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INTRODUCTION

Dynamic optimization of a chemical or petro-
leum process can be defined as the problem of
dynamically determining the desired ‘“steady-
state” condition of that process and then deter-
mining the best way to control the process so as
to arrive at this desired steady state in some
optimal fashion. Such a control procedure nor-
mally requires an on-line, real-time digital com-
puter to monitor the process and to perform the
necessary optimization calculations as they arise.
Hence, it is obviously a form of computer con-
trol.

The mathematical formulation of the dynamic
optimization problem involves the extremization
of some integral criterion function over time,
subect to constraints which arise from the chem-
istry and physics of the process being controlled.
Several methods of attacking such a problem
have previously been proposed, including classical
calculus of variations, Pontryagin’s maximum
principle, dynamic programming, and linear pro-
gramming. However, there are limitations to
each of these methods, which tend to make them
impractical for the general case. The difficulty
with both the calculus of variations and the Pon-
tryagin methods is that the optimization requires
the trial and error solution of a two-point boun-
dary value problem. With dynamic programming
the dimension of the system becomes limiting
because of computer storage requirements, and
with linear programming trouble is often encoun-
tered when attempts are made to linearize over
a wide range of operating conditions.

It has been shown'** that Lyapunov’s direct
method for stability analysis can be extended
to apply to the dynamic optimization prob-
lem. Such a method can be utilized in practically
all known situations, with either linear or non-
linear system equations, as well as those in-
volving constraints on the system variables. No
trial and error solutions are required. The pres-
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During the implementation of any com-
puter control procedure, it is necessary to
determine dynamically the desired “steady-
state” condition, and then to determine the
best way to control the process so as to
arrive at the desired steady state in some
optimal fashion. Such a procedure 1is
termed dynamic optimization. This paper
presents a method for such dynamic op-
timization, easily applied to computer con-
trol, and applicable whether or not the un-
controlled system is stable at the desired
steady state.

ent paper presents the basic principles of Wan-
ninger’s approach,® utilizing Lyapunov’s direct
method for stability analysis, followed by the
results of its application to the control of a por-
tion of the Williams system,® originally proposed
as a model for computer control studies.

LYAPUNOV’S DIRECT METHOD*®

Considerable effort has been expended in the
design and analysis of stable control systems.
One useful technique for the stability analysis
of a nonlinear system is Lyapunov’s direct
method, as presented by Bertram and Kalman!
and applied by Koepcke and Lapidus? and others.
The gist of this method is as follows:

Define V(X), such that:

1. VX) >0, X=£0

2. V'(X) <0, X s 0 (for continuous time)

or
AV (X) <0, X s~ 0 (for discrete time)
V(X) continuous in X
4, V(X) —» «, as ||X|| » «

o
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If such a function can be found, X — 0 is a
stable equilibrium point, and the system is
asymptotically stable in the large about X = 0.
It is called a Lyapunov function, after the man
who developed this criterion. Note that the equa-
tions describing any particular system can be
transformed by a change of variables such that
X = 0 is the desired operating point.

In utilizing Lyapunov’s direct method for the
dynamic optimization problem, the steady-state
and unsteady-state portions of the problem are
considered separately. Given a set of costs and
an optimization criterion, the optimal steady-
state point is first determined, independent of
transient operation. Then, knowing the desired
steady-state point, the Lyapunov method is util-
ized to determine the best control sequence to
follow as the process moves toward the desired
steady-state condition.

OPTIMIZATION PROCEDURE

Consider a linear system, involving state vec-
tor X and control vector U, according to the fol-
lowing equation:

X = BX -+ eU
It has been shown* that the solution to the dis-
crete form of this matrix differential equation is
as follows:

Xt +7) = (r) X (t,) +¥ (r) U (t)
where 7 is the sample interval, and ® () and ¥
(7) are functions which can be numerically deter-
mined from the matrices 8 and e of the linear, or
linearized, system. An appropriate transforma-
tion is assumed such that X = 0 is the desired
steady-state point and U = 0 is the steady-state
control vector.

Now, choose V (X) = X" Q X, where Q is
a positive definite matrix.

Define X (t, + kr) = X (k).

Then: V[X((k)] =X* (k) QX (k), and: _.
AV [X(k)] = aV(k) =V [X(k+ 1)]—V [X(k)]
= X"k + 1) QX (k + 1) — XT(k)QX (k)
From above solution:

X(k+1) = ®(7)X(k) + ¥(r)U(k)
Therefore:

AV (k) = XT (k)" (r) QP () X (k)
—X"(k)QX (k) + U*(k) ¥"(r) Q¥ (7)U (k)

+ 2U" (k) ¥* (1) Q@ (7) X (k)

Congsistent with the Lyapunov stability ecri-
terion, best control results when the control vec-
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tor is chosen so as to make AV (k) as negative
as possible. If this is done, it has been shown*
that:

U (k) =D X (k)

Where D = —[¥7(7) Q¥ (7) ]~ 7 (7) QD (7)

The choice of the positive definite matrix Q is
not unique, and it is one of the “control parame-
ters” available to the engineer. Any choice of
positive definite Q guarantees a proper scalar
function V (X), and makes V (X) directly re-
lated to the integral error squared for the sys-
tem. The relative magnitudes of the elements of
Q markedly affect the control action, with the
result that the best Q is the one which gives the
best response to the various types of upsets
which may be expected to occur.

It should be noted that the method here pre-
sented does not select the control U(k), k = 1,

nr
..., h so as to minimize f XTQXdX as
0

would be “mathematically optimal” for the time
period (0, n7), but instead merely selects each U
(k) so as to minimize the additional contribution
to the integral error squared during the k th
interval. This may introduce some deviation
from truly optimal behavior, but the advantages
of the proposed procedure outweigh this possible
limitation, from the viewpoint of application.
These advantages include: (1) the elimination
of the two-point boundary value problem, and its
associated computational difficulties; and (2) the
consideration of stability via the Lyapunov funec-
tion, with the result that the system always
heads toward the desired point. Further work is
necessary to prove the general applicability of
the method, but it seems to work well in many
cases of practical interest (see below).

APPLICATION

A previous paper* presented a detailed report
of the application of the proposed procedure to
the control of a simple continuous stirred tank
reaction in which a second-order reversible reac-
tion is being carried out. Several types of upsets
were used and excellent behavior was obtained
for each. Modifications of the Q matrix allowed
flexibility of control by shifting the control em-
phasis from one variable to another.

The method has also been applied to the con-
trol of a more realistic chemical reactor system,
as originally proposed by Williams and Otto® for
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Fig. 1.—Schematic Diagram of Williams Reactor.

computer control studies. Details of the reactor
are shown in Figure 1. Six material balances and
one energy balance can be written around the
reactor, but it has been shown? that only three of
the material balances are independent. Hence,
the resulting system differential equations involve
four state variables (X,, X;, X; and T) and as
many as three control variables (F,, Fy, or W).
See Reference 3 for details of these equations.

The numerical work involved in this more
recent application was carried out on the digital
computer at the Northwestern University Com-
puter Center. Briefly, the procedure was as fol-
lows. First the nonlinear differential equations
describing the reactor system were simulated via
a Runge-Kutta integration routine. Then the
system equations were linearized for use in the
control scheme. The reaction model was oper-
ated, various upsets were applied, and the Lya-
punov control actions were computed and fed to
the reactor at sample interval times. An interval
time of 0.01 hours (of reactor time) was found
to give satisfactory control of most upsets con-
sidered, although it was necessary to go to
7 = 0.001 hour to get satisfactory control against
step changes in recycle concentration.

Based on previous work with the simple
second-order system, it was decided to choose
Q equal to the identity matrix, after suitable
normalization of the state variables. This choice
of Q results in a Lyapunov function which is
essentially equivalent to the sum of the squared
error of the state variables—a common criterion
for optimal control. Minimizing the derivative
of the Lyapunov function is then equivalent to
minimizing the squared error of the system
during the next time increment. Such a choice of
Q seems like a reasonable one for any system.

WINTER, 1968

Three different control variables were inves-
tigated: (1) flow rate of cooling water; (2) flow
rate of A feed, keeping total feed constant; and
(3) recycle rate, keeping A and B feed rates con-
stant. It was found that with the exponential
behavior of temperature on reaction rate, control
of cooling water alone gave good behavior. The
addition of a second or third control variable to
help control concentration did little to improve
the overall response. Hence, the particular runs
reported here used only cooling water rate as the
control variable.

Figure 2 illustrates the response of the Wil-
liams reactor to a step change of 10°R in the
temperature of each feed stream. The reactor
was at steady state at time — 0, when the step
was applied. It is seen that the uncontrolled re-
actor responded by moving away from the desired
operating point, and continued moving away as
would be expected for an unstable system. The
Lyapunov controlled response, however, was
stable, and the reactor remained at the desired
operating point.

Figure 3 shows the response to initial offsets
of 0.01 in each of the state concentration vari-
ables and of 10°R in reactor temperature. A sub-
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Fig. 2.—Response to Step Changes of 10°R in the
Three Feed Streams.
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Fig. 3.—Response to an Initial Offset in Reactor Tem-
perature and Concentrations.

stantial final error, or offset, occurs for the un-
controlled reactor. The Lyapunov controlled re-
sponse is limited by the bound on the cooling
water rate. If the cooling water capacity were
increased, the system would return to the steady-
state point more rapidly.

Figure 4 shows the response to a step change
in recycle composition as well as inlet feed tem-
perature. The recycle composition was changed
such that components 1 and 6 were increased by
10 percent each and component 2 was decreased
by a corresponding amount. Again, the uncon-
trolled response was unstable, while the con-
trolled response was excellent for such a large
change. The sample time, 7, was decreased to
0.001 hours for this case.

A conventional three-mode control system
was also designed for the Williams reactor and
operated to give data to compare with the Lya-
punov control behavior. The reactor temperature
was used as the measured variable, and the entire
system was simulated on the digital computer,
using the control equation:

W(it) =K T TdT 1j'tTdt
()—*c +DE+T1 o
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For a step change of 10° R, in feed tempera-
tures, a “best” set of constants was found by
trial and error, considering both the integral
error squared and the final offset. This set was
K. =800, Tp = 0.1, and Ty = 0.1. The response
of the conventional control system using these
constants was almost identical to that shown in
Figure 2, for the Lyapunov controlled system.
For an initial offset 0.01 in state concentration
variables and 10°R, in reactor temperature, a
radically different ‘“best” set of constants was
found — K¢ = 3200, T, = 0.1, T; = 1000; and
again the response with conventional control was
the same as that for Lyapunov control, as shown
in Figure 3.
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Fig. 4.—Response to a Step Change in Inlet Feed and
Recycle Temperatures and Reeycle Composition.

It appears that conventional control does al-
most as good as Lyapunov control when the con-
troller constants are set at the “best” set for
a particular type of upset. But this cannot often
be done. Figure 5 gives the response of a conven-
tional controller to a step in feed temperatures,
with the constants set for the initial offset case.
Control here is not as good as that shown in
Figure 2, the comparable Lyapunov case. The
discrepancy is even greater when the best tem-
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Fig. 5.—Response to a Step Change of 10°R in the
Three Feed Streams with a Conventional Three-Mode
Controller.
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Fig. 6.—Response to an Initial Offset in Reactor Tem-
perature and Concentration with Conventional Three-Mode
Controller.
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perature step constants are used to control initial
offset. Figure 6 shows the results of such a test,
in which the response is completely unstable,
rather than stable as in Figure 3, the comparable
Lyapunov case. The Lyapunov method operates
equally well for both types of upsets, which is not
true of conventional control.

CONCLUSIONS

Dynamic optimization has been shown to be
possible utilizing a method related to the Lyapu-
nov stability criterion. The method, as presented,
is simple and relatively easy to apply. It seems
to work well in control of a reactor system which
is unstable without control. Additional work is
necessary, and is currently being carried out, to
firm up the mathematical justification for the
procedure followed. So far, it works well for
cases studied, and requires a minimum of cal-
culation, so it is a reasonable approach to follow.
Extension to other systems can follow directly
from the example of this paper since the dimen-
sion of the state vector does not appear to be a
limiting factor.
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