
rw Na class and home problems 

The object of this column is to enhance our readers' collection of interesting and novel problems in 
Chemical Engineering. Problems of the type that can be used to motivate the student by presenting a 
particular principle in class or in a new light or that can be assigned as a novel home problem are re­
quested as well as those that are more traditional in nature that elucidate difficult concepts. Please sub­
mit them to Professor H. Scot Fogler, ChE Department, University of Michigan, Ann Arbor, MI 48109. 

MEL TING ICE CUBES PROBLEM 
JUDE T. SOMMERFELD AND 
PETER A. MINDERMAN 
Georgia Institute of Technology 
Atlanta, GA 30332 

A certain chemical reaction is being carried 
out in the aqueous phase in a 2000-gal. reactor. 
The reactor is half-full and its contents are 
maintained at the reaction temperature of 100°F. 

At a certain point in the reaction, it is desired 
to quench the reaction as rapidly as possible. For 
this purpose, the rapid dumping of 2000 lbs. of 1-
inch ice cubes (at 32°F) into the reactor contents 
has been proposed. Calculate 1) how long it will 
take for all of the ice to melt and 2) what the final 
solution temperature will be at this time. 

Prior laboratory experiments under similar 
conditions of agitation have shown that the overall 
coefficient for heat transfer at the ice surface is 
200 BTU /hr.-ft2- °F. The latent heat of fusion of 
ice is 144 BTU / lb., while its density is 57.5 lbs. / 
ft3

• The physical properties of the aqueous solution 
may be assumed to be the same as those for water. 
A sketch of this system is presented in Fig. l. 
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FIGURE 1. Sketch of the physical system in the melt­
ing ice cubes problem. 
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SOLUTION 

The basis of the solution consists of an 
enthalpy balance around the solid (ice) phase. The 
liquid phase at the melting temperature of the 
solid phase is chosen as the enthalpy reference 
state. With this choice, the specific enthalpy 
(BTU / lb) of the liquid phase is equal to Cp (T-T.). 
Similarly, the specific enthalpy of the solid phase 
becomes the negative of the latent heat of fusion 
(-11.) . Essential to the foregoing statement is the 
assumption that the temperature of the solid phase 
is always at its melting point. The rate of heat 
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input (BTU /hr) to the solid phase is then 

UA (T-T. ) 

while the rate of accumulation is 

->.. dW. 
dt 

There is no heat output from the solid phase as 
well as no generation or consumption terms. 
Hence, the differential enthalpy balance equation 
becomes 

UA (T- T.) = ->.. ~~• (1) 

It is assumed that the ice cubes are truly 
cubical in shape and further that they remain 
cubical as they melt. That is, there exists no 
preferential melting at any one face of the cube. 
Assuming that all of the cubes behave identically, 
the total number of cubes then also remains 
constant as long as ice is present. It then follows 
from these assumptions that 

and 
W. = pNx:-i 
A = 6Nx2 

The result of substituting these equalities into 
Eq. (1) is 

dx = -2U (T _ T .) 
dt pA ' 

(2) 

It remains then to relate the temperature of 
the solution (T) to the size of the melting ice 
cubes (x). This is achieved by performing 
material and enthalpy balances around the com­
plete system. The material balance is 

or 
W. + W1 = W0

• + W0
1 =Wt (= const) 

W i = Wt - W. (3) 

And assuming adiabatic operation, the enthalpy 
balance is 

H. + Hi = H0
• + H0

1 = H t ( = const) 

or H i = H t- H s 
Now 

Hence 

and 

H 0 z = W 0 i Cp (To - T . ) 
H 0

• = - A W0
• 

Hz = Wi c11 (T - T. ) 
H . = -AW. 

(4) 

Substitution of Eq. (3) for W i into Eq. (4) and 
rearrangement of the result leads to 
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T - T. (5) 

Finally, substitution of the above result into Eq. 
(2) yields 

dx -2U [ H t + >.. W s ] 

dt=~ Cp (Wt- Ws) 
or 

~ = -2U [ (H t/ ApN) + x 3
] 

dt pep (Wt/ pN) - x 3 
(6) 

Before proceeding to the integration of Eq. 
(6), it is convenient to make the following 
definitions 

whence 

2U 
a= - ­

pep 

/33 = ~ 
ApN 

3 Wt 
'Y = -­

pN 

~ = [/33 + xa] 
dt -a 3 a 'Y -x 

If one now defines a new dependent variable as 

X 
y = /3 

the result upon insertion into Eq. (7) is 

dy a [ 1 + y3
] 

dt = - /3 "/3 / /33 _ ya 

(7) 

And finally with the following additional defini­
tions 

one has 

a 
C =~ 

a = __r_ 
/33 

~ = -c [ l + ya] (8) 
dt a-y3 

The integration of Eq. (8) is given in any 
comprehensive table of integrals. The result is 

ct= [ y- (a+ 1) \ _ l_ ln (1 + y) 2 
3 1 2 1-y + y2 

+ y3 TAN-1 ( 
2~i l)} ]; (9) 
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where 
Xo 

Yo= /3 

For the particular case wherein the upper limit 
of integration is zero (that is, complete melting of 
the solid phase), Eq. (9) assumes the following 
form 

ct (y = 0) = a + 1 [__!____ ln (1 + Yo) 2 

3 2 l-y0 +y0
2 

+ y'3 TAN-1 ( ~
3
_ ~o) ]-Yo (10) 

for which the following trigonometric identity 
was invoked 

TAN (u-v) TAN (u) - TAN (v) 
1 + [TAN (u)}[TAN (v)] 

The original problem concerned the quenching 
of 1000 gallons of an aqueous solution originally 
at 100°F. The physical properties of the solution 
were assumed to be the same as those for water. 
It was proposed to dump 1 ton of 1-inch ice cubes 
into the solution at quench time. The various 
problem parameters then assume the following 
values 

Wt = (1000) (8.33) + 2000 = 10,330 lbs 

H t = (1000) (8.33) (1.0) (100 - 32) 
- (144) (2000) = 278,000 BTU 

N 
- (2000) (12) 3 
- (57.5) (1.0) 3 = 60,100 

a 
(2) (200) 

(57_5) (LO)= 6.96 ft /hr 

/33 
278,000 

= 0.558•10-3 ft 3 
(144) (57.5) (60,100) 

/3 = 0.0823 ft 

'Y3 10,330 
(57.5) (60,100) = 2.995-10-3 ft3 

'Y = 0.1441 ft 
2.995-10-3 -

a = 0.558•10-3 = 5·37 

6.96 
C 0.0823 = 84.6 hr-1 

1 
Yo (12) (0.0823) = l.OlZ 

Substitution of the last three quantities into 
Eq. (10) then results in the following time re­
quired for complete melting of the ice (solid 
phase) 
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FIGURE 2. Time histories for the size of the ice cubes 

and the liquid-phase temperature. 

t (x = 0) = 0.0514 hr= 3.08 min. 

The temperature of the quenched aqueous phase 
at this time is given via algebraic solution of Eq. 
(5) with Ws = 0; the result is 58.9°F. 

Complete time histories for the size of the ice 
cubes and the liquid-phase temperature for this 
particular system are presented in Fig. 2. • 

NOMENCLATURE 

a -y3/f33 
A - total surface area of unmelted solid 

phase, ft 2 

C - a /{3 
Cp - heat capacity of liquid phase, BTU / lb-°F 
H - enthalpy, BTU 
N - total number of solid-phase cubes 
t -time, hr 
T - temperature, °F 
U - overall coefficient for heat transfer from 

the liquid phase to the solid phase, 
BTU / hr-ft2- °F 

W - mass of material, lbs 
x - size of a solid-phase cube, ft 
Y -x/{3 
a -2U/ pc" 
/3 - 3ylH tf11.pN 
'Y - 3y'WtfpN 
A - latent heat of fusion of solid phase, 

BTU/ lb 
p - density of solid phase, lbs / ft 3 

SUBSCRIPTS 

l - liquid phase 
o - initial condition (t = 0) 
s - solid phase 
t - total (sum of liquid + solid phases) 

SUPERSCRIPT 

o - initial condition (t = 0) 
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