
t.a_5_3.._1a_b_o_r,_a_t_o_r.:_y _________ ) 

A MAXWELL-STEFAN EXPERIMENT 
P EDRO TAVEIRA, PAULO CRUZ, ADELIO MENDES 
University of Porto • 4099 Porto Codex, Portugal 

F ickian mass transport is deeply rooted in the culture 
of many engineering institutions, universities, and 
companies. The mathematical equation that describes 

Fick's law is simple and intuitive, but it is only valid for 
binary mixtures or for diffusion of diluted species in a 
multicomponent mixture, in the absence of electrostatic or 
centrifugal force fields. 11 1 

The Maxwell-Stefan equation provides a better and a 
more general approach. To show its relevance, while keep­
ing the mathematical treatment simple, we propose a ter­
nary mass diffusion transport experiment and its simulation. 
The simulator was developed to solve the Maxwell-Stefan 
equation for multicomponent isobaric and isothermal sys­
tems and is readily available on the web (http://raff.fe.up.pt/ 
~lepae/simulator.html). 

The concepts presented in this work are particularly suited 
for both undergraduate and graduate chemical engineering 
students provided that they are familiar with the first and 
second Fick laws. 

THEORETICAL BACKGROUND 

The Maxwell-Stefan equation for an isothermal and iso­
baric multicomponent system, where only pressure forces 
act, is (a simple derivation of this equation is presented in 
the appendix)li ·3I 

-~ dµ; = i xjNi -x;Nj 

9ff dz j=I c/ ~) ij 
j;ti 

(1) 

where xi is the i-solute molar fraction , T is the absolute 

temperature, ~ is the ideal gas constant, µ ; is the molar 
chemical potential, z is the ax ial coordinate, c, is the total 
molar concentration, Ni is the molar flux of the species i 

with respect to a fixed referential , and ~ ij is the Maxwell-

s f . . d"ffu . . . h a--. - C3"' 121 te an 1,J 1 s1v1ty, wit ~ ij - ~ii . 
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For ideal gases, Eq. (1) becomes 

1 dx; ~ xjNi -x;Ni 
----=-L.J 
~T dz i=I pl~ ij 

j;ti 

(2) 

where P, is the total pressure and Ji is the molar flux of the 
species i with respect to the mixture molar average velocity 

n 

J; = N; -X ;L Nk 
k=I 

For ternary systems, the Maxwell-Stefan equations are 

dx A =xAJB-xBJA+xAJc-XcJA 

dz cl~ AB cl~ AC 

dxa xaJA-xAJB xaJc-xcJs --=-=-'-'--'-'--=-+-=-=--=-=-
dz cl~AB cT~Bc 

and 

(3) 

(4) 

(5) 

Equation (2) is nonlinear and therefore when solving diffu­
sion problems it is more practical to revert it to the Fickian 
form 

(6) 

where (J) and (x) are (n-1 )-component column vectors of 
diffusion fluxes and molar fraction s, respectively , and 
[D] is the (n-l )x(n-1 ) Maxwell-Stefan diffusion coeffi­
cient matrix 

[D]=[Br1 (7) 

and [B] is the diffusion coefficient inverse matrix that is 
obtained from Eq. (2) 
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B -~ "'"' ~ ij - qs. + L..i a--. , 
,V in k= I -.v ik 

b •i 

( l 1 ~ . . 
Bij(iacj ) =-x;l ~ - -~)' l,J=l,2,3, ··n-l (8) 

IJ In 

The Maxwell-Stefan diffusivities can be estimated by the Chapman-Enskog 
Eq. (9)f41 

~ ij =5.9543xl0-24 (9) 

where cr;j is collision diameter, nD,ij is the collision integral , and Mi is the 

molecular mass of species i (all the units are in SI). The collision param­
eters can be found, for instance in Bird, et al. 141 

EXPERIMENTAL SETUP 

The experiment described below shows the limitations ofFick' s equation 
and introduces the Maxwell-Stefan equation for multicomponent diffusion. 
The setup is shown in Figure 1. 

Typically, two tanks of about the same volume are connected by a 4.3-
mm internal diameter pipe (1/4" nominal diameter) that is 15.3 cm long. 
Tank A has a 45.2-cm3 volume, while tank B has a 41.5-cm3 volume. An 
on/off valve divides the pipe at the middle and has about the same pipe 
internal diameter. A set of needle valves, on/off valves, and a pressure 
transducer are available to fill up the tanks. All the valves are made of 
stainless steel by Whitey. The pressure transducer (Druck model PDCR921) 
has an 0-70 kPa absolute pressure range with ±0.5% F.R.S. precision. Gas 
analysis is made at a high frequency by a mass spectrometer (Dataquad, 
from Spectramass, UK) connected to one tank at a time. The mass 
spectrometer sample probe is made of a 1-m long fused silica column 
with 50 µm internal diameter. After two hours the total pressure 
changes less than 1 % due to thi s mass withdraw when the initial 
pressure is 40 kPa (absolute pressure). A vacuum pump evacuates the 
system to a pressure below 0.3 kPa. All data are recorded on a com­
puter every 100 seconds. 

Students evacuate both tanks and then fill them with equimolar binary 

Mass spectrometer 
capillary 

B 

He 

[)k::J Needle valve 

[:0::) Two-way on/off valve 

~ Three way switching valve 

0 Pressure transducer 

Figure 1. Sketch of the experimental setup. 
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gas mixtures with the help of the pressure trans­
ducer. They should fill both tanks with nitrogen 
at the same time, up to a pressure of 20 kPa 
(absolute pressure) , and then add helium to 
tank A and carbon dioxide to tank B, up to a 
total pressure of 40 kPa. At the end, both 
tanks must have the same total pressure. When 
changing the feed gas , the filling circuit should 
be evacuated-otherwise the residual gas will 
enter with the new feed gas. Nitrogen is the 
common component in both tanks. 

After filling the tanks , students are asked to 
start the data acquisition software, to switch 
on the mass spectrometer, to read the tem­
perature, and to open the switching valve con­
necting the tanks . Helium diffuses from tank 
A to tank B, and carbon dioxide diffuses from 
tank B to tank A. The total pressure difference 
between the tanks should be negligibly small , 
implying no viscous flow and so equimolar 
diffusion. 

The diffusion constant is approximately in­
versely proportional to the total pressure. A total 
pressure of 40 kPa allows students to complete 
the diffusion experiment within the three-hour 
laboratory session. 

The experiment should be performed twice, 
switching the tanks ' contents on the second run 
in order to record the concentration history of 
both tartks. This can be done in two consecutive 
classes of three hours each by two different stu­
dent groups. The two groups, working as a team, 
should exchange their results and draw the nitro­
gen molar fraction curves as a function of time. 
Then they can simulate their experimental sys­
tem with the available simulator and comment 
on the results. 

DAT A TREATMENT 
AND DISCUSSION OF RESULTS 

After opening the connecting valve, the gas 
mixtures in the tanks enter in contact (see Figure 
1). The connecting pipe mass balance can be 
written asf4l 

dN; + dC; =0 
az clt 

(10) 

Since the total pressure gradient between the tanks 
can be neglected, there is no viscous flow, and 
therefore the total flux, N,, is zero. Introducing 
Eqs. (6) and (7) into the mass balance, the fol­
lowing expression is obtained for constant tem­
perature and pressure: 
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d(N)+d(c)=i_[-c [D]d(x)]+c d(x)= 
dz dt dz I dz I dz 

c [B]-1 d[B][B]-1 d(x) _ [B]-1 d
2
(x) d(x) 

I -,. -,. CT 2 +ct 
oz oz dZ dZ 

(11) 

where the matrix product is not commutative. In the case of 
three-component diffusion, a two-component matrix equa­
tion (Eq. 11) must be considered along with the total flux: 
N,=0. Assuming that the diffusion time constant inside the 
tanks is much smaller than the diffusion time constant in the 
pipe, the tanks can be considered as completely stirred. The 
mass balance of the complete system (Figure 1) is 

dCI 
V ~-ANI =0 

A dt I z=D 

for tank A, and 

de-I 
V ~-ANI =0 

A dt ' ,=D 

for tank B. Lis the pipe length. 
A fortran program, using an MS 

Excel interface, was written to solve 
this problem. The program is also 
avai lable on the web <http:// 
raff.fe.up.pt/~lepae/simulator.html> 
for remote simulation. It can be ap­
plied to mixtures of 3 to 7 compo­
nents . For solving the partial differ­
ential equations, along with the or­
dinary differential equations, the 
package FORSIM VI151 was used. 

(12) 

(12) 

Helium binary coefficients are high and it readily moves 
from tank A to tank B while carbon dioxide moves slowly 
from tank B to tank A. Nitrogen should balance these ef­
fects, and so it first moves with carbon dioxide from tank B 
to tank A, to balance the very fast helium, and then returns to 
tank A. Students are asked to internalize this picture in 
opposition to the one given by Fick' s law, where mass 
transport is viewed as depending only on each component 
concentration gradient. 

The mass spectrometer allows for an almost continuous 
concentration measurement. If not available, a different ex­
periment can be performed using a gas chromatograph. Two 
samples can be collected from each tank using a syringe. In 
this case, the tanks ' total pressure should be 1 atm or more, 
to allow sampling. The samples can be collected at the 
highest and lowest nitrogen partial pressures, and the time at 
which this happens can be estimated from the simulation 
program. 

CONCLUSIONS 

At the beginning the nitrogen con­
centration is the same in both tanks 
and therefore, according to the Fick 
equation, nothing should happen to 
it. Figure 2 shows the concentration 
curves for the three gases in both 
tanks. As can be seen, the concen­
tration of nitrogen starts to decrease 
in tank B and to increase in tank A! 
Why? Helium and carbon dioxide 
seem to behave as Fickian gases: 
helium concentration decreases in 

0.0 ----+------+----1------i....---1 

Fick's equation is "intuitive" 
and deeply rooted in the culture 
of many engineering institutions. 
While very simple, it is only valid 
for binary systems or multicom­
ponent diluted systems. To change 
the Fickian culture and internal­
ize a new feeling in the diffusion 
area, we propose to the students a 
ternary diffusion lab exercise. The 
gases considered (helium, carbon 
dioxide, and nitrogen) are neither 
dangerous nor expensive. The ex­
perimental setup is also inexpen­
sive, provided that a mass spec­
trometer is available. 0 1500 3000 4500 6000 7500 

TIME (s) 

Figure 2. Experimental and simulated nitrogen {II }, 
helium (e }, and carbon dioxide(• ) molar fraction 
curves as a function of time. Open symbols refer to 
tank A and closed symbols to tank B. The solid 
lines represent the simulated results. 

The experiment is very simple 
and can be easily performed in 3 
hours . It also strongly demon­
strates the inaccurate results that 
Fick's equation can lead to under 
some circumstances. The simula­
tion program that supports this ex­

tank A and carbon dioxide in tank B until equilibrium is 
reached. The step-like behavior of some experimental points 
in Figure is related to tbe mass spectrometer resolution. 

periment allows students to play at home with different 
systems, helping them to gain a new feeling for multicompo­
nent diffusion mass transport. 

The diffusion coefficients of the three gas pairs at 40 kPa 
and 20°C are 
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NOMENCLATURE 

A connecting pipe cross-section area (m2
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Ci 

c, 
D AB 

D AM 

;DAB 
F 

molar concentration of species i (mol m-3) 

total molar concentration (mol m-3) 

Fickian A,B diffusivity (m2s-1) 
Fickian diffusivity of species A in a mixture (m2s-1) 

Maxwell-Stefan A,B diffusivity (m2s-1) 

molar force (N moJ-1) 
Ji molar flux of species i with respect to the mixture molar 

average velocity (mol m-2s-1) 
(J) (n-1)-component column vector of diffusion fluxes (mol 

m-2s-1) 

L connecting pipe length (m) 
molecular mass of species i (kg moJ-1) 
molar flux of species i with respect to a fixed referential 
(mol m-2s-1) 

N
1 

total molar flux with respect to a fixed referential (mol 
m-2s-1) 

pi partial pressure of species i (Pa) 
P

1 
total pressure (Pa) 

9\ ideal gas constant (J moJ-1K 1) 

t time (s) 
T absolute temperature (K) 

V A'V 8 volume of tanks A and B, respectively (m3
) 

ui velocity of species i (ms-1) 
xi molar fraction of species i (dimensionless) 

(x) (n-1)-component molar fractions vector 
z axial coordinate (m) 

Greek Letters 

µi molar chemical potential (J mol-1) 

CT ij collision diameter (m) 

nD,ij collision integral (dimensionless) 
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APPENDIX 
Derivation of the Maxwell-Stefan Equation 

(Based on References 1, 2, and 3) 

Consider a pipe filled with an isobaric binary gas mixture, com­
ponents A and B. When moving, component A exerts a force on B. 
This drag force should be proportional to the molar concentrations 
of B and A and to the relative velocity of both components 

F occAc 8(uA -u8) (AI) 
where ci is the i-component molar concentration, ui is the i-solute 
velocity referred to a fixed referential , and F is the drag force. On 
the other hand, when considering an infinitesimal pipe slice, the 
pressure exerted by component A on the imaginary left boundary is 
PAlz:z and on the right boundary is PAlz=z+dz, where PA is the partial 
pressure of A. The partial pressure gradient -dpA/dz is the driving 
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force for component A to move inside the pipe and should be 
balanced by the drag force 

dpA 
--- oc cAcB(uA -us ) 

dz 

Calling ;DAB / 9\T to the proportional factor, we obtain 

dpA cAc8(uA -u8) 
---=--~- -~ 

dz ;DAB /9\T 

For ideal gas mixtures, Eq. A3 simplifies to 

dx A x Ax 8 (uA -u8 ) ---=--~---~ 
dz ;DAB 

(A2) 

(A3) 

(A4) 

For ternary mixtures, we must add an additional drag force term to 
the right-hand side of Eq . A4 to account for A-C interactions 

dx A xAx 8 (uA -u 8 ) xAxc(uA -uc ) --- = --~---~+--~---~ 
dz ;DAB ;D AC 

and for multicomponent systems 

- dx i = I xixi(u i -ui) 

dz j=l ;D ii 
j;<i 

(AS) 

(A6) 

The Maxwell-Stefan equation is usually written in terms of molar 
fluxes: Ni=ciui. Replacing the velocities in Eq. A6 by molar fluxes, 
we obtain 

_ dx i = I xiNj -xjNi 

dz j=I c1 ;D ij 
j;<i 

(A7) 

The driving fo rce is better represented by the chemical potential 
gradient 

-~ 
dz 

x d(9\T f!n xJ x - dµ 
--'--~---~~--'---' 

9\T dz 9\T dz 
(A8) 

and introducing this result into Eq. A 7, we obtain 

-~ dµi = i xiNj - xiN i = i xJi-xii 

9\T dz i=I c1 ;D ii i=I c1 ;D ij 
(A9) 

j;<i j;<i 

This is the usual form of the Maxwell-Stefan equation for isobaric 
and isothermal systems, where only pressure forces are present. 

For binary mixtures, the Maxwell-Stefan equation reduces to the 
Fick equation 

(AIO) 

and the Maxwell-Stefan diffusivity is the same as the Fickian 
binary diffusivity. For multicomponent systems, the Fick equation 
is written as 

(All) 

where DAM is the diffusion coefficient of A in the multicomponent 
mixture. While the Maxwell-Stefan diffusion coefficients can be 
considered essentially constant with the composition, the Fickian 
diffusivity cannot, even for ideal gases and equimolar diffusion.'41 0 
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