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TAYLOR - AXIAL DIFFUSION

ROBERT R. HUDGINS
Unwersity of Waterloo
Waterloo, Ontario, Canada

The phenomenon of axial diffusion is very
important to the understanding of chemical re-
actors and pipeline flow. Yet, the opportunities
for visualizing this phenomenon are few. All too
often the student must accept a textbook descrip-
tion of axial diffusion without ever being able to
observe it. An experiment is described which
permits such observation using inexpensive ap-
paratus to give results of reasonable accuracy.

THE EXPERIMENT

The apparatus, shown schematically in Fig. 1,
is a modification of that used by G. I. Taylor* in
his original experiments with axial dispersion in
laminar flow. A capillary tube 200 ¢cm in length
and about 0.05 cm inside diameter is used. Tracer
material is injected into the tube through an
axially mounted hypodermic needle of diameter
smaller than the capillary bore. The tracer ma-
terial is a solution of from 1 to 4 per cent potas-
sium permanganate. The flow may be set ap-
proximately at any desired value by trial and er-
ror. A small bubble of air is injected into the
capillary through the syringe, and its progress
is timed through a measured length. The eleva-
tion of the pressurizing bulb and the opening of
the needle valve are adjusted for the desired flow.
The average velocity uy, is accurately determined,
however, from the progress downstream of the
centroid x, of the tracer patch.

At this point, the student should calculate the
Reynolds number (Re = du,p/p, where d= inside
diameter of the capillary, p = density of the li-
quid, and u = viscosity of the liquid) to verify
that the flow is laminar (Re < 2300).

With water flowing at this known velocity,
the syringe is filled with KMnO, solution and a
small sample injected into the moving stream.
One or two tries are generally required for the
student to learn to inject a dark slug of KMnO,
solution into the stream without causing back-

*Taylor, G. I., Proc. Roy Soc., A219, 186 (1953).
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Fig. 1. — APPARATUS — 1, capillary tube; 2, fluorescent bulb; 3,

hypodermic syringe; 4, hypodermic needle; 5, serum cap; 6 tracer

solution; 7, rubber tube; 8, pressurizing bulb; 9, comparison tube;
10, stopcock ““S”; 11, needle-valve; 12, water reservoir.

flow towards the water reservoir. In our experi-
ence, however, this method of preparing tracer
pulses is more convenient and accurate than the
original technique of Taylor. After several min-
utes, during which the axial concentration gra-
dient is established, a stopcock “S” is closed, flow
is stopped and the axial concentration profile is
measured using comparison tubes of different
strengths of KMnO, solution. Comparison tubes
are cut from the capillary stock material in about
10 cm lengths, and filled with various strengths
of KMnO, solution prepared by diluting the
tracer solution with water to form solutions of
the following strengths: 1, 2, 3, 4, 6, 8, 10, 15,
20, 30, 40, 50, 60, 70, 80, 90, and 100 per cent
of the tracer solution. An adequate measurement
can be made using only the solutions above the
10 per cent level; however, the tails of the Gaus-
sian distribution will be sacrificed from the ob-
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servations. In making a comparison, some stu-
dents find it convenient to construct a piece of
paper with a vertical slit about 2 mm wide, and
long enough to fit across both the main capillary
and the comparison tube. The slit is moved back
and forth to where the colors in the two tubes
are identical and the x-coordinate of that com-
position is recorded. The tubes are illuminated
from behind by means of a 4-ft 40 watt fluores-
cent bulb, which provides very uniform lighting.

After the measurements have been made at
the first station, stopcock “S” is reopened and
flow is resumed until the tracer has moved sub-
stantially further downstream. The flow is again
stopped, and the axial concentration profile re-
corded. Typical results are shown in Fig. 2.
From these data, estimates are made of the axial
dispersion coefficient k, and the molecular dif-
fusivity D of KMnO, in water.

INTERPRETATION OF RESULTS

Before a simple analytical solution may be
obtained for the axial concentration profile, the
radial concentration gradient must decay to a
fraction of their initial values. At that time the
average axial concentration gradient relative to
a coordinate x, travelling with the mean velocity
of the fluid is given by the Gaussian expression:*

k. SO
A (4-kt)7

where M = mass of solute in the tracer pulse,
A = cross sectional area of the tube (ra?), k =
the effective axial dispersion coefficient, x = axial
coordinate, x,= the x-coordinate of the centroid
of the tracer patch at time t. tis the accumulated
time of flow from the moment the tracer is in-
jected. From any concentration profile, the value
of x, is conveniently determined by averaging the
distances between points having the same con-
centration. From Equation (1),

C = exp [—(x—x,)?/4kt] (1)

M 1 (X . Xl) 2
InC=In| 3~y |~ 4kt @)
Thus, a plot may be made of In C versus (x—x,)?
‘ . ] _ 1
as in Fig. 8 from which the slope s = Akt

*This solution is analogous to that for molecular dif-
fusion from an instantaneous planar source of tracer
into a stationary medium, as given by J. Crank, The
Mathematics of Diffusion, Oxford University Press, 1956.
In the stationary case, the general dispersion constant k
is replaced by the molecular diffusivity D.

WINTER, 1969

Concentration profiles are recorded at two differ-
ent points in the tube, and the resulting slopes
are combined to give:

_afa . 1Y.o1
e 4(81 Sz>(t1—t2) )

According to Taylor’s theory,

a? u,?
k=D t
where a is the radius of the capillary, u, is the
maximum velocity, which in laminar flow equals
2 u,. From Equation (4) the molecular diffusion
coefficient D for KMnO, in water may be calcu-
lated.

This experiment is very helpful in demon-
strating the role of radial concentration gradi-
ents. It can be easily seen from its radial con-
centration profile that the tracer patch moves
down the capillary with a pointed front and a
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Fig. 2. — STUDENT DATA FOR CONCENTRATION PROFILES — Curve

I: + — 840 sec; x, — 53.0 em; Curve II:
t = 2340 sec; x, = 129.3 cm.
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Fig. 3. — LINEARIZATION OF THE GAUSSIAN PROFILE, (Curve II).
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hollow rear. When flow is stopped, the radial
profile quickly disappears. Estimated from the
Einstein relation,* this time of disappearance
should be in the order of 20 sec in the present
system. After flow is restarted, the radial con-
centration profile reappears. The student can
witness the formation of the axial concentration
gradient by noting the presence of a non-uniform
(laminar) velocity profile and a small radial
variation in concentration both in front of and
behind the tracer patch. The fact that the radial
concentration gradient has decayed to a fraction
of its initial value, while remaining the cause of
the axial spreading frequently seems paradoxical
to a student who has not seen the dispersion
phenomenon. However, actual observation of the
dispersing tracer during its journey helps resolve
this paradox.

It is a straightforward matter to derive an
alternative to Equation (1) to describe a step-
input tracer rather than a puse tracer. In prac-
tice, however, our experience indicates that step
inputs of about 4% KMnO, solution do not fit
the predicted results as well as pulse inputs in a
horizontal tube. The discrepancy would appear
to result from small density differences between
water and KMnO, solution. The use of pulse
tracers obviates this difficulty to a large extent.

Finally, Taylor showed that the characteristic
Gaussian pattern did not appear until the follow-
ing inequality was satisfied:

aZ

L/u, << 38D
An order of magnitude estimate is required for D
initially, to estimate how long flow must proceed
before the axial concentration profile will become
Gaussian. Using the calculated value of the mo-
lecular diffusivity, it must finally be verified that
the above inequality was, in fact, obeyed.

For the results shown in Fig. 1, the molecular
diffusion coefficient was calculated to be 0.7 x
10—* cm#sec which compares favourably with
Taylor’s value of 0.80 x 10—° cm’sec.
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*D=x2 /27, where X2 is mean square displacement and
7 the time over which the displacement occurs. We may

set x2 =~ a? for present purposes.
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problems for teachers

The following problem on transport phenomena
were contributed by Professor Ray Fahien, University
of Florida.

A nuclear engineer is interested in predicting
the temperature buildup in a nuclear reactor in
which an annular fuel element is cooled by main-
taining the inner and outer walls at a tempera-
ture T,. The fuel element is initially at T, also.
At time t = 0, the nuclear reaction is permitted
to take place and heat is liberated in the annulus
at a rate (assume constant) of Sy(Btu/ft*-hr).

a. Show how his problem is analogous to the
momentum transport problem of unsteady state
flow in an annulus of radii R, and R,, of an in-
compressible fluid of density p and viscosity p,
with a velocity in the z direction of v, and under
a pressure drop (including gravity) of (p.—pr—
pgL) /L.

b. Write expressions for the total heat trans-
port Q Btu/hr from the reactor walls and for the
analogous momentum quantity. Repeat for the
average velocity V and the analogous energy
quantity.

c¢. Show how a knowledge of V (t) can be
used to obtain Q(t).

d. Show that this analogy can also be used
in more complicated systems such as those in
which several cooling tubes penetrate a cylin-
drical fuel element even though an analytical
solution is not possible. Derive the general re-
lation between V and Q and outline a procedure
whereby experimental data on V can be used to
obtain Q. State which dimensionless variables
should or should not be made the same in each
system.

LETTERS (Continued from page 29)

the near-endless font of tax dollars diverting engineering
teachers into science research and gradautes into massive
science-oriented programs is costing industry so much of
the basic engineering talent needed for the expansion
and profits to pay the taxes and clean up our environ-
ment. If more “scientific engineers” were trained, the
outlook for our companies, plants and cities would be
healthier.

Rex T. Ellington, Mgr.

Sinclair Oil Corp.
Editor: The article by Dr. Sleicher entitled ‘“Humanities
and Social Science In Engineering Curricula” in the
Spring, 1968 edition of Chemical Engineering Education
was read with interest. Having been exposed to some 18
years of industrial experience with two major United
States corporations, the need for development of “values”
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