
MODELING 
RANE L. CURL AND 
ROBERT H. KADLEC 
University of Michigan 
Ann Arbor, Mich. 48104 

For a number of years our Department taught 
a rather traditional course along the lines of Mick
ley, Sherwood and Reed's Advanced Mathematics 
in Chemical Engineering. The content varied a 
bit with the inclinations of the instructors but 
was, mathematically, "soup to nuts." Such a 
course is literally applied mathematics: take a 
large measure of calculus from ordinary to par
tial and another measure of examples and prob
lems from Chemical Engineering. Blend well and 
serve. 

Over the years it was found that the students 
had little difficulty with the mathematical con
tent. Once the bag of mathematical tricks had 
been presented and practiced, few had difficulty 
in finding the right tool for the given mathe
matical situation but this was not the case with 
the physical situation. If the student could form
ulate the problem, he could solve the solvable 
mathematics; inevitably, the problem was in the 
formulation. There seems to be a lesson in the 
organization of all engineering math texts: a 
dozen chapters on mathematical tools and one on 
formulation or modeling. Perhaps we should try 
to teach modeling, and pass along the mathe
matical stuff as we go, almost as entertainment! 

The first thing that had to go was a one-term 
marathon. After the mathematics is crammed in, 
there is no time for contemplation of what one 
is actually doing when obtaining a model, or one 
of several possible models, for a situation, nor 
for carrying out with any deliberativeness an 
analysis of what one has done in the process of 
going from a problem statement to the mathe
matical statement. The second thing that had to 
go was the title! Start with "Advanced mathe
matics ... " and the students' minds are already 
made up that they are there to learn mathematics, 
the preliminaries being just trying to cast this 
week's problem into this week's mathematics. So 
we called it, naturally, Mathematical Modeling 
in Chemical Engineering, with a I and a II. 
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What differs from tradition 
is the strong emphasis on 
modeling blended with 
mathematics. The required 
text is "Your Last Calculus Book" ... 

Splitting the conventional content of an ad
vanced calculus course into two terms is not a 
hard thing to do. We proceeded by straddling the 
undergraduate transition, the first course being 
offered at the Senior level ( ChE 407), and en
compassing mostly problems in one dimension, 
and the second offered at the graduate level ( ChE 
507), but available to qualified undergraduates, 
and extending into multidimensional problems. 
But if a structure of mathematical dimension
ality can be called a vertical ordering of mathe
matical content, the philosophy and practice of 
modeling is orthogonal - horizontal - and can
not be divided in the same fashion. In fact, the 
same concepts of modeling apply unaltered to 
both categories of mathematics. The pedagogical 
problem, then, is to provide for the students 
taking both courses an interesting second course 
using the same philosophy of modeling superim-

TABLE 1. Interaction of Ma thematics and Model ing 

MATHEMATICS 

Algebraic Systems 

Ordinary Differential Eqns. 
Linea r 
Nonlinear 

Series Sol u tions 
Method of Frobenius I--->, 
Well-known Functions 

The Lap l ace Transform 
Formalisms 
The Sp ectral Domain 

Partial Differential Eqns . 
Reduction to o.d.e . 

ChE 507 

Partial Differential Eqns . 
Solvable 
Linear 

Matrix Methods 

Separation of Variables 

Orthogonal Functions 
More well - known functions 
S turm-Liouvi l le 

Fourier I ntegral and Transform 

Laplace Transform a nd p .d . e . 

1. Problem Definition 

2 . System(s) 

Coordinate sy stems 

Assumptions a nd Pre -
•sumptions 

Notation , sym bols 

balances Differential 

Laws , correla tions 

3. Preliminary C ombination 

tions 

itions 

4. 

s. 

6. 

Initial Condi 

Boundary cond 

Constraints 

Simplificatio 

Dimensional c 

Selection of 
cedure 

o.nsiderations 

Solution Pro-

~ Ma t hematics I 
Interpretatio 

7. Calculation 

8. Repor t ing 
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posed upon the higher dimensional mathematics. 
The key to doing this is to introduce more ad
vanced f ormulational methods along with the 
more advanced "equations." 

This interaction is shown in Table 1. The list 
of mathematical topics is typical, but not in
clusive of all topics that have been treated. There 
is little new here. The complementary list of 
modeling topics is also unoriginal ; they are nec
essary no matter how "advanced mathematics" 
is to be taught. What differs from tradition is 
the strong emphasis on modeling blended with 
mathematics. The required text is "your last 
calculus book"; we can use no other as we seek 
to avoid giving modeling a mathematical frame
work. 

WHY MODEL 

There is a single statement which sums up 
the reasons for modeling: It allows the logical 
restructuring of descriptions, providing insight 
and the capability to produce quantitative re
sults in response to questions. It is no accident 
that the fields of study in chemical engineering 
have organized themselves according to the type 
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of question to be answered and the correspond
ing modeling and restructuring procedures. These 
areas, together with the general question asked 
are as follows : 

• Research. What are the basic laws, which when . 
used in the structure representing the system, will 
produce the observed effects? 
Parameter and Property Evaluation. What are the 
numerical values of the symbols which characterize 
the system (parameter) or the material (property) 
being described ? 

• Design. Among the parameter and property values 
which we may choose, what set of values will pro
duce the desired result? 
Optimization. Among the sets of values which may 
be chosen for a given process, what set will yield 
the best value of the desired result? 

• Simulation. Given all the parameters and values 
and functions necessary to determine the operation 
of the process, what result may one expect? 

• Control. Given a process and a specified mode of 
operation, how can one ensure that it will continue 
to operate in this fashion? 

Only the first three of these were generally 
thought to be important in the quantitative mod
eling sense until approximate a decade ago. The 
remainder of the questions were asked, but an
swering them remained an art until machine 
computation appeared on the scene. 

One particularly important aspect of com
munication is the ability to read the current 
literature in an area of interest. The vast majori
ty of contemporary technical writing depends 
heavily upon and is oriented toward a mathe
matical approach. To be conversant in these 
terms requires abilities in both model building 
and in mathematics. 

There is in this connection a common state
ment that needs a mild rebuttal. It is: "I am ( or 
plan to be) a manager, so I do not care about this 
mathematical stuff. I need to learn how to deal 
with people." This is incorrect by virtue of being 
overstated. It is necessary to use manpower to 
the limit of its ability in a competitive environ
ment, and to do so requires an understanding of 
these abilities. Therefore it is imperative to un
derstand mathematical modeling from the view
point of "know what it can do", so that one can 
properly direct the efforts of those who "know 
how to do." 

THROUGH THE LOOKING GLASS 

The solution of a modeling problem is a 
tortuous path, traversed with a cloudy mirror 
before the engineer. Only experience can give 
clues as to where the path is leading-while all 
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the work behind is visible, including errors. A 
prescription on how to proceed is very necessary. 

Logically, the first question is: Where am I 
going? A clear problem statement must be had. 
To illustrate: 

1. Problem Statement: Glycerin is to be heated with 
condensing Dowtherm A at atmospheric pressure. 
The glycerin enters a 960 f t . multipass exchanger 
at 180 °F. The tubes are 1 1/4, inch BWG 12 copper. 
The glycerin mass ftow is 2.7 x 106 lbml f t2hr per 
tube. Calculate the exit glycerin temperature. 

Next, all pertinent information is assembled. 
It helps to draw a picture of the physical process 
to be described. Labeling such a sketch provides 
instant organization of some nomenclature; the 
whole can be listed eventually. Now select the 
portion of the system which can be described by 
the basic laws available. This may be an entire 
process, a process unit such as a reactor, or a 
differential portion of a process unit if spatial 
variations are anticipated. 

2. Assembly of Information. 
Diagram : i Do,,,the:t'm A Vapo :t' 

1,8 0 ° F --.. • ...-t====--=--=--=--=--=--=---=--------7; :> 
Gtyc e:,, in C. . .1---------H.) 

t Condensate 

System : V = glycerin within the exchanger 
Nomenclature : x = length, ft 

L = total tu be length, ft 
T = temperature 
G = mass velocity, lbmlftJhr 

Su bscripts: i = inside tube 
o = outside tube 
e __: entrance to exchanger tube 

L = ex# from exchanger tube 
Subsystem: AV = glycerin within a differen-tial 

length of tnbe 

G ~ : AV ! 
1j7z;,-4 7 

z ::c + /).::c 

The selection of the basic laws - both kind 
and number-is deeply affected by the assump
tions and presumptions made concerning process 
behavior. There is an often-neglected difference 
between these which should be pointed out. An 
assumption refers to something taken for grant
ed, and hence is usually not checked. A presump
tion is a belief unsupported by evidence-or in 
other words an assumption about which we feel 
uneasy. There is no safe course in making as-
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Perhaps we should try to teach modeling, 
and pass along the mathematical stuff as 
we go, almost as entertainment! 

sumptions and presumptions. Assume too much 
and you get a wrong answer; assume too little 
and complications prevent getting any answer. 
Presume too much and you are called ignorant; 
presume too little and you are called a coward. 
The proper approach is to occupy the most de
fensible position while obtaining results in the 
desired length of time. 

Presumptions : 
1. Constant properties 
2. Turbulent ftow on tube side 

Assumptions: 
1. No Multiple-tube effects 

(horizontal arrangement, one tube 
thick) 

2. Constant ( saturation) temperature 
f or Dowtherm 

3. A rithmetic average inlet fi lm temp
erature difference, can be used in 
the correlation for condensing co
efficient 

4, Steawy state 

The selection of the basic laws to be used is 
influenced somewhat by the choice exercised 
above, and in turn influences that choice. Should 
a statistical or deterministic approach be taken? 
Are we worried about time behavior? Is it nec
essary to know distribution of variables within 
a process unit? We must discard some of the very 
small, the very large, the very fast, the very 
slow aspects of the process, depending upon the 
desired result. A partial explanation is all we can 
ever expect. 

There are certain axiomatic rules which are 
not violated except under extremely unusual cir
cumstances, and may be considered to be uni
versally applicable. In contrast, there are also 
descriptive laws, which apply only in a limited 
number of circumstances and which are never 
universally applicable. This latter group origi
nates either from a theory regarding material 
behavior in a given situation, or from the corre
lation of a body of physical data. 

The remaining laws, which apply to only 
specific situations, may be divided into two 
groups. They are either algebraic statements of 
the observed relations between system variables 
or statments of the dependence of the rate of an 
elementary process variables. 

There remains a class of mathematically 
true statements which are in no way related to 
the real world. Certain definitions bear a remark-
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able resemblance to either basic laws, rate laws 
or correlative equations. 

Axiomatic Laws: Conservation of Energy 

[c1c1 (ITo/ /4)T1 ]x - [G1c1 (no/ /4)T1 ]x + 6x = Q(IT016x) 

Rate Laws: H eat fiow 

Q = U/T
0 

- T1) 

Correlations: 

Nu = 0.023 Re O,S Pr0 •4 

h = 0. 725 [ k/p/g• ] l/
4 

o Doµt6Tf 

Added Nomenclature·: 
G = mass velocity, lb,,Jhr ft2 

D = diameter, ft 
C = heat capacity, BTU llbm ° F 
p = density, lbmlft9 

µ=viscosity, lbm/ft hr 
K = thermal conductivity, BTU /hr ft ° F 

R e = R eynolds number 
Pr= Prandtl number 
h= heat transfer coefficient, BTU/hr ft2 °F 
U = overall heat transfer coefficient, BTU/hr ft2 °F 
R = heat transfer resistance, hr ft °F!BTU 
Q = heat transfer rate, BTU /hr ft2 

g = acceleration of gravity, ft/hr2 

A = latent heat of condensation, BTU /lb.,, 
Subscripts: 
f = film (outside) 

w=wall 
F = Fouling 

Following this listing of the mathematical re
lations, a certain amount of "condensation" is 
usually possible. Added bits of information, such 
as boundary conditions, are found to be neces
sary. 

3. Combination. Divide energy balance by 

[c1c1 (rro//4l l 

and let 6.X • 0. 

dTi =~ 

dx GiCiD;L 

Substitute rate law: 
dTi 4U 
dx = GiCiDi (To - Ti) 

4, Boundary Conditions. 
at X v = 0, T, = 180° F = Tie 

5. Simplification. 

A• ~ 
. GiCiDi 

Then : 

Having formulated a mathematical structure, 
it is quite unlikely that one may immediately 
proceed to compute the desired answer. It is far 
more likely that the next step is to restructure 
the math problem-e.g., solve differential equa
tions. 
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Modeling allows the logical restructuring of 
descriptions, providing insight and the capability 
to produce quantitative results in response 
to questions. 

6. Mathematics. Separate variables and integrate. 

TiL = To - (To - Tie)e-AL 

T - T 
l~ "" -AL 

T - T o ie 

7. Numerical Results. The information given plus 
data on the two fluids, yield a value of A = 
4.18 X 10-9 and T 0 =495.8°F , TiL= 425.3°F 

8. Discussion of Results. With the assumptions given, 
the glyceritni is heated to 425.3° F. However, a 
check of the constant property assumption shows 
that i t is seriously in e'rror. For example, at 
180°F, µ, = 29cp; at 425.3 F, µ" = 1.2cp. There'
! ore, it appears necessary to "iterate" back to 
step 2 and change the presumptions. On ly part of 
the next ite'ration will be shown here. Presump
tion 1 must be abandoned; fiow on the tube side 
is confirmed to be tur bulent. 

Words and numbers are ultimately required 
from the model. One does not submit a differen
tial equation to management, nor does one frame 
a computer program and hang it on the distilla
tion tower. It is the responsibility of the modeler 
to communicate his results either by interpreta
tion, or by providing statements so clear that 
others can interpret them easily and without 
possibility of error. This feature of modeling is 
frequently ignored, fostering battles of misunder
standing between the model builder and the po
tential model user. 

1. Statement 

2 . Information Assembly 

3 . Combination C: ' OJ C: 
0 H 0 ..... " Ill 
.µ .µ ..... ..... "' H 

" C: "' .µ "' C: OJ la ..... :> 0 ..... u 
.µ "' "' H .µ 
.µ 0"' 

5. Simpl i fication ..... 'Cl .... ti! 

"' C: 

" 0 
O' ,..., .G 

.µ .µ 

6 . Mathematics 
O,·.-t 

!P' 
Ill 
OJ 
H 

"' 7. Numerical 

8. Report 

Figure 1. A Model Building Algorithm with Iteration 
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In the example that we have been carrying 
along as a guide, we find that we aren't ready to 
communicate our results as they violated a pre
sumption. An iteration of the model is required. 
However iterations are possible at several differ
ent levels, as shown in Figure 1, which r ests on 
the lists of modeling steps in Table 1. 

2-11. Assembly of Information. 
Assumptions: 
1. Temperature dependent fiuid properties. 
2. Tur bulent fiow on tube side. 
3. No multiple tube eff ects. 
4. Constant Dowtherm temperature. 
5. Variable film temperature, and Tempera

ture difference. 
6. Steadty state. 

New correlations are needed, and the solution 
method becomes a computer technique. 

8-Il. The value of the exit t emperature is 464,7° F. 

PEDAGOGY 

It is moderately difficult for the instructor, 
and unsatisfactory for the student, to spend much 
time talking . about the philosophy or even the 
structure of modeling. It seems so self evident 
that it is boring-but still the students go astray 
simply by virtue of overlooking a modeling step. 
Therefore, to make all this work, and to make it 
interesting at the same time, a variety of peda
gogical tricks have been developed and used. 
These have included: 
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1. Omit problem statement. The "problem" 
is presented as a demonstration: a ves
sel is allowed to drain through a square 
hole and the level measured vs time; a 
hot sphere is immersed in a vessel of 
water and its temperature measured; a 
beaker of molten paraffin is allowed to 
solidify. Model this situation is the in
struction. This focuses thought upon se
curing a precise problem definition. The 
students must pry it out of both the in
structor and reality. 

2. Give problem solution. A problem from 
a preceding course ( where it is presumed 
that the principles of modeling had not 
been taught!) is chosen and the instruc
tion is to recast it into the algorithmic 
solution format given in Figure 1. This 
focuses the student's attention upon 
procedure: the work of "solution" has 
been completed in advance within some 
other procedure, be it derivation or 
formula-plugging. 

3. Trial by fire. A student is asked to solve 
a problem before the class, with no prior 
preparation. The whole reasoning process 
is thus brutally exposed. A kinder ap
proach is to successively question class 
members to develop the model step-by-step, 
following the modeling algorithm of 
Figure 1. 

4. Tweak by paradox. A "completely logi
cal" example is presented, which leads 
to a clearly ridiculous result. The location 
of the flaw in reasoning is a superb edu
cational device. 

5. Math made illegal. A fairly detailed re
port, containing no math but explaining 
the model and results, is requested on a 
problem. • 

BELL (Continued from page 157) 

The lecturer has a small monitoring screen on 
the desk in front of him that shows exactly what 
is going on to the viewers. (The monitor is an 
insidious and ruthless device: lecturers have been 
known to start yawning in boredom while watch
ing it.) The studio audience mostly watches the 
two TV screens, because that's where the action 
is when the lecturer is working on the note pad; 
this is somewhat distracting to an experienced 
lecturer, who relies upon eye contact to see if the 
audience is with him. I don't use the board be
cause it is hard to remember to work in properly 
scaled modules so that the whole image fits the 
TV screen and yet is legible. This is readily con
trolled by using a 6 in. by 8 in. buff-colored note 
pad. The material to be presented in class is 
written or drawn upon the pad in yellow ink, 
which is readily visible to the lecturer and nearly 
invisible to the camera; during the lecture, the 
notes, etc. are made visible to the audience by 
writing over them with a black felt-tip pen. (By 
forcing the lecturer to do the writing, the speed 
of the presentation is held closer to the speed at 
which the students can make notes.) 

Acclimatization to the TV system took only 
two or three lectures. The most important single 
change that I noticed was that I was better pre
pared to lecture when I came to the studio. Hav
ing to prepare the notes in yellow ahead of time 
not only forced me to review, but also to organize 
the material so that the contents of each sheet 
made sense. • 
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