iterative procedures could be applied, the
algorithm of Marquardt is used, as “... This Levenberg-Mar-
quadt method works very well in practice and has become
the standard of nonlinear least squares routines”. (Press et
al., 1986, p. 524); (iD) a direct optimization procedure (M,),
based on the Nelder-Mead algorithm and programmed by
O'Neill (1971). The source code for the routine — with mi-
nor corrections — can be found in Applied Statistics Algo-
rithms (Griffiths and Hill, 1985); (iii) linearization by loga-
rithmic transform (M) using the set of equations (6) fol-
lowed by detransformation; and (iv) linearization with
weighting (Mg and logarithmic transform with the set of
equations (4), followed by a detransformation.

Besides the estimators ¢ and b, the estimate of the stan-
dard error is also recorded. The process of selection and fit-
ting the exponential is fepeated 1,000 times for each meth-
od.

Results and discussion
Estimates

Only a small part of the results is shown (Table I) as
they all follow the same pattern over the combinations of
(o, B) and ¢ and as the aim of the simulation is comparing
methods within a fixed combination.

Effect of the change in standard deviation (0. and 8 con-
stant). For all three methods an increase in ¢ does not have
an effect on the mean value of neither a nor b, however, it
does influence the range of these values.

Effect of the change in a. and 8 (6 constans). For small
values of 8 (£<0.02) the four methods yield the same mean
values for the estimates of the parameters o and 8. Howev-
er, the range for these estimates is broader when applying
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Table I - Some results of the simulation for several sets of (o; JS) and G.

M1 M2 M3 M4
Min Mean Max Min Mean Max Min Mean Max Min Mean Max
. o=5.00;8=0.01,0=0.1 )
a 4.77 5.00 5.24 4.80 4.99 5.23 4.63 5.00 5.45 4.76 5.00 5.24
b 0.0091  0.0100 0.0110 0.0091 0.0100 0.0110 0.0088 0.0100 0.0114 0.0090 0.0099 0.0110
st. dev. 0.0369 0.0998 0.1800 0.0313 0.0983 0.1705 0.0371 0.1097 0.2402 0367 0.0992 0.1832
o =5.00;8=001;,06=10
a 2.49 4.98 7.19 2.53 4.86 7.68 1.99 4,92 15.67 2.97 5.01 7.12
b 0.0023 0.0098 0.0241 0.0021 0.0089 0.0174 0.0010 0.0099 0.0366 0.0007 0.0098 0.0273
st. dev. 0.2815 09632 1.747 0.3270 0.9090 1.6128 0.3737 1.007 3.954  0.3682  1.094 2.453
a=>500;8=003c=0.1
a 4.68 5.00 5.31 4.67 4.99 5.25 2.53 4.04 10.16 455 4.96 5.30
b 0.0267 0.0298 0.0327 0.0269 0.0299 0.0339 0.0167 0.0261 0.0435 0.0237 0.0286 0.0322
st. dev. 0.0272  0.0983 0.2123 0.0290 0.0935 0.1624 0.0600 0.4810 1.947 0.0272 0.1058 0.3241
a=5.00;8=007;6=01
a 4.70 4.99 5.33 4.76 5.00 5.25 0.2800 1.08 3.26 4.51 4.87 5.28
b 0.0566 0.0696 0.0816 0.0594 0.0696 0.0806 0.0097 0.0218 0.0413 0.0251 0.0455 0.0692
st. dev. 0.0285 0.0988 0.1910 0.0207 0.0958 0.1809 0.6905  1.409 1.777  0.0499 0.3836  0.9313
a=1500;8=0010=1
a 12.27 15.05 18.15 12.74 14.99 17.87 11.90 15.31 2791 12.400 14.99 18.21
b 0.0070  0.0100 0.0139 0.0069 0.0100 ~0.0141 0.0065 0.0104 0.0198 0.0068 0.0095 0.0134
st. dev. 0.3080  0.9963 1.807  0.3413 09893 1.7516 0.3118 1.091 5370  0.3084 1.043 2.046
o=1500,8=0030=1
a 11.52 14.90 17.88 12.10 14.84 17.90 8.99 9.45 29.83 11.22 14.32 17.801
b 0.0184 0.296 0.0421 0.0194 0.0287 0.0417 0.0084 0.0190 0.0438 0.0102 0.0273 0.0337
st. dev. 0.2953 0.9853  1.860 0.1603 0.9888 1.7303 0.3234  2.520 5.353 3.066 1.407 4.101
o=1500;R=0076=1
a 11.99 14.93 18.03 12.20 14.94 17.47  0.7300 3.66 13.88 11.90 14.19 17.33
b- 0.0361 0.0697 0.1314 0.0433 0.0677 0.1358 0.0000 0.0139 0.0415 0.0091 0.0228 0.0537
st. dev. 0.2743  0.9843 1.940  0.3988 0.9577 1.7796 0.7210  4.155 5792  0.6822 3.020 6.102
o =100; 8 = 0.01; 6 = 10
a 69.50 99.99 132.6 73.57 99.69 126.48  62.56 102.31 211.5 69.56 99.58 134.3
b 0.0067 0.0099 0.0143 0.0058 0.0100 0.0146 0.0046 0.0106 0.0239 0.0059 0.0098 0.0147
st. dev. 4.676 9.798 17.41 3.8330 9.7674 17.7720 4.067 11.72 43.20 4.677 10.57 20.17
o =100; 8 = 0.03; 6 = 10
a 67.63 99.56 127.8 72.82 98.53 128.42 10.83 77.45 264.2 64.41 94.47 117.5
b 0.0187  0.0295 0.0399 0.0159 0.0274 0.0498 0.0034 0.0157 0.0406 0.0061 0.0281 0.0357
st. dev. 2.789 9.877 16.18  1.5794 9.8537 17.3031 3.514 19.66 54.87 3.137 12.35 34.03
o = 100; 8 = 0.07; ¢ = 10
a 72.51 98.94 123.4 72.55 99.01 127.09  2.927 27.05 98.59 64.00 94.53 126.6
b 0.0400 0.0681 0.1460 0.0265 0.0672 0.2000 0.0014 0.0116 0.0334 0.0055 0.0179 0.0452
st. dev. 4.586 9.869 1473 31121 9.6181 17.2532 10.40 27.39 40.01 7.215 24.15 38.36

M;: Least squares; My: Direct search; Ms: Linearization; My: Weighted regression.
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linearization (Mj). This can be an indication that this meth-
od is more sensitive to “outliers” than the two other ones.
All four methods give good estimates of o; M; however,
yields a broader range.

For intermediate values of 8 (0.02<<0.04), the results
produced by M; deteriorate very quickly as the estimates,
both @ and b, can deviate to a large amount from o respec-
tively 8; up to 30% for a and even up to 50% for . The es-
timate of ¢ is too high a value; this can produce erroneous
results when making prediction statements. The three oth-
er methods yield fair estimates of the parameters.

If B8 is large (8>0.04), M, and M, are the only methods
which produces adequate estimates for o, 8 and 6. M, gives
a good estimate for the parameter a; the other estimates de-
viate too much from their true value. The estimates yielded
by M; are all too erroneous to be useful.

Error structure. To find whether a pattern of deviations
from the fitted line exists, a run test as described by Drap-
er and Smith (1981) is carried out. This test yields an ap-
proximate standardized normal deviate (Z-value). In Table
I, the results are summarized as relative frequency distribu-
tions (88,=0.01 and 8,=0.07). From this table it can be con-
cluded that for 8=0.01 there is no statistical evidence that
none of the fitting techniques produces a number of runs
which deviates from its expectation. For $8=0.07, only M,
and M, yield a number of runs as expected, M; and M, pro-
duce a too low number of runs. In these cases overestima-
tion and/or underestimation will occur too often.

Numerical example

Moens and Hendrickx (1990) studied the Meloidogyne
incognita (Kofoid et White) Chitw. infection rate on toma-
toes as a result of the spread of 2nd-stage juveniles in hy-

droponic-type systems. They found decreasing infections
with increasing distance from the introduction point of the
nematodes. The open circles in Fig. 1 represent these
data.

Fitting the exponential Y = a exp (-bX) to these data
yields, with the four methods, following equations (stan-
dard deviation):

M;: Y = 182 exp (-0.0362 X); (8.95)
M,: Y = 182 exp (-0.0362 X); (8.95)
M Y = 241 exp (-0.0493 X); (28.21)
M, Y = 180 exp (-0.0340 X); (9.52)

The number of runs is 4 for M;, M, and M and 3 for M. -
The exact probability of having at least 3 runs attains only
0.143 whilst obtaining at least 4 runs is 0.371.

An iterative least squares procedure and a direct max-
imization both yield the same estimates of the parameters.
With weighted regression the standard deviation increases
about 6%. The fit realised with linearization deviates to a
large extent from the data points. These results agree with
the ones obtained from the simulation, the rate of decrease
being smaller than 0.04.

There is no statistical evidence that there is a pattern in
the deviations from the fitted line. The probability of ob-
taining only three runs with the linearization technique can
put some doubts on the randomness.

Conclusion

It can be stated that for slow decreasing processes, each
of the four methods yields adequate estimates of the param-
eters. For each method there is no evidence that a systemat-
ic pattern occurs in the deviations from the fitted line.

Table 1I - Comparison of four fitting techniques to the theoretical distribution.

Classes Relative frequency distribution of Z-values
P(LSZ,<U) M M, M; My

L U i) B, 8y 8, 8y B, & 82
-2.25 -1.75 0.0278 2 1 2 1 7 40 68
-1.75 -1.25 0.0655 3 4 4 3 5 7 3
-1.25 -0.75 0.1210 9 14 8 14 2 6 1 5
-0.75 -0.25 0.1747 19 15 19 10 29 34 20 20
-0.25 0.25 0.1974 23 16 25 25 22 6 28 2
0.25 0.75 0.1747 21 16 17 25 10 3 11 1
0.75 1.25 0.1210 10 17 10 20 9 3 11 1
1.25 1.75 0.0655 8 14 10 1 10 1 14 0
175 2.25 0.0278 2 4 1 5 0 0
2.25 2.75 0.0092 1 1 1 0 1 0 1 0

U: upper limit; L: lower limit; My: Least squares; M,: Direct search; Mj: Linearization; M;: Weighted regression; 3, =0.01; 8, = 0.07.
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Fig. 1 - M. incognita-infection on tomato roots as a result of the spread of 2nd-stage juveniles in a hydroponic-type system (open circles show
data from Moens and Hendrickx, 1990). The curves represent the decrease of the infection in function of distance from the infection point,
using four fitting techniques. My: My: Y = 182 exp (-0.0362X); (sy|x = 8.95); My: Y = 241 exp (-0.0493X); (Syx = 28.21); and Mz Y = 180 exp
(-0.0340%); (sy|x = 9.52). The distance is expressed in coded values: (X-45)/45, X = distance from infection point.

For faster decreasing processes and if the sole purpose
of fitting the exponential is estimating the initial value,
weighted regression can still be used.

If all parameters have to be estimated and predictions
have to be made, iterative least squares and direct maximiz-
ing the likelihood should be used. Not only because they
produce adequate estimates but also because the devia-
tions from the fitted line show no systematic patterns.
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