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~ new deep water irrotational water surface wave model based on the stream function expression for a vortex sheet
IS presented. If It IS assumed. that there are waves in the air above the sea surface that correspond to the water
surface wa\'es t~~n~ expression ~or the gro.wth of the ~ater :-vaves due to the wind is proposedin terms of a Reynolds
number R - U v LFff, where.U IS the friction velocity, L IS the wavelength, F is the fetch and ris the circulation
per wave. The proposed model IS compared favourably with the Shore Protection Manual (1984)methods.
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INTRODUCTION

A new irrotational finite amplitude water surface gravity
wave model is presented. This model is based on the potential
flow representation of a vortex sheet containing discrete vor­
tices. Even though it is possible to visualise the boundary
between one fluid flowing over another as a vortex sheet
(ROBERTSON, 1965, p. 111; PHILLIPS, 1977, p. 121), it does
not necessarily follow that an irrotational vortex sheet will
be a suitable representation for water surface gravity waves.
It will be subsequently shown that it is a useful model. For
a related application, LONGUET-HIGGINS (1994) proposed a
system of vortices above and below a free surface in his ex­
amination of the crest stability of gravity/capillary waves.

In the initial development of the model the air is neglected,
and it is assumed that the water continues to flow as if there
is an irrotational vortex sheet just above the free surface. The
model development follows the usual assumptions for surface
waves of a constant form (SCHWARTZ and FENTON, 1982)
(DEAN and DALRYMPLE, 1991), i.e. the fluid is assumed two
dimensional, ideal, with irrotational motion, and the field
equation is Laplace's equation \72<1> = \72I)J = 0, where <I> is a
velocity potential and I)J is a stream function. There is no flow
across the bottom boundary and the free surface boundary,
there is constant pressure on the free surface, and a periodic
solution is specified. These assumptions are found to be an
excellent approximation provided that the waves are not too
small, or in water that is too shallow so that the thickness of
the bottom boundary layer is not too large compared to the
wave height (SVENDSEN and JONSSON, 1980, p.62). Only a
deep water vortex sheet wave model (VSWM) is presented,
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however shallow water waves, steep asymmetric waves and
standing waves have been modelled in a similar fashion by
the writer in CUMMINGS (1996), by using four vortex sheets,
two above the free surface, and two below the sea bed as a
mirror image.

The VSWM is used to develop a simple model of wave gen­
eration due to the wind in deep water. The air is re-intro­
duced into the model at this point, which is assumed to con­
tain the vortex sheet flow pattern assumed in the VSWM.
Precedents for this assumption are found in MILES (1957),
who envisaged that there would be air waves complementary
to the underlying water waves, and BANNER and MELVILLE
(1976) and BANNER (1991) who performed flow visualisation
and pressure measurements on the air flow above breaking
water waves, and found a pattern similar to "Kelvin's cats
eyes" in the theory of laminar stability. lIARA and MEl'S
(1994) and GENT and TAYLOR'S (1976) numerical models
showed similar results.

If it is assumed that the air vortices have rotational cores
then, in the absence of air pressure gradients, it is shown
that there is a reduction of the air momentum flux due to the
growth and coalescence of the vortices. Analysis by CSANADY
(1992) has confirmed that the irrotational water wave flow
in the water is due to viscous surface shear forces, these forc­
es not being perfectly uniform over the water surface, hence
generating waves, and that the effect of pressure pulses and
air flow separation over wave crests C'sheltering") is compar­
atively minor, unless the waves are steep (H/L > 0.10) (GENT
and TAYLOR, 1976). The shear at the water surface is esti­
mated by using a sea surface drag coefficient CD' The KAT­
SAROS and ATAKTURK (1992) expression has been used,
which is similar in form to Wu (1982), HERBICH (1990, p.219)
and LARGE and POND (1981). By equating the reduction in
momentum flux with the sea surface drag force, a wave
growth model is developed.
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VORTEX SHEET WAVE MODEL DEVELOPMENT

Asswnptions

Cons ider two-dimensional progressive gravity waves prop ­
agating withou t change of form over a layer of idea l fluid .
The idea l fluid is ass umed to be invicsid, cons ta nt density.
incompress ible, th e effects of surface tension are neglected ,
and the fluid mot ion is irrota tional. The presence of ai r above
the fluid is neglected.

A refer ence plane is selected such t hat it moves at the
wave's celerity C, thus rend ering th e wave statio na ry, with
a rectangular coordina te sys te m such th at th e x-ax is is hor­
izonta l a nd the y-axis is vert ica l, a nd with cor res ponding ve­
lociti es II and v. A similar X.Y coordinate plane , stat iona ry
relative to th e bottom, with velocit ies U a nd V is a lso pr esen t.
A hori zont al bottom at y = -00 is assumed.

As th e fluid is incompressibl e, a nd the motion is irrota t ion­
a i, a st ream functi on 1/1, and velocity potential cP can be de­
fined such that th e horizontal velocity component u, and th e
vertical velocity compone nt v. a re given by:

- ---t-- - - - - - - - - - - - - - - -

-- - - - - - - - - - -

- - --\-- - ---- - - --H- - - - - -

--- - Free Surfa ce

Fig-u re I. VSWM definit ion sketch. Moving (x.y) plan e st ream function.

where 11 is the deviation of the free surface from th e st ill
wate r level (SWL), and g is the accelerat ion due to gra vity.

(ll ~ + v ~ )

11 + = constant = B = Th e Bernoull i Sum (3)
2g

ljJ a nd <l> must satisfy Lapl ace's equa t ion: \7~ ljJ = \7~<l> = O.
Using DEAN and DALRYMPLE'S (199 1) nomenclature, the

boundary condit ions are :
(1) Th e Kin em atic Free Su rface Boundary Condit ion

(KFSBC): th er e is no flow across th e free sur face.
(2) The Bottom Boundary Condit ion (BBC ): t here is no flow

across th e bottom.
(3) Th e Lateral Boundary Condit ion (LBC): th e field exte nds

to x = :too.
(4) The Dynamic Free Surface Boundary Condit ion (DFSBC):

th e pressure along th e free surface is a constant a nd
equa l to at mosphe ric pressure, i.e. Bernoulli's equa t ion:

- a<l> aljJ
u = -- = -

ax ily

- a<l> -a ljJ
v =-- = --

ily ax

(1 )

( 2)

th e x axis . Th e vortices a re space d L apart, and have a n ant i­
clockwise rotation . One vortex is located at th e origin.

It is ass umed th at this st ream function is an appr oxima te
solut ion to th e surface wave problem . As the vortices are
equally spaced L apart, the solution is peri odic. From (1, 2 &
4 ) II and v a re:

aljJ -r[ sinh kY ] (5)
II = iJy = 2L cosh ky - cos kx

- illjJ r [ sin kX ] (6 )
v =~ = 2L cosh ky - cos kx

Th e KFSB C and BBC are satisfied automatically, as there
is no flow across a streamline.

As y ~ :t 00, th e appa rent flow in the x ,y plan e is: II ~

+: r /2L, v ~ O. In th e sta t ionary plan e X,Y, the mean hori ­
zontal velocity under a real deep water wa ve is close to zer o,
ther efore th e vorte x shee t will appear to be translating with
the wave form , from right to left at celerity C = - r /2L.

Combining the Fie ld Equation and the Boundary
Conditions

Vortex Sheet Stream Function

From LAMB (1945, p. 224) and MILNE-THOMSON (1968, p.
376) th e stream fun ction for an irrotational vortex shee t is:

where I' is the vortex circulation, k is the wa venumber 21TIL,
and L is th e wavelength. A streamline below th e x axis is
assumed to be the free surface. A deep water wave is as ­
sumed with a horizontal bottom located on a streamline at y
= - 00 . Equ ation (4) is illu strated in Figure 1, where y, is the
vertical distance from the x axis to th e wave crest, and H is
th e wave height. Th e vortex shee t is horizontally located on

where: "I I" indicates ab solute value .
(2) On the free surface, at the wave trough ljJ = ljJs = Zl",

(8)

(7)-kYe = Icosh - I(2 exp(- 41TZ ) - 1)1

ll e = -1 [ sinh ky c ]

I' 2L cosh kYe + 1

As a device to ass ist th e solution it is ass umed that the
value of th e surface strea mline ljJs is prop ortional to th e cir ­
culation: ljJ" = zr, where Z is an arbitrary constant, Z :s O.

(1) On th e free surface, a t the wave crest ljJ = ljJs = zr, x
= L/2 , y = Ye' II = u., V = O. Substitution into (4) and (5)
gives:

(4)- I' [1 ]ljJ = -In - (cosh ky - cos kx )
41T 2
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Figure 2. VSWM, Free surface profile, Deep water, H/L = 0.075.

x = 0, Y = (ye- H), u = u., v = O. Substitution into (4) and
(5) gives:

1
H = Yc + k [cosh-1(2 exp( -41TZ) + 1)1 (9)

u, -1[ sinh k(yc - H) ]r = 2L cosh k(yc - H) - 1 (0)

(3) To satisfy the DFSBC, B must be constant on the free
surface. Initially B at the wave crest and trough only are
equated. Subsequently the value of B along the rest of the
free surface is checked.

From equation (3):

1 1 2 2
SWL = y + -(u 2 - C2

) = Y + -(C - u) (8)
c 2g C C 2g ,

-ky = [cosh 1(2 exp( -41TZ) + cos kx)1 (9)

If Hand L are specified, then Z is obtained iteratively from
(5), followed by r from (3).

If Hand T are specified, then Z is obtained iteratively from
(6), followed by I' from (4).

(4) Once I' has been obtained, the water particle velocities
can be obtained from (5) and (6). The value of the stream
function on the free surface 1jJ, is obtained from IjJs = Zf. The
wave celerity C, still water level SWL and free surface profile
are given by (7), (8) & (19) respectively:

(7)
-f

C=­
2L

(1)
1

H = -(u 2 - U 2)
2g' c

Dividing both sides of (11) by I', and re-arranging:

where w = angular frequency = 21T/T, and T = wave period.

DFSBC Compliance

A measure of the theoretical accuracy of the VSWM is the
degree to which the DFSBC is satisfied. The free surface pro­
file, the value of B along the free surface, and the deviation

of B from the mean B, for a deep water wave with steepness
H/L = 0.075, are plotted in Figure 2. The horizontal and ver­
tical dimensions have been non-dimensionalised with respect
to L. The value of B is not constant along the free surface, so
the DFSBC is not satisfied exactly, and therefore the model

is approximate. The deviation of B from B has a maximum
of about ::':::3% as shown on Figure 2. A plot of the root mean

squared (RMS) deviation of B from B, vs. H/L is presented in
Figure 3.

ACCURACY OF THE VORTEX SHEET WAVE
MODEL

(2)
2gH

f=

f2 = 4gH£2exp( -41TZ) (3)

I' = 2gHT exp(-41TZ) (14)

Hk = [cosh-1(1 + 2 exp( -41TZ»!

- Icosh- 1(-1 + 2 exp(-41TZ)J! (5)

wVii7i
---Z=-- = [cosh-10 + 2 exp( -41TZ»1
exp( -21T )

- [cosh 1(-1 + 2 exp( -41TZ»1 (6)

(u,lfJ2 - (u)fJ2

Substitution of (7) into (8), and (9) into (0), followed by
substitution of both of these combinations into (2), and the
utilisation of the identity (cosh r-y = sinh-I vJ2=1) (TuMA,
1987, p. 70) gives:

Journal of Coastal Research, Vol. 14, No.4, 1998
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Figure 3. VSWM accuracy in satisfying the DFSBC, deep water.
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Comparison with an "Exact" Wave Theory

The wave celerity C has been traditionally used for com­
parison between wave theories (RIENECKER and FENTON
1981). A comparison between a high order Stokes solutio~
COKELET (1977) and the VSWM for the deep water case
(exp( -(kQ/C» = 0.00) is presented in Figure 4. Q is the ap­
parent flow rate under the wave form in water of mean depth
h. The numerical solution of Cokelet's can be regarded as
being very close to an exact solution of the irrotational sur­
face wave problem.

The comparison between the VSWM and Cokelet is close
except near the limiting steepness. '

Comparisons with Experiments-Horizontal Velocity
Below the Crest

An important test of a wave model is the comparison with
measurements of the horizontal velocity under the crest (RIE-

1.20

1.16

C)
1.12

N
<o
~

1.08

1.04

1.00

0.00 0.05 0 .10

H/l

Figure 4. Wave celerity, deep water, VSWM comparison with Cokelet 1977.

NECKER and FENTON, 1981; HATTORI, 1985; SOULSBY et al.,
1993). This is a more sensitive test than the water surface
profile (Fenton priv. comm. 1994). Most of the water wave
horizontal velocity profiles in the literature are for Interme­
diate (2 < L/h < 20) or Long (L/h > 20) waves (e.g. GRAW,

1994; LE MEHAUTE et al., 1968). Comparisons with the Deep
(L/h < 2) water experiments of LEE et al. (1974) and the
Linear (Airy) theory (DEAN and DALRYMPLE, 1991, p. 79) are
shown in Figures 5 and 6. In these comparisons T and H were
modelled exactly, but the VSWM indicated shorter L values
than the experiment or the Linear theory because the later
two have a finite depth, whereas the VSWM assumes an in­
finite depth.

A complication when comparing models and experiments,
as pointed out by RIENECKER and FENTON (1981), is that in
common with other finite amplitude wave models, the VSWM
exhibits a net mass transport in the direction of wave motion
("Stoke's drift"). In a closed system such as used by LEE et

o Cokelet - 1977

Vortex sheet wave
model

0.15

Journal of Coastal Research, Vol. 14, No.4, 1998
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Figure 5. Horizontal velocity under the crest. VSWM comparison with LEE et al. (1974), Figure 5a , and th e Linear Theory (DEAN and DALRYMPLE,
1991 , p. 79). T = 0.41 s, H = 0.0172 m, h = 0.24 m, Approx L/h = 1.32 .

(20)

The air flow is assumed to have a uniform velocity profile UlO

= - Tll», where U lO is the 10 m height wind velocity , apart
from a very thin surface boundary layer.

(7) A large control volume ABCD is placed on the sea sur­
face as shown in Figure 7. At the shore, point B is located
the fetch distance F from the origin A. A vortex sheet system
is assumed to be generated at point B, as very small vortices,
growing and combining as they travel towards A where they
exit the control volume.

(8) If the sea is fetch limited then the vortices are assumed
to exit at the same rate as they are being generated. Even
though the vortices are moving, growing and coalescing, the
system is assumed to be quasi-steady.

(9) If the sea is duration limited, it is assumed from di­
mensional considerations that there is an effective fetch F =
U*D, where U* is the friction velocity, and D is the duration.
If F is large then it is assumed that the duration limited
system is quasi-steady.

(10) It is assumed that the mean horizontal velocity profile
of the vortex system is the horizontal velocity at the quarter
wave length (L/4) location of the vortex system. This is the
same assumption as used in von Karman's analysis. This as­
sumption is used because the vortices are assumed to have
rotational cores.

(11) Assuming negligible flow across AB and CD, and a
negligible pressure gradient from CD to AB, there is a de­
crease in momentum from BC to AD due to the vortices,
which is balanced by drag forces on the sea surface.

al., there is no net mass transport. The waves are effectively
propagating against a return current induced by their mass
transport. As experimental details of this current are not
known, it has not been allowed for in the comparison.

WAVE GROWTH MODEL

Introduction and Assumptions

A wave growth model incorporating a sea surface Reynolds
number R is obtained from an extension of the VSWM. The
wave growth model was suggested by MILNE-THOMSON'S,
(1968, pp. 380-384) presentation of von Karman's estimate
of the drag on a cylinder due to vortex shedding. Refer to
Figure 7 for the definition sketch.

The following assumptions are made:
(1) Wave growth and decay are due solely to air drag forc­

es. LAMB (1945, p.624) showed that for waves above the cap­
illary/gravity range, wave decay due to viscosity is very slow.

(2) Apart from the vortex cores and regions very close to
the water's free surface it is assumed that the air flowing
over the water is a steady ideal fluid, with constant density
Pa and pressure.

(3) The sea is assumed to have sufficient depth so that the
bottom can be neglected.

(4) The vortex system used to model the water waves is
present without change in the air above the waves. In other
words the water waves induce corresponding air waves and
vice versa.

(5) The vortex system changes slowly in the X direction so
that locally a uniform vortex sheet expression (LAMB, 1945,
p. 224) (similar to (4» can be used to approximate the flow:

-r [1 ]\fJ = -In -(cosh kY - cos kX)
41T 2

(6) In addition to the vortex system a wind is assumed to
blow from the land across the sea surface, from right to left.
This flow is superimposed onto the air vortex sheet system.

Fetch Limited Wave Growth

The vortex system horizontal velocity U is:

a\fJ -r[ sinh kY ]
U = aY = 2L cosh kY - cos kX

At X = (L/4) equation (21) becomes:

(21)

Journal of Coastal Research, Vol. 14, No.4, 1998
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Figure 6. Horizontal velocity under the crest. VSWM comparison with LEE et al. (1974) Figure 5b, and the Linear Theory (DEANand DALRYMPLE (1991,
p. 79). T = 0.41 s, H = 0.0106 m, h = 0.15 m, Appro x L/h = 1.80.

The change of horizontal momentum flux per unit width
liM flowing through the control volume from section CB to
AD:

(30)

(29)

(28)

CD = U*2/U 1Q 2,

The reduc tion in M is balanced by FD , therefore:

f2
F = - - -

47rU*2L

liM == ~[2 In(cosh kY ) + Y _ tanh kY _ 3Y]OO (26)
p, 4L 2 k k 0

liM == - f2Pa = - f2Pa
4L2k 87rL (27)

where:

The wind drag force per unit width on the water surface
FD equals the drag force expression:

PaFU*2
F =--

D 2

(25)

(24)

(23)

(22)
a\fJ - r

U = - = - [tanh kY]
aY 2L

f1M = iD

PaU2 dY - IePaU2 dY

liM 1OO (-f r )2 (_f)2- == - - - tanh kY - - dY
Pa 0 2L 2L L

liM r- 100

- == 4L
2

(2 tanh kY + tanh 2kY - 3) dY
Pa 0

Integrating (25) (TuMA, 1987, p. 375):

Sea Surface Reynolds Number

Figure 7. Wave growth due to air drag-definition sketch.

(31)R =

The usual form of the Reynolds number found in fluid dy­
namics is the ratio inertia force/viscous force. Similarly the
sea surface Reynolds number is the ratio shear force due to
the wind/shear force due to wave growth, represented by R2
= (PaFU*2)/(f2 pa/L) . The numerator being the "inertia" term,
and the denominator being the rotational "viscous" term. In
a steady state prototype system this ratio would be expected
to be fairly close to unity. If the sea surface shear force due
to the wind exceeds the sea surface shear force due to the
wave growth, then the growth rate should increase until the
forces are similar, and vice versa.

Equation (30) is rearranged to give a Reynolds number R
in equation (31). The 41T is absorbed into R.

u*vLF
r

Wind

~

xB

WATER

AIR

Reduct ion in
Momentum

IEControl v:ume ABCD ..~
D C

y
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Table 1. Wave Growth Expressions-SPM (1984) and (VSWM) H, = significant wave height, Tm = peak spectral period, UA = 0.71U I0 1 23

Item SPM (1984) VSWM

H, fetch limited UA2F U*2F (HJL)
391.103 =-- Re 2 = -_. (32)

gH,2 gH,2 4 exp( -4"Z)

Tm fetch limited 42.9 = UAF U*2F 1
Re 2 = -_. (33)

g2Tm " g"Tm 4 4(HJL)3ex p( -12,,2)

H, duration limited U
A5D3 U*'D (HJL)

49.7,10" =-- Re 2 = - - . (34)
gH: gH,2 4 exp( -4"Z)

Tm duration limited 843 = UAD U*3D 1
Re 2 = --' (35)

gT
m2 g3Tm ' 4(H,ILl"exp(-12"Z)

Comparison with the Shore Protection Manual 1984
(SPM,1984)

Equations (13) & (14), are combined with (31) in Table 1 to
obtain four wave growth estimation expressions (32, 33, 34
& 35). These expressions have been re-arranged to presentL
only in combination with H, as a wave steepness parameter
tut: The SPM (1984) (US Army Corps of Engineers 1984) is
a very widely used reference in coastal engineering for the
estimation of wave growth due to the wind. Listed in Table
1 for comparison are the corresponding expressions from the
SPM (1984), simplified JONSWAP method. The SPM (1984)
duration limited expressions have been obtained by combin­
ing equations 33-33, 3-34 & 3-35. These expressions have
been determined from empirical data using dimensional anal­
ysis (BISHOP et al., 1992).

Graphical comparisons of the VSWM and SPM (1984) are
shown in Figures 8 and 9. In this comparison the following
assumptions have been used:

(1) CD = (0.75 + 0.1UlO)*10~3 (KATSAROS and ATAKTURK,
1992)

(2) As the wave grows the wave steepness (HjL) stays con-

stant due to waves interacting and wave breaking. The as­
sumed value of HjL = 0.025 is taken from the peak value in
Figure 3 in HOLTHUIJSEN and HERBERS (1985). Using this
value, from (15), Z = -0.14771

(3) R = 1.0. This value is based on a visual best fit to the
SPM (1984) fetch limited case. Despite the reasoning pre­
sented in §4.3, the writer does not imply that R is necessarily
exactly unity.

(4) No correction for air-water temperature difference sta­
bility effects.

(5) Hm in SPM (1984) = H, and the significant wave period
T, = r;

Fetch Limited Comparisons

In the H s case the curves are similar, with the VSWM pre­
dicting smaller waves than the SPM (1984). The Tn< curves
are quite similar, with the SPM (1984) predicting slightly lon­
ger periods for the larger fetches.

BISHOP et at. (1992) reviewed the wave prediction methods
in SPM (1984) for the fetch limited case only, and found that
the SPM (1984) over predicts both H, and Tn<' It appears

100.00

Tm (SPM) (l Om/s)

* Tm (VSWM) (20m/s)

.. Tm (SPM) (20m/s)

•
.~~ Hs (SPM) (20m/s)

~~~ -IT- Hs (SPM) (1Om/s)

-Tm (VSWM) (10m/s)

---Hs (VSWM) (20m/s)

~ - Hs (VSWM) (1Om/s)

E...10.00

0.10

10.00 100.00

Fetch lkml

1.00

1000.00

Figure 8. Fetch limited wave generation by the wind. Comparison between SPM (984) and VSWM.
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Figure 9. Duration limited wave generation by the wind. Comparison between SPM (1984) and VSWM.

therefore that the VSWM is a reasonable fetch limited wave
growth model.

The author was supported by an Australian Postgraduate Re­
search Award during his PhD thesis.

Duration Limited Comparison

Wave growth with wind duration is not as well understood
as wave growth with fetch length (SPM, 1984, pp. 3-51), due
to the difficulty of obtaining suitable field data. The VSWM
under predicts both H, and Too compared to the SPM (1984),
but in the writer's opinion the VSWM appears to be a rea­
sonable model.

CONCLUSION

Based on the potential flow representation of a vortex
sheet, a new finite amplitude irrotational wave model has
been developed. The model is shown to be as accurate as the
Linear wave model for modelling the horizontal fluid velocity
under the wave crest in deep water. The mathematical com­
plexity of the model is comparable to the Linear model and
is less than other finite amplitude irrotational models. The
model was extended by the introduction of complementary air
waves above the water waves in order to model the growth
of water waves due to the wind. A sea surface Reynolds num­
ber R = U* vrF/r was obtained. Despite the model's sim­
plifying assumptions it was shown to compare favourably
with the SPM 1984 method. The model may offer insights
into the mechanisms of wave growth.
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