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A new formula for nearhottom shear stress under waves and currents was obtained as a result of exper­
iments on the threshold of sediment motion in a laboratory channel. This work supports the hypothesis
of the effective shear stress composition in combined flows. A modified longshore sediment transport
form ula was 0 btained by adapting the Engel und -Hansen formula in conjunction with the new shear stress
formulation. The modified longshore sediment transport formula has a better correlation with the CERe
formula than the original Engelund-Hansen formula.
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'I'he main conception of the problem's solution
is as follows. LENHOFF (1982), NIELSEN (1979),
W ANC and SHEN (1985), and others showed that
the introduction of the effective shear stress in
waves gives the direct connection between waves
and unidirectional flows. Shields criterion is com­
monly used to predict the threshold of sediment
motion in unidirectional flow. This criterion is
used for combined flows with effective shear stress.
According to WILLIS (1978)

BOTTOM SHEAR STRESS UNDER
WAVES AND CURRENT

p is the mass density of water.
Note that the formulae for longshore sediment

transport have adapted the formulae for channel
sediment transport with r: Formula (1) shows the
increase of sediment transport due to waves as a
result of an increase in the bottom shear stress.

In the present communication, the modified
Engelund-Hansen formula for longshore sedi­
ment transport is introduced. It includes both
current bottom shear stress and effective wave
shear stress. Comparative computations have been
carried out with the CERC formula similar to
those of GRAFF and OVEREEM (1979). The modi­
fied formula shows better correlation with the
(~ERC formula.
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where Tw = mean wave shear stress,

INTR()DUC:TION

There are several total longshore sediment
transport formulae. Computational comparisons
of these formulae have been discussed in several
papers. In (}HAFF and OVl<:Hl<~~~M (1979) the results
obtained using the CERe formula are compared
to the results of various sediment transport for­
mulae. Mean shear stress under waves and cur­
rents, T W(" is introduced in every longshore trans­
port formula. In most cases, the Bijker formula
for Tv>" was used. This equation is

where T( represents the shear stress of the cur­
rent, ~ is Bijkers parameter:
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I; is the bottom friction coefficient according to
-Ionsson, U, is the amplitude of the orbital velocity
at the bed, V represents the mean current veloc­
ity, ell is the Chezy coefficient and g is the grav­
itational acceleration. It can be shown that equa­
tion (1) is a simple sum of shear stress
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(5) Table 1. Characteristics of the sediment materials tested.

with W = 0.6. Parameter W was ohtained on the
basis of only one experiment, so there is a large
probability of error. In eq. (5), the value of T we is
the absolute one of the resultant shear stress and
it does not depend on the angle between the waves
and current.

So, for known waves and current parameters at
the threshold value, one can calculate the values
Tc and Tws and then determine T we and the coeffi­
cient W from Shields diagram. Experimental data
on the threshold of sediment movement in com­
bined flows are necessary for this method of ap­
proach.

LARSEN et al. (1981) conducted field investi­
gations at instrumented tripods on the continen­
tal shelves of Australia and the United States.
Two of the sites were located at 90 m depth, the
third site was located at a depth of 75 m. Inves­
tigations included measurements of continuous
tidal-current velocity, tidal elevation, wave state,
nearbottom sediment concentration and also bot­
tom photography. At two of the sites sediments
were represented by sandy silt (1) = 0.00:1-0.012
em), while at the third site it was tine sand (I) =
0.012-0.025 ern), D is a median grain diameter.
Determination of threshold conditions is based
on the water turbidity time-series plot analysis.
When the water turbidity suddenly increased
above previous level, the conditions present were
used as the threshold sta teoThe bottom state pho­
tographs were used for supplementary informa­
tion.

Our experimental investigations have been car­
ried out in a hydraulic channel having a discharge
capacity of 1 to 200 l/sec. '1'0 generate regular
waves the channel was equipped with a portable
wavemaker of plunger type. The generated wave
period was 0.67 sec. Transducers were mounted
formeasurement of wave and current parameters.
Micro-hydrometric current-meters with a 4 mm
bladediameter and capacitance wave-gauges were
used. The measurement/data processing was re­
alized using a computer. As a drift material, par­
ticles of various d ensi ty and size were used. Sed­
iment data are presented in Table l.

By visual inspection, the following stages of
sediment particle behavior have been distin­
guished: (a) occasional separation of sediment
particles, (b) inception of sediment bulk move­
ment (slight transport), (c) inception of mass sed­
iment bulk movement (moderate transport), and

Non-
Material uniformity
Density 1\0 Ratio

Type of Material (t/rn") (rn) (D6)D lIJ

Silicon carbide, green ;~.20 0.00020 1.26

Silicon carbide, black :1.20 0.00051 1.26

Sand 2.65 0.00070 1.66
Electrocorundum, normal ;U-lO OJ}OO82 1.80
Elect.rocorundum, normal ;~.90 0.00129 1.55

Sand 2.65 0.00202 1.28

Sand 2.65 OJ}0227 1.18

Fine pebble 2.65 0.00412 1.15

(d) mass movement of sediments (intensive trans­
port).

During the experiments the sediment samples
were placed in a special rack positioned at the
channel double bottom. Immediately behind the
rack a grit-chamher is fitted, designed to trap the
stirring particles. Presence of such a grit-chamber
allows observation of the sediment transport in­
tensity when studying the above mentioned stages
discerned in the particle behavior. The sediment
specific discharge is measured by weighing the
particles trapped in the grit-chamber.

The tests were carried out at channel water
depth of 15 to :10 em. The wave height varied
within the range of 5-7 cm while the wave length
varied between 60 and 70 em. Observations of the
critical conditions of the bottom particles were
restricted to 15-20 min. Because of the subjective
method of approach used to define the incipient
sediment motion and because of the high degree
of spread of the experimental points, the same
procedure has heen applied to a series of exper­
iments aimed at the investigation of the incipient
sediment motion in unidirectional current. In the
latter case, the same hydraulic channel and ex­
actly the same sediment samples have been ex­
amined as in the cornbined flow.

The calibration of the coefficient W was per­
formed on the basis of comparison of the results
obtained for combined flows with the results of
incipient sediment motion in unidirectional cur­
rents. As a basis for comparison, the specific dis­
charge q"was taken and was determined by weigh­
ing the sediment trapped in the grit-chamber at
the end of each experiment.

T'he values of the sediment specific discharge
q"* ICP (g/cm sec), measured for the above-men­
tioned stages of sediment threshold, are presented
in rrable 2 and Figure 1 near the circles. The black

_ , 1 ~4''''
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Table 2. Measured sediment specific discharge for the sedi­
ment threshold under combined waves and current action.

circles correspond to the unidirectional flow con­
ditions, the white circles correspond to the waves
on a current. For some values of D* the mea­
surernents are repeated, for others it was difficult
to distinguish between neighbour stages. The re­
sults show that for both unidirectional flow and
waves on a current the approximately equal val­
ues of small sedimen t discharges are correlated
with the same stages of sediment threshold. So,
the values of qs may be used as a worthy objective
criterion for the sediment threshold.
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P; = mass density of sediment material, v = kin­
ematic viscosity of fluid, T = r ; for unidirectional
current and T = T we: for combined flow. The di­
mensionless grain diameter, D* can be derived
from the drag coefficient and Reynolds number
for a settling particle by eliminating the settling
velocity.

As a result of the estimation of the empirical
coefficient W in accordance with the specific sed­
iment discharge (qJ, it was established that W is
not constant and its value depends on the sedi­
ment characteristics. A graphical relationship
(Figure 2) is derived and is approximated by the
expression:

W = 0.650 tanh(O.039D*) + 0.060. (8)

To picture the unidirectional flow data on the
Shields diagram in coordinates 'Jt,D* (Figure 1)
the nearbottom shear stress T = T\' was obtained
using eq. (4) for each flow regime. To picture the
waves on a current data on the same diagram, eqs.
(4) and (5) were used to obtain nearbottom shear
stress T = T wr" As a matter of record for each value
!)*, the factor W was obtained in such a way that
the sum of the distances along vertical coordinates
between constrained points for the unidirectional
How and waves on a current was minimal in the
root-mean-square sense. Then the curves of con­
stant sediment discharge (Figure 1) were drawn,
the points for both unidirectional flow and waves
on a current were taken into account. The linear
interpolation between the measured points was
used. At the second step the factors W were varied
so that the sum of distances between waves on a
current points and the q, -curves was minimal in
the root-mean-square sense. Then the qs-curves
were redrawn. The final results of the iterations
are shown in Figure 1.

So, the experimental results on combined flows
are superimposed upon the results on unidirec­
tional current while the distribution of the sedi­
ment specific discharge is kept the same for both
current types for the entire range of the sediment
critical conditions (from occasional separation of
particles to mass sediment movement (Figure 1)).

The parameters which were chosen for graph­
ical presentation of data in Figure 1 are the Shields
entrainment function 'It and a dimensionless grain
diameter D* where
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0.07:3

Wave
Height
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0.185
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0.217
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Figure 1. The determination of factor W from the measurements of the specific sediment discharges g" in g/(cms) in several stages
of the threshold for unidirectional flow (.) and for waves and current (0). The curves are the kind of the Shields critical curve in
the axis: the Shields entrainment function 'It versus dimensionless grain diameter D*.
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Figure 2. A plot of the factor W versus dimensionless grain diameter D*: .-our laboratory experimental data (Figure I), O-data
of the field measuremen ts, Larsen et al. (1981) .
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Relation (12) was obtained by the standard meth-
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In the most common case, the formulae for
longshore sediment transport are obtained from
corresponding formulae for river and channel sed­
iment transport by replacing the shear stress i c

with the shear stress for combined flow, T we' The
adapted Bijker. Engelund-Hansen and Ackers­
White formulae were obtained in this way using
the Bijker equation for T we and were analysed by
C;HAFF and OVEHEEM (1979).

In ACKERs (198:3), the comparative computa­
tions have been carried out with the number of
channel sediment transport formulae and 840 re­
sults of laboratory experiments with sand, 180
results of experiments with fine pebbles and 240
data of field measurements. The Ackers-White
method has shown the best correlation with field
and experimen tal data. That is, the ratio of cal­
culated and measured sediment loads is in the
range 0.5-2.0 for 68 (I~, calculations. The similar
correlation factor equals 6:3 (1;, for simple Enge­
lund-Hansen method.

For this reason, we shall use the Engelund-Han­
sen method in the following way. Note that all
our conclusions are also valid for the Ackers-White
method. The formula of the Engelund-Hansen
method is

LONGSH()RE SEDIMENT
TRANSP()RT RATF:

Q V
O.05Ch 7

2
(

= 13
r:1I 'J '/"."'JD' )p-g" -~-

where Q = sediment transport in m-/m; V =
mean current velocity; T = nearbottom shear stress;
~ = relative apparent density of bed material

od from the measured velocity profiles for uni­
directional ftows. It is valid when the bed is flat
and well smoothed (NIELSEN, 1979).

Eqs. (5) and (8) were compared with the known
model of bottom boundary layer in combined ftow
of G-HANT and MADSEN (1979). The results of cal­
culation of the Shields function 'it versus the di­
mensionless grain diameter D* for our experi­
mental conditions with minimal specific sediment
discharges (about] g/(cm sec)) are illustrated in
Figure :3. Both curves are related for waves on a
current and parameter '11 was calculated with T W("

Curve 1 was calculated with formulas (5) and (8)

and curve 2 with the model by (}RANT and MAD­

S~~N (1979). 'I'he high correlation confirms validity
of eq. (f») also. 'I'he disagreement between the two
curves for small numbers D* is in need of sub­
sequent examination.

(9)

(11)

(12)

(10)

lJ t ' IT = IUw(t) I ,

k, = D

lJ" = O.l;~, ... ,O.;L
V

8 _
T -rr = ~ Tw ;::::: 0.8] Tw •

1T~

SU2
T pff P 2 (·IT'

then

The sign of additional nearbottom velocity was
constant and so the current-meters may be used
in the lower part of the How. Relation (11) cor­
responds to equal actions of waves and current
on a mobile bed. For all calculations the bed
roughness, k., is equal to the median grain di­
ameter

where DdT = effective wave velocity, equals mean
absolute value of bottom wave velocity tJw(t). It
is easy to obtain

So, the value W = 0.71 is close to the value of the
factor in effective wave shear stress expression
(10). And eq. (5) is the sum of current shear stress
and effective wave shear stress.

As the nondimensional diameter decreases, fac­
tor W decreases too (Figure 2). The field data of
LARSEN et at. (1981) verify this behaviour of
W(D*), which shows that the turbulent bursts
caused by the steady flow coincide with the wave
orbital velocities for tine sand.

It is necessary to note that our experiments
were carried out with

To obtain eq. (8), besides our results, some field
results of LARS~~N et al. (1961) have been also
used.

Let's discuss this result. For nondirnensional
diameter D*, more than about 50, the value of W
does not depend on D* and equals the constant
0.71. It is close to the corresponding value of W
= 0.6 (WILLIS, 1978). Then the boundary value
D* = 50 corresponds to the boundary of the hy­
draulically rough region on Shields threshold
curve.

The value W = 0.71 may be explained in the
following way. Let's determine the effective near­
bot.tom shear stress in waves (NAKAMURA et al.,
1970)
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Figure 3. Shields curves for waves on a current (specific sediment discharges about 1 g/(cm sec» calculated with formulas (5) and
(8) (curve 1) and with model by Grant and Madsen (curve 2).
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Figure 4. Sediment transport computations with the modified
Engelund-Hansen formula (MEH) and original Engelund-Han­
sen formula (EH) and in comparison to CERC formula. The
effect of the deep water wave incidence, 'Po:T is the wave period,
'Y is the wave breaking index.
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We used eq. (13) with T wc which was calculated
from formula (5). The longshore current velocity
was found by BATT,fES (1974) for irregular waves.
The verified description of local wave parameters
in the surf zone due to irregular wave field was
available; Battjes introduces fictitious wave
heights which can be calculated from shoaling and
refraction. The effect of lateral friction in
LONGUET-HIGGINS (1970) force balance equation
has been included. The computational pro­
gramme (Fortran-77) has given the smoothed ve­
locity distribution along the coastal slope.

Comparative computations similar to those of
GRAFF and OVEREEM (1979) but with modified
Engelund-Hansen formula (MEH) have been car­
ried out under various boundary conditions. The
mean wave height on deep water varied from 0.5
to 3.0 m; the wave period from 4 to 8 sec; the angle
of wave incidence from 100 to 800

; the wave break­
ing index from 0.4 to 1.0; the sediment particle
diameter from 0.1 to O.:~ rnm; the slope of the
beach profile from 1:100 to 1:20; and finally, bed
roughness from 0.02 to 0.10 m. 'The wide range of
boundary conditions gives a complete picture of
the new formula results behaviour.

At first the wave shoaling and refraction from
deep water to breaker line were calculated by Airy
ray theory. The total sediment transport was rat­
ed by the CERe formula

QCEI{C = AH~C()sin<Phcos<P", (14)

where A = dimensionless coefficient, A = 0.042 if

.lournal of Coastal Research, Vol. 8, No.2, 1992
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U RESUME 0

A partir d'experiences en cuve it houle sur Ie seuil de mise en mouvement des sediments, on a obtenu une nouvelle formule de 1a
force de cisaillernent it proxirnite du fond sous l'action de la houle et des courants, Ce travail appuie I'hypothese de la composition
de fa force de cisaillement efficace dans des flux combines. On a obtenu une equation modifiee du transport sedimentaire parallels
a la cote en adaptant la formule de Engelung-Hansen it la nouvelle formulation de la force de cisaillement. La nouvelle formule du
transport sedimentaire parallele it. la cote est mieux correlee avec celIe du CERe que la formule originelle de Engelund-Hansen.­
Catherine Bousouet-Bressolier, Geomorpho[ogie, E./).H.E., Montrouge, France.

H() = H o r m " (GRAFF and OVEREEM, 1979), H, is the
deep water wave height; C, is the deep water wave
celerity; If'IJ is the angle of wave incidence at the
breaker line; <Po = idem in deep water. Then the
sediment transport distribution were rated by
modified Engelund-Hansen formula with the
longshore velocity distribution from BAT'I\JES

(1974) model. Finally, the total sediment trans­
port QMEII was calculated by integration.

The calculations were carried out with W = 1,
that was in accordance with Bijker formula for T we

and GRAFF and OVEHEEM (1979) results. Then,
the calculations were carried out with W = 0.71
from our results. We don't introduce the decrease
of factor W for the fine material because the con­
ditions in which formula (8) was obtained, flat
and smooth bed, differ from the conditions of field
beach profile with bed forms.

The example of calculations is shown in Figure
4 with effect of deep water wave incidence angle.
The modified Engelund-Hansen formula (MEH)
has a better correlation with the CERe formula
than the original Engelund-Hansen formula (EH).
Similar results are obtained by varying other fac­
tors: wave height, wave period, wave breaking in­
dex and so on, and by using the modified Ackers­
White formula.

CONCLUSIONS

The new formula for the effective nearbottom
shear stress under combined waves and currents
was obtained as a result of the experiments on
incipient sediment motion. The onset of sediment
motion used as an indicator of a level of the crit­
ical shear stress and the value of factor W in the
wave term was obtained with the help of Shields
critical curve for unidirectional flow. It was shown
that this factor, W, is not constant and its value
depends on the sediment characteristics.

The Engelund-Hansen formula on the long­
shore sediment transport with shear stress T we gives
better correlation with the known CERe formula
than the original Engelund-Hansen formula. It
may be used in different problems relating to sed­
iment transport by waves and currents. More field

data are needed to confirm the validity of the new
equation and this is the main problem for future
research.
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Das Ergebnis von Laborexperimenten tiber Beginn bzw, Schwellenwert von Sedimentbewegungen in einem Kanal ist eine neue
Formel fur die bodennahe Scherbeanspruchung. Diese Untersuchung unterstiitzt die Hypothese zur Zusammensetzung des effektiven
Scherstresses in kombinierten Stromungen. Eine modifizierte Formel des ktistenparallelen Sedirnenttransportes erhielt man bei der
Anwendung bzw. Anpassung der ENGELUND/HANSEN-Formel in Verhindung mit der neuen Scherstressformel. Die modifizierte
Gleichung zum Sedirnenttransport weist eine hohere Korrelation mit der CEHC-Formel als mit der ursprfinglichen ENGELUND/
HANSEN-Formel auf.-Ulrich Radtke, Geographisches lnst.iiut., Uruoersit.dt Dusseldorf, F.R.G.
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