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INTRODUCTION

sing analytical solutions in chemical engineering

education helps students who make quantitative pre-

dictions. One of the main reasons is that analytical
solutions are exact solutions. This guarantees that the result-
ing quantitative predictions are accurate.

We present here an analytical solution method using
Maple™ to solve systems of second-order linear ordinary
differential equations in single and multiple domains. We
start by reducing the order of the differential equations by
assuming that the first-order derivative is an additional de-
pendent variable."! This reduction yields a set of linear first-
order differential equations that includes all the dependent
variables (e.g., concentration), the first-order derivatives of
the dependent variables (e.g., flux), and the parameters of
the system. These equations can be solved by finding the
matrix exponential ' and symbolically integrating the result-
ing system of equations using Maple. Our method is similar
to our previously presented analytical method for solving
initial value problems (IVPs).*! The method presented here
is an extension to the previous method and is valid for vari-
ous boundary conditions and constraints for boundary value
problems (BVPs) in single and multiple domains.

First, the methodology is illustrated using a general
second-order linear differential equation with generalized
boundary conditions. Once the solution is obtained, we ex-
plain how this solution can be used to generate solutions
for linear problems from chemical engineering.”! Next, the
methodology for solving boundary value problems with
boundary conditions that require an additional constraint is
illustrated by solving a boundary value problem with simi-
lar flux conditions at the boundaries in a lithium/polymer
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battery cell.™ Finally, we demonstrate the methodology for
a similar BVP with multiple domains that requires a multiple
domain constraint equation by solving the coupled equa-
tions for the steady-state analysis of a lithium/polymer cell
under uniform current distribution *', and we used COM-
SOL to verify our solution. We present the model equations
and their solutions in the body of our paper and the Maple
solutions are available upon request from the authors.

ANALYTICAL METHOD FOR LINEAR
ORDINARY DIFFERENTIAL EQUATIONS

First consider the second order linear ordinary differential
equations (ODE) of the following form:
d*6 de

@‘FP%‘qu:f@) (1
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where p and ¢ are constants, with the following boundary conditions

k‘ld—e—&—hlﬂzcl, at =0 2)
dr
df

k2%+h26:cg, at =1 3)

Let y1 = 0and y2 = % , so that the governing equation can be transformed into the following system of equations:

dy1
2L =0 4
e Y2 4)
d
% +py2+qp = f (v) )
T
Equations 4 - 5 can be written in matrix form:
dy
—~ L Av=Db 6
I + Ay (z) (6)
Y1 0 -1 0
where y = and A = ,b(x) = .Let y, = y|z—0and y, = y|,—; so that the boundary
Yo q p f(z)
conditions can be written as
Cyy + Dy, = ¢ )
hl kl 0 C1 . . .
where C = , D= ,and ¢ = . A useful solution of Equation 6 can be obtained by the
0 0 hg kg Co

integration factor method for multiple unknowns as given in Ref. [2].
y =exp(—Az)y, + / exp[—A (z — A)]b (M) dA (8)
0

where ) is a dummy variable in integration and exp (—Ax)) is the matrix exponential. Recall that the matrix exponential of
a square matrix (i.e., exp (A)) can be expressed by a Taylor expression given by
1

3
3!A + ... )

1 1

where [ is the identity matrix with same dimensions as A. Equation 9 can be used to find the matrix exponential or a command

in Maple can be used. Equation 8 yieldsat = =1,
y1=exp(-A)yo+f (10)

where f = | 01 exp[—A (1 — A)] b () d\. Next, substitute Equation 10 into Equation 7 to obtain
Cyo+Dlexp(-A)y, +1f] =c (11
From Equation 11 we can obtain
Yo=[C+Dexp(—A)] ' (c—DIF (12)
Now, substitute Equation 12 into Equation 8 to get the solution

y=exp(—Az)[C+Dexp(—A)] ' (c—D ) + /0 exp [—A (z — A)] b (\) dA (13)

Thus, an analytical solution is obtained for the general linear second order differential equation and boundary conditions.
Equations 1-13 can be modeled easily in Maple.
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ILLUSTRATIVE EXAMPLES

Example 1: Irreversible Homogeneous Reaction in a Liquid

We demonstrate the method for linear problems by solving a general diffusion equation from chemical engineering. Consider
the first order, irreversible conversion of species A to B in a stationary liquid film. The governing differential equation,* page
54 - 56, in dimensionless form is

d*0
—an —Daf =0 (14)
subject to the following boundary conditions,
de
—(0)=0 15
i © ()
0(1)=1 (16)

where @ is the dimensionless concentration, 7 is the dimensionless distance, Dg = ’“57’;:2 is the Damkohler number for reac-
tion relative to diffusion, D, is the diffusion coefficient of species A, kV is the rate constant, and L is the charateristic length.
The stationary liquid film is chosen because it is linear and has an analytical solution.

cosh (\/ Dan)
O = ————=" a7
cosh (\/ Da)
Equation 14 can be written in the form of a vector differential Equation 6, where
Y1 0
y= = w (18)
Y2 az
0 -1
A= 19)
—Da 0
0 1 0 0 0
c— . D= and ¢ = (20)
0 0 10 1

The general solution presented in Equation 13 is valid for the BVP. For this example, the forcing function b()) is zero; as a
result, f is also zero. Substituting the b(\), f in Equation 13 simplifies to the following equation

y =exp(—Az)[C+ D exp (fA)]f1 (c) 21

Hence, by substituting Equation 19 - 20 into Equation 21 we get,
cxp(\/ Dan)+cxp( vV Dan)

_ Y1 o 0 . exp(\/m +exp(:\/W)
y - - dfO - \/Ecxp(\/mU;%»\/E(zxp(f\/En) (22)
b2 dw exp(\/m)—ﬁ-exp(—\/m)

From the first row of the matrix, 6 is obtained as

o exp (\/ﬂﬁ) + exp (—\/mn) cosh (\/mn)

= = (23)
exp (\/m) + exp (fx/m) cosh (\/E)

which is the same as Equation 17.
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Example 2: Reversible Homogeneous Reaction in a Liquid

Consider the reversible conversion of species A to B in a stationary liquid film. The governing differential equations,™ pages

57 - 59, are
d*C d*C
Da—2 4k 1Cp —kiCa =0, Dp—2 —k_1Cp+kiCs =0 (24)
dy? dy?
subject to the following boundary conditions
Ca(0)=Cao, Cp(0)=Cho (25)
dC'y dCp
—(L)=0, ——(L)=
o (=0 50 (26)
Using the dimensionless variables
Y Ca KCp k_q
==, Oa=—-——, Op= K=— 27
n L’ A CAO7 B CAO ’ kl ( )
Equation 24 coverts to
d*Cy  L? d*Cp L2
— (k—1Cp —k1C4) =0 — — (k—1Cp —k1C4) =0
a2 Da (k—1Cp — k1Ca) =0, i’ Dp (k—1Cp — k1Ca) (28)
or
1 d?Ca ki L? (kch B CA> B 1 d*Cp _ k_1L? (C’B _ kiCa ) —0 20
Cao dn? Dy \ k1Cao  Cao Cao dn? Dp \Cao k-1Ca0 29
Let the dimensionless parameters be
k1L2 k_le KCBO
a = ) = ) =~ (30)
Dy g Dp Cao
Equation 29 then converts to
d20,4 d203
0 —04)=0 —B(p—04)=0 31
d772 +a(B A) y d772 ﬂ(B A) (€28
Boundary conditions from Equations 25 and 26 then convert to
04(0) =1, 05(0) =7 (32)
df 4 dbp
— (1) =0, —(1)=
o m=0 T (33)
0 0 -1 0 1 0 00
0 0 -1 0100
The final solution for this case can be obtained by substituting A = ,C= ,
—a a 0 0 0 00O
B 0 O 0 00O

00 0 O 0 1
000 0 0 v
D= , b= and ¢ =
00 1 0 0 0
00 0 1 0 0

the same as Equations 3.2-24 - 3.2-25 in Ref. [4].

76

into Equation 13. For brevity, the final solution is not given here and is
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Example 3: Jump Condition for Dopant Concentration C at a Melt/Crystal Interface

Consider a continuous solidification process. The governing differential equation * page 64 - 66, is,

d*C dcC
DW — U% =0 (34)
Cs = KC(0) (35)
with the boundary conditions
C(0) = O (36)
dC
UcC (0) —Dﬂ(é) =UC; (37)

where D is the diffusion coefficient, U is the velocity of the melt/solid, K is the solid/melt equilibrium partition coefficient
for the dopant, and § is the stationary melt/solid interface. Using Equation 35 to eliminate C; from Equation 37, the interfacial
balance becomes

dC
UQl-K)C(6)—D—(0)=0 (38)
dx
. . . o -1 1 0 0 0
The final solution for this case can be obtained by substituting A = , C = , D=
0o -Y 00 U(l-K) -D
Csx |. ‘ . . . . .
b= ,and ¢ = into Equation 13. Hence the analytical solution of Equation 34 that satisfies boundary condi-
0
tions 36 and 38 is o
K+(1—-K)e "
Cy) =Cx —5 (39)
K+ (1-K)eD
Equation 39 can be rewritten using dimensionless parameters 6 = %, n =% and Pe = %‘5 as
K+ (1—K)ePet=1
o) = LU (@0)

K+ (1—K)ePe

where Pe is the Peclet number for the dopant.

Example 4: Monroe and Newman Dendrite Growth Model: Steady State Solution

Monroe and Newman ! presented a dendrite growth model in a parallel elctrode lithium/polymer cell during galvanostatic
charging. The steady state concentration profiles in their cell is given by

d*c
— =0 41
72 (41)
with the boundary condition
de  —i(1—1t%)
°oe ) Q =
e DF , z=0 (42)
and the contraint equation I
/ c(x)de =L (43)
0

where t3_ is the transference number, F' is Faraday’s constant, ¢ is the bulk concentration, and L is the length of the cell. See
Ref. [5]. Note that the boundary condition at x = L. would be the same as Equation 42 with a positive sign and would conse-
quently not provide sufficient information to obtain a solution. Instead, we must invoke conservation of mass or moles in this
case since there is no homogeneous reaction. The constraint equation for this model, Equation 43, expresses conservation of
mass or moles in this case. Now, let y; = c and ys = % , and the governing equation becomes the following equation system
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dz 2
dy2 _
dz
Rewrite Equation 44 and Equation 45
d Y1 0 —1 Y1 0
- + =
ol | [0 0 ]]w 0
Y1 0 -1 0 . . .
Lety = , A= ,and b = , the equation system can be expressed with the matrix
Y2 0 0 0
d
A Ay=Db
dx

The general form of the solution is obtained from Equation 47 is
y =exp (—Ax)y, + / exp [—A (z — \)] bdA
0
Let yg = yls=0 and y, = fOL ydz and obtain

L L L a
Y. = / ydz = / exp (—Azx) y,dr + / / exp [—A (z — \)] bdAdx
0 0 o Jo

Equation 49 can be rewritten as

L T
Y
[ fOL exp (—Az)dz -1 ] 0 = f/ / exp [—A (x — \)] bd\dz
Ye o 7o
Equation 42 becomes:
i(1-19)
01w = g
Equations 43 becomes:
[ 10 ]yc = ol
; 0
0 1 0 0 i)
In this case C = ., D= ,and ¢ = DF
0 0 1 0 L
Equations 51 and Equation 52 put together become
y
EREE
Ye

From Equation 50 and Equation 53, the entire equation system can be expressed as:

fOL exp(—Az)dr -1 Yo - fOL Jy exp[—A (z — \)]| bdAda
C D Ve c

L L rx
Let M — [ Jo exp(—Azx)dx —I ] and 1 — [ =y J5 exp[—A (z — \)] bdAdx
C D |

C

(44)

(45)

(46)

(47)

(48)

(49)

(50)

5D

(52)

(33)

(54
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Equation 54 can be simplified to

y
M| = n (55)
Ye
From Equation 55
Yool — M'n (56)
Ye
-1
yo = [T 0]|Mn (57)
Substituting y,, from Equation 57 into Equation 48 gives
y = eXp(fo)[I O}M*1n+/ exp [~ A (z — \)] bd (58)
0
x
¢ =y = {1 0 }y _ [1 0 } [exp(—Am)[I 0 }M_ln—&—/ exp[—A (z — A)] bdA (59)
0

The analytical solution obtained after using the matrix exponential method is

c(r) = o+

1

(L-20)(1- )

9DF (60)

Example 5: Doyle and Newman Simplified Model: Steady State Solutions

Doyle and Newman presented a simplified model in a Lithium/polymer cell sandwich consisting of a separator and a porous

cathode electrode during galvanostatic discharging (Figure 1).

The extra constraint for this model is the overall mass or mole balance (since no chemical reactions are occurring). This
constraint can be derived based on the cross-sectional area, A (i.e., the projected area of the separator and electrode) of the
cell, the thickness of the separator, L, the thickness of the positive electrode, L. , the porosities of the porous electrode €, and
the initial concentration, ¢y (moles per volume of pores filled with electrolyte in the separator and the porous electrode). Once
a current is impressed on the lithium metal anode and the lithium ion consumption reaction occurs within the porous cathode,

the following mole balance must apply:

L, Lo+Ly I
A/ a (z) dx—i—A/ eco (x) dx = AcoLs (1.0+6L+> (61)
0 L,

X=0 L, L+,

s )

-
I Separator | EX athode =

Figure 1. Schematic diagram of the Lithium/polymer cell.

0

Lithium foil
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where the subscripts 1 and 2 refer to the separator and the cath-
ode, respectively. The steady state concentration profiles in the
separator is given by

82 C1

o2 (62)
The material balance for the porous electrode is an equation based

concentrated solution theory and porous electrode theory."”! The
steady-state equation for the x direction only is

3/2 0%y ; 0
€ DW—Fajn(l—tJr):O (63)

where the pore wall flux, j,, is assumed to be a constant. The
boundary condition a x = 0 can be written for our binary elec-
trolyte as (see Ref.[7] )

AD 861

I
AP dal L 64
1-) or| F o4
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where [ is the current density based on the projected area of the electrode, A. Also, D is the binary electrolyte diffusion coeffi-

cient,and ¢9 is the cation transference number with respect to the solvent velocity. The boundary condition at = Ls + L
is as follows:

802

T =0 (65)

r=Ls+L

Finally, continuity of flux and concentration of the binary electrolyte from the separator to the porous electrode at = Ls lead to

D 0 De3/2 dey
TO-) o T -0 ow (66)
+ x=Lg + r=Lg

c1=cp at x=Lg (67)

Equation 61 can be written in dimensionless form using the dimensionless variables:

1 1 I
/ L5@1 (Xl) dX1 +/ 6L+62 (XQ) dXQ = LS (]. + 6;) (68)
0 0 s
where
€1 Ca x x— L Dt Dt a(l—1t9) L3
01 (X))=—,0:(X9) ==, X1=—,Xo=——, 5= 1n=""J= +) 4

1(X) =50 (X) =20 M= Ko ===, 1y TP Li,J Dec (69)

Also note that once we start passing current from the lithium metal electrode into the separator, the dimensionless concentra-
tion will be greater than 1 in the separator, and the dimensionless concentration in the porous electrode will be less than er.
The reason this extra constraint is needed can be seen by solving the steady-state model equations using the classical method.
Substitution of the variables in Equation 69 into Equation 62 yields the dimensionless governing equation in the separator:

920,

Substitution of the variables in Equation 69 into Equation 63 yields the dimensionless governing equation in the porous electrodes:

0’0
1/2 2 J=0 71
€ P X22 + (71)
The boundary condition at x = 0 given by Equation 64 becomes:
90, 1(1-19)L,
et - _ h S S o7l
X1 |y, —o voowhere FDeco (72)
Equation 65, in terms of dimensionless variables, becomes
00,
— =0 73
9% |y, (73)

The continuity of flux from the separator to the porous electrode given in Equation 66 becomes in dimensionless form

1 8@1 63/2 8@2

— 1 =2 74
Lo0X1|y,_, Ly 0X» 74

X2=0

X7 and X are independent variables that can be replaced by a single dummy variable x. Also note that according to Equation
69, we have continuity of the dependent variable at the interface between the separator and the porous electrode, which becomes
in dimensionless form

01 (1) = 62(0) (75)
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d@] d®2

Let y1 = ©1, y2 = O, y3 = “724, and y4 = 2% and the steady-state governing Equations 62 and 63 become the following

system of equations

dy
= (76)
d
-y an
dys
B _ 78
e (78)
dy4 - J
= an 7
Rewrite Equations 76 - 79 as
Y1 0 0 -1 0 Y1 0
d Yo 00 0 -1 Yo 0
. + = (80)
T ys 00 0 O Y3
Ya 00 0 0 Ya -
Y1 0 0 -1 O 0
Yo 00 0 -
Lety = A= ,and b = ,the equation system can be expressed with the matrix format
Y3 00 0 O 0
m 00 0 0 -
d
Y Ay=b 81)
dx
The general form of the solution is obtained from Equation 81
v = exp (—Az) v, + / exp [~ A (2 — \]b (A) dA (82)
0
Let Yo = ¥|z=0, ¥1 = ¥|o=1 and y. = fol ydz and obtain
1
y1 = exp(~Ax)yo + [ exp[-A (1= 0]b (A (83)
0
1 1 1z
V.= / ydz = / exp (—Az)y,dx +/ / exp [—A (z — \)] b (A\) d\dx (84)
0 0 o Jo
Equation 83 and Equation 84 are rewritten as
Yo 1
exp (—A) -1 0 — Jo exp[~A (1 = \)] bdA (85)
y = z
fol exp(—Az)dz 0 -1 ' - fol Jo exp[—A (z — \)] bdAdz
Ye
Equations 72 and Equation 73 are expressed as
0 01 0 —y
Yo = (86)
01 0 0 0
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Equations 72 and Equation 73 are expressed as

-1 0 0 0 0
L= 87)
0 0 01 0
Equation 85 is expressed as
L
[LS €L, 0 o}yc = Ls<1+e;> (88)
0 010 0 0 0 O 0 0 0 0 -y
0 1 00 -1 0 0 0 0 0 0 O 0
Let C = , D= ,E= ,and ¢ =
0 00O 0 0 01 0 0 0 O 0
000 0 0 000 Ly ¢Ly 0 0 Lo (1+ek)
Equations 86 - 88 can be put together
Yo
[ C D E } yi = (89)
Ye
From Equation 85 and Equation 89, the entire system is expressed as:
exp (—A) 1 0 Yo — [ exp[~A (1= \)]b())dA
fol exp(—Az)dz 0 -1 NE] = —fol Jy exp[—A (z — \)]b()) dAda (90)
C D E Ve c
exp (—A) . — [ exp[~A (1= A)]b(X)dA
LetM = fol exp(—Az)dr 0 -I |, and n = —fol Jy exp[—A (z — A)|b(X) dAdz |
C D E c
Equation 90 is simplified as
Yo
M|y, | = b O
Ye
From Equation 91
Yo
vi| = M'n 92)
Ye
vo = [T 0 0]M'n 93)
Substituting y, from Equation 93 in Equation 82 gives
y = exp(—Ax) { I 00 }M71n+/ exp [—A (z — A\)] bdA 94)
0
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01 = [1 0 0 o}y: [1 0 0 OHexp(A:c)[I 0 O]Manr/Omexp[A(x)\)]bd/\} (95)

& =010 o0]y=[010 oHexp(—Ax)[I 0 o}M—1n+/:exp[—A(x—A)]bdA} (96)

Thus, dimensionless concentration profiles obtained using Maple are

L
JLoJe | (@eb.tLyy | Le(1reR)

0, = -

3(eLy+Ls)  2(eLi+ Ly)

JLy+/e Loy

GLJ,_ + Ls N xﬁy (97)

0 = - -

3(eLy +Ls)  2(eLy + L)

Ls(”GIif) Le-DJ @-1°y

- (98)

eL. + L Ver 2./er?

These equations are the same as Equations 17

and 18 of Doyle and Newman ¥ with the fol-
lowing sign changes to fix a typo in the original
paper; the second minus sign in their Equation
19 needs to be changed to a plus sign, and the
first minus sign in their Equation 20 needs to be
changed to a plus sign.

Steady-state concentration profiles at various
current densities for the model system described
above are solved by using the method of expo-
nential matrix are given in Figure 2. Note that the
concentration at the end of the porous electrode
is not driven to zero at the steady-state because
of the usage of the extra constraint 61. 0.0

Dimensionless concentration

20f
15}
1.0}

05}

1=0.5 mA/cm?

1=1.0 mA/cm?

1=1.39 mA/cm?

S S S S S S S E S S S S |

CONCLUSIONS

1 2 3 4 5

Dimensionless distance

An analytic solution method has been pre-
sented for solving single or multiple dependent
variable second-order linear BVPs in single
and multiple domains. The presented method
is straightforward and provides a general solution, valid for
different boundary conditions and constraints. Furthermore,
the method can solve nonlinear and time-dependent problems
using the semi-analytic technique.”® ! Maple worksheets used
for obtaining the results in this paper are available upon re-
quest from the authors at white@cec.sc.edu.
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