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ABSTRACT _

SKYUM, P.; CHRISTIANSEN, C.. and BLJESILD. P.. 1996. Hyperbolic distributed wind. sea-level and wave data.
Journal of Coa»tal Research, 12(4).883-889. Fort Lauderdale (Florida). ISSN 0749-0208.

The hyperbolic distribution has four parameters and the logarithm of its probability density function is a hyperbola.
The distribution has been used to analyze data from different scientific areas and in particular data from earth science.
Some of the most important properties of this flexible distribution are discussed. Good agreements are found when
fitting the distribution to wind, sea-level and wave observations. These agreements are better than can be obtained
when applying the traditionally used distributions such as the Weibull, the log-normal, and the Rayleigh distribution.
Return periods calculated from the distribution are also in agreement with observations. A case of fitting the two
dimensional version ofthe distribution to a set of data consisting of simultaneous recordings of wave height and wave
period is discussed.

ADDITIONAL INDEX WORDS: Hyperbolic distribution, wind. nea-Icrel, wal'e height. war'e period.

INTRODUCTION

Frequency analysis of wind, sea-level and wave data is an
important element in the design of dikes and off-shore con
structions and in the planning and management of coastal
protections. It is often concerned with the search of a statis
tical distribution which could be used to fit adequately a giv
en set of data. From the chosen distribution, one can make
extrapolations in order to estimate extreme events corre
sponding to a high return period (lOO-year wave or sea-level
for example). This estimation can then be used to design LOn
trol structures that are able to withstand such extreme
events.

Obviously, such extrapolations (predictions) are only of val
ue if there is a good agreement between the observations and
the fitted statistical distribution. The question of which dis
tribution should be used to reach this objective has been dis
cussed by several authors. Gaussian, log-normal, Rayleigh
and Weibull distributions have often been used when dealing
with sea-level and wave data (HOI 1MB, 1981), However, sta
tistical features of waves are often not in agreement with
such distributional models (TAN(;, 1986; GOllA, 1988; GO[)A
and KOBlJNE, 19901. Therefore, some authors recommend the
use of mixtures of statistical distributions. ROSEN and KIT
(l981) in their study of waves used the log-normal distribu
tion for the central part of their wave observations and the
Weibull distribution for the extreme tails,

It is well known that wave-induced forces on designed
structures arise from pressure, velocities and accelerations,
all of which are proportional to wave height and depend on
the wave period. There is therefore a considerable engineer-
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ing interest in the joint distribution of wave heights and pe
riods (NOLTE, 1979; LOSADA and GIMENEZ-CUlaG, 1979\.
Present work on joint distribution of wave heights and peri
ods (e.g., DOERING and DONELAN, 1993) builds to a high de
gree on the formulations of LONGUET-HH;(;(NS (1975, 1983)
where assumptions of gaussianity are inherent.

The 4-parameter hyperbolic distribution which will be the
subject of our investigation has two shape parameters. one
scale parameter and one location parameter. The hyperbolic
distribution, therefore, provides more flexibility than the
above 2 and 3 parameter distributions (CHlUSTIANSEN and
HARTMANN, 1991l. Inspired by BAGNOLO'S (1941) plots oflog
grain-size vs. log probability density, the hyperbolic distri
bution was introduced to describe the mass-size distribution
of sand samples (BARNllORFF-NIELSEN, 1977). The distribu
tion has wide application, not only to other kinds of sedi
ments (BAGNOLD and BARNJ)ORFF-NIELSEN, 1980; CHRIS
TIANSEN, 1984; CHRISTIANSEN et 01.. 1984; BARND()]{FF
NIELSEN and CHRISTIANSEN, 1988; CHRISTIANSEN and
KRISTENS~;N, 1988), but also to other types of frequency data:
size distribution of oil fields (SEYEOnI-fASEMIPOlJR and BIlAT
TACHAHYYA, 1990), size distributions of droplets and aerosols
(DURST and MACAGNO, 1986), turbulence (BARNDORFF
NIELSEN, 1979), wind shear (BARN[)ORFF-NIELSEN et 01..
1989), and in astronomy, biology, and economics (BARN
DORFF-NIELSEN and BLlESILD, 1981, 1983; BARNDORFF
NIELSEN et 01., 1985J. Data used in the present study come
from the inner Danish waters (Figure 1),

THE HYPERBOLIC DISTRIBUTION

The hyperbolic distribution is defined by its log probability
function being a hyperbola, just as that of the normal distri-



884 Skyum, Christi ansen and Bleesild

Figure 2. Geomet ri cal inte rpretation of the main parameters in t he hy
perbolic distribution.
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Figur e 1. Map of the centra l part of th e inner Danish waters, showing
the sampling sites

10° 12°
as the "typical log-grain size". The scale parameter 8 has no
direct interpretation in Figure 2; but

s = 8v¢-Y

which is the mode point of the distribution and is referred to

pix, /-l, 8, 4> , "/) = a(8 , 4>, ,,/)exp[_1/2(4)IL + ,,/h+)I, (l)

h: = V82 + (x - /-l )2 :t: (x - p.)

whe re x indicates th e observed variable ; u., 8, 4>, and "/ are
param eters ,

(3)

(2)

x = p~ .

1
~ = v'l+1

and th e ske wne ss by

where

Th e domain of variation of X and ~, i.e., ((X, ~) : 0 < Ixl < ~ <
11 is a triangle referred to as th e hyperbolic shape tri angle
(Figu re 3).

From th e probability density function of the hyperbolic dis
tribution (1) it ma y, for example , be seen th at for ~ = 0 and

<j>-,,/
p = <j> + -./

The parameter T 2 represents the curvature of the hyperbola
at the mode point x = v. The parameters 8, S, and K = (¢ ,,/)"
a re also measures of spread (see Figure 2).

The skewness and th e kurtosis of the log-hyperbolic distri
bution , as traditionally defin ed in statistics, are very compli
cated fun ctions of 4), ,,/, and 8 (BARNooRFF-NIELsEN and
BLiESILD, 1981). In most cases (s> 1 and Ipl < 5- 0

, "'" 0.447 )
we may approximate the kurtosis by

is th e difference between the ordinate of the log-hyperbolic
curve at th e mode point x = v and the ordinate at th e inter
section point x = /-l of the asymptotes.

The spread (sor t ing) of the distribution can be measured in
different ways. Near th e mode point it may be described by

T2 = 8-2s(1 - p2)

v¢-Y
a(8 , 4>, "/) = 8<4> + ,,/ )K

j(8v¢-Y
)'

and

8(<j> - "/)
v = /-l + 2V'¢=Y'

K 1 being a Bessel function. For fixed values of u., 8, 4> , and ,,/,
equati on (1 ) determines a probability (density) function .

Figure 2 shows the geometrical interpret ations of the pa
ramet ers and some of th eir useful combinations . Th e param
eters 4> and "/ a re simply the slopes of the two lin ear as ymp
totes of the hyperbolic log prob ability function . Th ey there
fore correspond to BAGNOLO'S (1941 ) "sma ll grade" a nd
"coarse grade" coe fficient, respectively.

Simi larl y, /-l corresponds to the log of BAGNOLO'S "pea k di
ameter ". Applied to sediments , we prefer not to use /-l but

bution is a parabola . The hyperbolic distribution ne eds four
parameters for its spe cification, two of wh ich define the po
sition and scale of th e hyperbola and two which define the
"shape" of the hyperbola . We give here one of the parametri
zations of th e model function :

.Jou rn al of Coasta l Research, Vol. 12, No.4 , 1996
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w > O.

In (4) the domain of varia t ion of th e param et ers is given by
A E R, 8 2: 0, a 2: 0, ~ E R", [3 E R", Ii is a positive definite
d X d matrix with determinant llil = 1 and K

2 = a 2
- [31i[3*

Furth erm ore, N)~, L) denotes th e d-dimensiona l norm al dis
tributi on with mean J.L and vari ance Land GIG('A. , X, \~) de
notes th e generalized inverse Gaussian distribu tion with
probability densi ty

(4)

The probability density function of the gene ra lized d -dimen
sional hyperb olic distribution Hd(A, Q, [3, 8, u., Ii) is given by
th e following ra the r complicate d expression :

th e triangle; the more peak ed a distribu tion is the higher it
plots in th e tria ngle.

Th e hyper bolic distribution (1) belongs to a very large class
of distribution called th e genera lized hyperbolic distribution s,
which were introduced by BARNDORFF-NIELSEN (1977 ) and
studied furth er by BLJESILD (198 1). It is imp ortant to notice
that these distributions may be defined as mixtures of normal
distributions in th e following way:

H,/ A, Q , [3, 5, u., Ii ) = N)~ + w [3 li , wli ) A Glm A, 52, K 2).

l.0 X0.5o
N

L 1.0

-0.5-l.0

101 -E
T"""-----......;;+--------7

( 2TI )d/2K , (5K)

K _,m(a V 52 + (x - ~)Ii I(X - u.)" )
- "j"== = = = = = = =-:-:-:-:-- expl[3 ·(x - ~) ) ,
(V52 + (x - ~)Ii - l (X - ~)*/a)dI2 - '

When evaluating th e fit of a d-dimensional distribution to
a particular set of data , one often mak es a numb er of plots
which compare th e observed one-dimensional marginal dis
tributions and some of the observed one-dimension al condi
tional distributions with the simil ar marginal an d conditiona l
distributions calcul ated from th e fitted d-dime nsiona l dis tri
bution. As shown in BUESILD (198 1), the class of generalized
hyp erbolic dis t ributions has th e convenient prop erty that it
is closed under margin ing, condit ioning and, furth erm ore, un 
der regular affine tran sformations.

Setting A = (d + 1)12 in (5) one obta ins th e clas s of d
dimensional hyperboli c distributions. Using the identi ty
K y,(x) = (-rr/(2x ) )V'e-' formula (5) tu rn s in to

(5)

Ie)

Figure 3. (a) The hyperbolic sha pe triang le , i.e., th e domain of vari at ion
of the invariant par ameters X and ~ of the hyperbo lic distri buti on . The
letters at the bound aries indicate how th e norm al dist rib ut ion (N), the
positiv e and negative hyperbolic dist ributions (H ' an d - H ' ), the Lap lace
distribution (symme trical or skew) (L), a nd the expone ntial dist ribution
(E ) are limits of th e hyper bolic distribution. (b) Represen ta t ive probabili ty
fun ctions corr espond ing to selecte d (X, ~) va lues, including limiting form s
of t he hyperbolic distri but ion. The dist ributions have been se lecte d so as
to have varian ce equ a l to un ity. (c) The logarithmic probabili ty funct ions
corr espondi ng to (b).

x = 0 (see also (2) and (3)) we obtain th e normal distribution,
that for ~ = 1 and -1 < X < 1 we obta in th e symmetrical
and skew Laplace distributions, and that for ~ = 1 and X =
1 we obtain th e exponen tia l distributions as three of th e lim
it ing distributions of th e hyperbolic distribution. Negatively
skewed distr ibutions plot to th e left of th e central line in th e
triangle and positively skewed distribu tions to the rig h t in

. exp!-o: V 52 + (x - ~)Ii - 1(X - ~)* + [3 ·(x - ~)) (6)

Formula (1) is obtained from (6) by set ting d = 1, a = (<» +
'{)/2, [3 = (¢ - '{)/2 an d Ii = 1.

Th e two-dimensional hyp erb olic distribution, which we use
for describing th e joint distribu tion of wave height and wave
period, is obt ained from (6) by setting d = 2. Using th e for
mula K 3/2(X ) = (1 + llx)(TI/(2x ))V'e - x the proba bility den sity
function of the two-dimen sion al hyperbolic distribution be
comes

J ourn al of Coastal Research, Vol. 12, No. 4, 1996
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Figu re 4. Hyperbolic and log-norm al distributions fitted to observe d
wind da ta . Da ta measured a t Forn ees Lighthouse at 3-hour int erval s du r
ing 1990-1991

Figu re 5. Hype rbolic and Gaussian dist ri bu t ions fitt ed to observ ed sea
level data measured at Aar h us harbour at I;.I-hours int ervals during 1990.

_K3_ _ exp l_aV 52 + (x -- lL )~ -' (X - lL)*
27W (1 + K5 )

+ f)·(x - lL)l, x E R 2. (7 )

If (X" X2) is distributed according to (7) it follows from
BLiESILD (1981 ) th a t the ma rgi nal distribution of X, and th e
condit ional distribu t ion of X2 given X l = x, are, respectively,

X l - tu», a' , W, 5' , !J..' , ~' ) ,

where

"'- ' = 3/2

13 ' = 13, + 132~2 1~ ii

used according to whether the data was group ed or un 
group ed. Recall , that a set of dat a is un grouped if all the
single observa t ions are recorded. In contrast , a grouped set
of data consists of th e number of single obse rva t ions in the
different gro ups (intervals) into whi ch th e sample space is
divid ed . For grouped data the estima tes of the parameters
were obtained by the use of th e SAHARA program (CHRIS
TIANSEN and HARTMANN, 1988). For ungrouped da ta and for
fitti ng the two-dimensional hyperbolic distribution the HYP
program (BLJESILD and S0RENSEN, 1992) was used . Copies of
th ese programs are available from the present authors.
Least-square estimation of th e parameter s of th e one-dimen
sional hyperbolic distribution is discuss ed in' McARTHUR
(1987 ).

METHODS

lL' = lL l

Estimati on of the param eters of the hyperb olic distribution
was based on the likelih ood method. Different program s were

~2' = Lill ( ~2Z - Li2 ,Li i.'~ t z ) ·

Note tha t these results imply, tha t the conditiona l dist r ibu
tions of th e two-dim ensional hyperb olic dist r ibu tion a re one
dim ensional hyperb olic distributions (d = 1 a nd "'- = 1) in
contrast to th e margin al distributions which are gene ra lized
hyperbolic distribu tions id = 1 a nd "'- = 3/2).

One Dimensional Analysis

We have used the hyperbol ic distribution on three types of
data fro m th e coastal en vironmen t : (1 ) 2 years of observations
of wind velocity (r ecorded by t he Danish Meteorological In
st itute at Formes Ligh th ouse as 10 min 's average of mea
surements every 3 hours); (2) 1 year observation of sea- level
recorded every quarter of an hour at Aarhus Harbour ; an d
(3 ) 2 years of observations from th e Grea t Belt of both sig
nificant wave heigh t a nd wave per iod (Tz, zero down cross ing)
(reco rded 20 min every 3 hours with a loggin g frequency of
2.56 Hz).

It ca n be seen from Figures 4-7 th at for all types of da ta
a good agreement exists between observations an d the fitt ed
hyperbolic distributions. This is specia lly th e case when one
tak es into consideration tha t the y-axi s is logarithmic. There
fore, even sma ll deviations betwe en data and the fitt ed dis
tributions will look as if th e agreement is not too good. As an
exa mple, the appa rent devia t ion in Figure 4 betw een th e ob
served frequency of wind speed 18 m/sec (0,72%) and th e cal
culated frequ ency (0.52%) is only sma ll with a difference of
0.2%.

Th e good agreement between observ a tions an d fitted hy
perbolic distributi on in Figure 4 provides for good possibili
tie s for predictions/h ind casts. According to the distribution , a
wind speed of 36 m/sec has a return period of 100 years (In
probability density = - 12.5). Th is is a slightly higher wind
speed than the maximal recorded wind speed of 33 m/sec at

RESULTS AND DISCUSSION

(8)

~ iJlI2Va z - 13 2( ~22 - tl. 2l~i/~l2 )13 2

1~,

a'

0' ~: /IZO

"'-2.1 = 1

a 2 . , - aLi l7

°2 . , = Li ii'2V 52 + (x, - lL l )~ llJ (X, - lLJ )

lLz., lL2 + (x , - lL ,)~ it' ~ , Z

132.1 = I3 z

XzIX, = X I - H ,("'- 2" a2.1, 132." 0Z.I> lL2.t' ~Z.')'

whe re

an d
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Figure 7. Hyperbolic distribution fitt ed to wa ve peri ods measu red in the
Great Belt a t 3-hour inte rva ls during 1989- 1991.
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Figu re 6. Distributional fits to wave heigh ts measured in th e Great Belt
at 3-hour inte rva ls during 1989-1991.
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Figure 8. Biva riate plot of wave heigh ts and wave per iods squa red
(Grea t Belt , 1989-1991 ). The solid line re pres en ts th e wave height-period
combi na tions for th e longest local fetch .

mediate periods. Th e wave height increases with an increase
in the wave period up to th e maximum height and the n de
creases as wave period increases farther. HARRIS (1972),
th erefore, found that a high er correlat ion generally was ob
ta ined when a parabolic function is assumed to relate wa ve
height with the wave period. In a physical se nse, this also
appears mor e logical as for short periods, waves of large
height break a nd do not occur; an d for very long periods,
there is not enough fetch or duration to develop th e very high
waves . It appea rs even more logical from a physical point of
view th at the above two tendencies sh ould be free to differ
from each oth er . This is a llowed when the hyperbolic fun ction
is used to relate wave height and peri od.

Only one se t of long-term observations of wave heigh ts and
peri ods a re availa ble to us. Th ese observa tions come from the
Great Belt, the narrow sound connect ing th e Kattegat and
th e Baltic (Figu re 1), It can be seen from Figure 8 that a
bivariate plot of height and period has a boomeran g-like
shape; and for sma ll wave heights of a pproxima te ly 0.25 m,
th e per iod can vary betw een 2 and 7 sec. Th e reason for this
sha pe is th at the obse rve d waves partly consist ofloca lly gen 
era te d wind waves an d partly of swells comin g in from th e
Kattegat. Some of th e observa tions might also be ship ge n
era ted waves as the measu rin g positi on is very close to the
most heavily trafficked ferry connect ions in Denmark .

th e lighthouse during th e last 100 years. One possible reason
for a higher hindcast is that the pr esent wind climate (1960
1990 ) generally is more windy compared to the 1930-1960
wind climate ("KRISTENSEN and FRYDENDAHL, 1991).

Figure 5 shows the fit to sea- level data usin g both the
Gau ssian and the hyp erbolic distribution. The obse rvations
are nearly symmetrical around a sea-level of 0.04 m and ha ve
negative values. Th erefore the log-norm al distribution would
not give an adequa te fit. The Gau ssian distribution see ms to
und erestimat e th e frequ ency of the extremes . Th e highest
sea-level measured at Aarhus Harbour (Figure 1) during the
las t 100 yea rs is 1.9 m o. DNN (Danish Ordnance Datum ).
According to th e Gau ssian distribution , a sea- level of 1.4 m
has a return peri od of 100 years; whereas, the hyperbolic dis
tri bution would give a sea-l evel of 2.3 m with a return period
of 100 yea rs . The hyperb olic distribution thus seems to give
too high sea-levels for such long return peri ods. However, this
is somewhatin accord an ce with th e present sea-leve l tr end .
Yearly mean sea- level is rising with a ra te of 0.6 mm/yr and
yearly maximum sea-level is r ising with a rate of 10 mm/yr
(CHRISTlANSEN et al., 1992). Th is possibl y explains th at the
predicted max imum sea-level for a return peri od of 100 years ,
based on the hyperb olic distribution , tend s to be overesti
mated , in that th e present prediction is based on data from
the very end of th e 100 year per iod.

Figure 6 shows that for our obse rva tions th e Rayleigh as
well as th e Weibull distributions have difficult ies in fitting
frequ encies of wave heig hts . The log-norm al distribution has
a good fit to sma ll and average wave heights, whereas th is
distribution see ms to overe stimate high wave heights. The
hyper bolic distribution gives a good fit in the central part of
th e obse rva tions as well as in th e extremes . The good fit in
th e extre mes is essential for the use of th e distribution as a
prediction tool. Also wave periods (Figu re 7) can be fitted
with high precision using the hyp er bolic distribution.

Two Dimensional Analysis

Several authors , e.g., BRETSCHNEIDER (1959) and BATTJES
(1971) ha ve discussed th e joint dist ribution of indi vidu al
wave heights and periods. They only cons idered th e poss ibil
ity of a linear correlat ion between heigh t and peri od squa red.
HARRIS (1972) argued from th eories of wave genera tion and
wave mechanics th at th e high est waves correspond to inter-
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Figu re 9. Equidistant contou rs of the logari thm of the estimated prob
ability density functio n, for th e joint distr ibuti on of wave heights and
perio ds (dotted ), and the corre sponding contours of th e obse rved distri
bu t ion (unb roken) ,

We have tried to filter som e of th is "noise" away . Using the
wave predi cti on formula in CERC (1975), the solid lin e in
Figure 8 shows th e possible wave height-per iod combina tio ns
for the longest fetch . Observations above thi s line are the n
consider ed to be locall y gene ra te d wind waves.

For th ese wa ves, we have cons idered the two-dimensional
hy per bolic distribution as a model for th e joint distribution
of wave height and period squared. The param eters of the
two-d im en sional hyperbolic distribution have been estimated
using the HYP pro gr am (BLtESILD and S0RENSEN, 1992 ).
Th is progr am also pr odu ces the plots in Figure 9 and Figure
10 from which th e agreement be tween the observed and the
es tima te d dis t ribution may be evaluated. Th e dott ed cu rves
in Figu re 9 are equidistant contours of the logarithm of th e
probability den sity function of the es t imated distribution,
an d the unbroken curves a re the corresponding contour s of
the obse rved distribution. Th e es ti ma ted margin al distribu
tions of wave height and period squared, respe ctiv ely, are
obtained from the es ti ma te d two-dimensional distribution us
ing (8). Figure 10 sho ws the logarithmic prob ability density
functi ons of the estimated marginal distributions together
with the observed marginal distribut ions . Figures 9 and 10
ind icate a reasonable agr eement betw een the observed and
the estima ted joint distribution of wave he ight and period
squared .

As men t ioned after For mula (8), a ma rginal distribu tion of
a two-dimensional hy perbolic dist r ibu tion is a gene ra lized hy
perbo lic dis tr ibutio n (d = 1 and 'to. = 3/2 ) and not a hyperbolic
distribut ion (d = 1 and A = 1). Th e fact th a t th e distribution
of, for instance, wave height ea rlier in the pap er has been
described by a one-di mensiona l hyperbolic distribu tion may
the refor e see m contradictory to the fact that the marginal
dist r ibution of wave height in th e t wo-dime nsional mode l is
not hyperbolic. However, for su itable choices of parameters
the pr obability den sity funct ions of th e generalized hyper
bolic distr ibution with d = 1 an d A = 3/2 and of th e hyper
bolic dis tributi on id = 1 and A = 1) are nea rly identical.

The two-dimensional plot in Figure 9 shows th e joint dis
t ribut ion of wave hei ght a nd period squa red . However , as t he
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CONCLUSIONS

We find it imp or tant to note th a t man y of the dist ributions
tr ad itionall y used to evaluate wave and sea-level da ta are
limits of the hype rbolic distribution. Our find ing s suggest
th at the hyperb olic distribution, because of its higher flexi
bility (being a four paramet er distribution), provides for bet
ter descr ipti on of the long-term prob ability den sity distribu
tio n of the one-dimens iona l observations .

Given th e na ture of our join t observations of wave height
and peri od, we cons ide r our findin gs on the two-d imensional
distribution encouragin g. We hope that more progress on this
mat te r will become ava ilable as data from othe r locales are
treated with th e sa me appr oach. Th is would provide a better
possi bility for finding the critical wave period va lues assoc i
ated wit h a given des ign wav e height.

-10 -1 ,

depth at th e measuring station is 34 m and th e obse rve d pe
riods a re in the range of2-5 sec, this means th at the observ ed
waves all a re shor t , deep water waves. For such wave s L "'"
1.56 T2 (in the MKS -system ). Therefore, the horizontal. axis
in Figure 9 corresponds to U 1.56 which means that we also
a re given a joint distribution of wav e-height and -length .
Wave steepness , defin ed as 0 = HIL, is th er efore also ex
pressed in thi s distribution, and we may express the one
dimensional hyperbolic distribution of the wave steepness for
a given height, length or period. In relation to the design of
off-shore constructions , the wav e stee pness is an important
param et er .

Figure 10. The logarithmic probability density function of the estimated
mar ginal distributions of wave heights an d wave periods , respectively
(lines ) and the observed marginal distributions (ma rkers).
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