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Thermodynamics has the reputation, enviable
or not, of being a worthy adversary for those who
dare to engage it in battle. For most young pro-
teges there are many rounds of rough in-fighting
before mastery of the subject can be claimed.
This is not because of its sheer logic, for mathe-
matics is undoubtedly the queen of the sciences
in this respect, and mathematics does not seem
to offer the same degree of difficulty. Rather, it is
more probably due to the extreme range of
application of thermodynamic principles. Although
Webster says that ‘“thermodynamics is the
science which treats of the mechanical action or
relations of heat,” it is much more appropriate
to say that thermodynamics is the science of
energy and entropy which is involved in every
equilibrium state of matter and every process or
change that occurs in the real ponderable uni-
verse.

As an undergraduate the young protege is ex-
posed to the so-called “laws of thermodynamics,”
of which there are just four as follows:

Zeroth. If a thermometer shows the same reading when

in separate contact with two objects, no change occurs

when the two objects are touched to each other.

First. Energy and mass are simultaneously conserved

(accountable) in all processes and individually con-

served in most cases.

Second. Actual processes occur in one direction and the

initial conditions will never be restored without the

aid of some outside agent.

Third. The entropy of a pure substance in perfect crys-

talline form vanishes at the absolute zero of tempera-

ture.
The zeroth and second laws are quite acceptable
to the undergraduate because he has had some
experience with thermometers and because he
has learned the irreversible ways of mother
nature from the time of his first broken dish or
balloon to the time he has burned the last drop
of gasoline in his car many miles from a service
station. The first law is palatable because energy
and mass balances are mathematically neat, but
the protege is often shaky on the general concept
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of energy. He finds it difficult to explain the
nature of internal energy or to tell just where
energy is stored when a weight is lifted in a
gravitational field. The third law makes sense to
him only insofar as he understands the abstract
quantity, entropy, and the absolute temperature
scale.

It is generally not the laws of thermodynamics
which present the greatest difficulty to the novice
in the field, but the hundreds of equations which
have been developed to permit quantification of
the elementary principles embodied in the laws
themselves. Fortunately, however, there are just
four basic equations from which all others are
derived by suitable mathematical manipulation.
These four questions do not have a one to one
correspondence with the four laws, but collectively
they incorporate the first three laws within their
structures. The fourt”equations are:

The Fundamental Property Relation of Matter
(Gibbs Equation),

N
au = TdS - PAV + 2_ y, dm, wm*
i=1 * *

The Energy Balance on a System,**

K
a(u+ma?/2 + mgz)g g = 5Q - 6W + Zl(_qmz/z + quijomg ()
! g 3=

*See the Nomenclature at the end for the definition of
symbols.

**A system is any portion of the universe chosen for
analysis, and may have many distinct parts.
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The Entropy Balance on a System,

M: K’
a8,y = L (80/T); + SLH/T, + ) Sy6mg 3)
i=1 3=1

; K
dmsys = Z;;Smj (4)

Although it may appear to be an oversimplifica-
tion of the subject, there is little question but
what complete understanding of the four basic
equations amounts to a mastery of classical
thermodynamics. The equations are, therefore, in-
troduced to the protege at an early stage, even
though it is quite unlikely that in a single
course he will perceive all of their underlying
implications. The graduate student who is ex-
posed to one or more succeeding courses will grad-
ually gain a more complete understanding of the
extreme power and utility of the four equations
to describe the thermodynamic character of all
processes and all equilibrium states of matter.

The first of the basic equations is probably the
most important and the protege learns that a
uniform mass of matter has the extensive thermo-
dynamic properties, internal energy, entropy,
volume, and mass of each component, and the
intensive properties (potentials), temperature,
pressure, and chemical potential of each com-
ponent.* The point to be emphasized is that these
properties are not completely independent,. but
are interlocked through Eqn. (1). Any change in
the condition or state of matter will cause changes
in the thermodynamic properties, but the changes
cannot occur indiscriminately ; they must occur in
accordance with this differential equation. In the
deduction of the several terms in the equation,
the inclusion of entropy is paramount. It is done
in one approach by saying that for a simple heat
transfer to the exclusion of any other effect the
change of entropy is the change of internal en-
ergy divided by temperature, or dS=dU/T. This
makes S extensive in the same manner as U. The
desirability of defining entropy this way is best
understood by noting that, for example, when a
hot object is touched to a cold object in isolated
conditions, the energy balance shows nothing is

lost since dUguu=dUg+dU=0. Yet experience
and intuition tell us that something has changed
and the ability to do work has been lost. Calculat-

*Equation (1) is the ordinary version of the funda-
mental property relation. Additional terms of the form,
(intensive) d (extensive) may readily be added to it to
account for the more unusual effects such as surface,
elongation or tensile, electric, and magnetic.
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Thermodynamics is the science of energy and entropy
which is involved in every equilibrium state of matter
and every process that occurs in the real universe.

ing dU/T (i.e., entropy change) for both objects
shows (dU/T)pen = (dU/T) + (dU/T)¢ =
dSpotn > 0 because dUy = —dUg and Ty > Te.
The change in entropy, dS, provides a quantita-
tive measure of the irreversibility of the heat
transfer. Its relation to the work lost is given by
Eqn. (3).

The unusual mathematical character of Eqn.
(1) being an exact differential and homogeneous
of the first degree permits it to be integrated to

I
i

U="TS - PV + }: uym, (5)
i=1' .
and then differentiated to
N -
0 = Sd4T - VAP + J_ m, du, (6)
i=l %

which is the Gibbs-Duhem equation that is worthy
of extended contemplation by the protege. Be-
cause U, TS, and PV often occur together as in
(5), it is convenient to defime H=U + PV, A=U
— TS, and G = H — TS, but it is obvious that
although very handy and efficient, H, A, and G
are not fundamental properties. By rules of partial
differentiation and the definition of heat capacity
as

Cy = T(t."iS/dT)x (7)

it is possible to put Eqn. (1) in such seemingly
unrelated forms as

ds = opdr/T - (av/4T), dP (8)

AH = TAV(AP/AT)_, . (9)

and many others. In fact, the bulk of thermo-
dynamics involves the application of Eqn. (1) in
different ways to a wide variety of situations in-
volving ponderable matter.

In the second basic equation, the energy bal-
ance, the protege notes how heat and work are
introduced with arbitraary signs, and the reason
for distinguishing flows of energy to the system
by “8”, and changes of energy within the system
by “d”. The most common applications of the
equation are in three integrated forms:

Closed System,

Q-W-= AUSYs (10)
Steady-Flow System,
Q - W= AH + au?/2) + ghz (11)

213




Single-Flow System,
Jusm + 0 - W= [(gm) - (o) | (12)
£

i_'sys .
Of course, the energy balance may take many
other forms by proper specialization of Eqn. (2)
for particular cases.

The third basic equation, the entropy balance,
is useful for calculation of the work lost in real
irreversible processes and for analysis of idealized
reversible processes. The protege is quite aware
that a tank of compressed air can do useful work
by connecting it to an expansion engine and that
such work can be forever lost by allowing the air
to leak out instead of flowing through the engine.
He is equally aware that an outside agent must
do work on the air that leaked out in order to
get it back into the tank. He will readily appre-
ciate that this work of restoration under certain
ideal conditions is the work lost during the irre-
versible leaking process.

For many applications the entropy balance is
applied to closed systems as a simple integral,

" (13)
Jras o =0+ W

In this form it is seen that for a non-flow rever-
sible process (no lost work) the heat transfer
equals the §Tds. If in addition there is no heat
transfer (adiabatic as well as reversible), the
{Tds vanishes and the process is isentropic.
When Eqn. (3) is applied to a reversible heat
engine operating in a steady state (no lost work,
no change of entropy of the system—the engine,
no mass flow—only heat and work flow),

3:(8Q/T); = 0 = 8Qu/ Ty + 8Q,/ T,

This may be combined with the energy balance,
8Qn +6Q; — W, = 0, to give

T -T T -T
- h "2Y o 4 h
SW_ = 80, ( T, > 602 ( T, ) (14)

which is the Carnot relation that is utilized in
the analysis of heat engines and heat transfer
processes. Here it is desirable that the protege
become familiar with heat engine cycles that are
used in steam plants, gas turbines, and reciprocat-
ing internal combustion engines. The concept of
available energy should be included also.

The energy and entropy balances may be com-
bined in another manner by eliminating Q be-
tween Eqn. (11) and Eqn. (13) applied to a unit
mass of flowing material, and utilizing the defini-

tion of
G =H- TS or AG = AH - frds - [SAT, so that

-L¥ - W = AG + [SAT + A(u?/2) + gbZ (15)
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By using the property relation, AG =§ VdP —
§ SdT, which is just a case of Eqn. (1) for the
pnit mass, another energy-entropy balance form
is

-LW - W = [vdP + A(u%/2) + gbz (16)

which is Bernoulli’s equation. This equation has
proven extremely useful in the treatment of a
wide variety of fluid flow problems, particularly
those in which there is friction lost work. For a
reversible process no work is lost and (16) be-
comes

M= Jvap + A(u%/2) + gAZ 17)

while (15) becomes

-, = AG + [saT + A(u%/2) + gaz (18)
The last two equations find applications in the
flow work concept of equilibrium between two
states. By this concept if two states are in equili-
brium, no work can be obtained from a transfer
or flow of mass between them. Direct use of the
equations furnishes an analysis of non-isothermal
equilibrium, which is equilibrium superimposed
on a steady-state irreversible heat transfer. Most
applications, however, are to isothermal equilib-
rium so that Eqn. (18) is written

0 = Ag, + 8a?/2) + gaz = AG, + mA (u2/2) + mgAz (19)

If component A in a mixture is free to move be-
tween two states in equilibrium, (19) may be
written

— 2
0 = AG, + A(u®/2) + gAz (20)

Ap
This is the key equation of phase equilibrium and
to understand its implications, it is necessary to
become familiar with partial extensive properties
as derivatives of any extensive property with
respect to mass of component A at constant T, P,
and masses of all other components. For free

energy, as an example, G, = (dG/dmy) rpm (21)
B

This may be compared with the property relation

(1) to show that G, = u. (22)
Further comparison with (5) shows that
G:mAGA+mBGB+... (23)

When one has gained confidence that a partial
property of a component of a mixture is essen-
tially the same as the unit mass property of a
pure substance, he sees how most of the equations
for pure and mixture components are inter-
changeable. For example, by proper manipulation
of the fundamental property relation (1) he can
get both

a(G/T) -H (24)
N P
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and

[d(EA/T):l -H,
aT |, ot S
which are Gibbs-Helmholtz equations.

The protege’s level of sophistication in thermo-
dynamics is advancing rapidly if he fully compre-
hends the definition and use of fugacity and activ-
ity through the equations,

d§A= RTA1nf, where fA-»pA as P + 0 (26)
and
G, =G,° +RT 1 f—A—§°+RTl (27)
A A T 7% naa

A

Here integration has been conducted isothermally
from a chosen standard state* to any state. When
Eqgns. (23) and (27) are applied to a reaction,
aA + bB= c¢C + dD, at a given temperature and
no kinetic or potential effects, Eqn. (18) yields

& d
W = Ag® 3 3
W. = AG” + RT 1n = b=AG°+RT1nJa (28)
A 3%
At equilibrium where W, = 0, this becomes
AG® = -RT 1n K, (K, = J, ) (29)
Equilibrium

Then substituting Eqns. (8) and (25) into the
temperature derivative of (29), and integrating
between two temperatures, the following equation
for situations without appreciable latent heat
effects can be obtained by a person who has a
good grasp of the subject,

T

7 J
K o 2 (C - C )aT
in a2 - AHo (}_ 1 ) * Jf To Pprod PReact
== < 8

ar (30)
7
T RT

1

At the same time this move is made, it is desi;‘-
able that the protege learn how to use certain
tabular values of thermodynamic functions so
that he can evaluate
G: - Hg AH?O
-z( +—>Re (31)

(e}
AG") 6z - Ho AHfo)
%z Mok Rink, = |- —2+ 2 7 =

T T Prod

The protege’s knowledge should extend to elec-
trochemical reactions, so that he understands the
relations involving electrical work and voltage,
such as

W= NFE (32)
A(E.°/T) a0 e
= 3
aT .
N9£r° = RT1nK_ (34)

*Standard state is a state of the material at the tem-
perature of interest and usually at a given pressure or
other conditions that determine the state.
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The entropy balance is useful for calculations of the
work lost in real irreversible processes and for
analysis of idealized reversible processes.

and

- o _
N}Er = N&Er RTana (35)

By defining the activity coefficient, y; = fi/xifio,

it is desirable to be able to proceed from Egn. (6) to get

xAdlnyA + xgdlnyy, = 0 (36)
Y
A
f In —dx, =0 (37)
0 g &
and
-]
X &
lny, = f _B dlhayy (38)
Yp=1 £x

Rewriting Eqn. (20). for simple phase equilibria.
G a

_ =8
A Gy (39)

and utilizing (27), the extremely useful relation,

L B
fA—fA

(40)
is obtained. From the definition of the activity
coefficient the equation for liquid-vapor-equili-
brium is often shown as

(YAfoAo)llq - ‘YAyAon)vapor (41)

For ideal solutions the protege learns that if he

appreciates the significance of assuming VA = !A’ he can derive

fA = YAfA (42)

acideal . RT (nylnx, + njlnx;) (43)
Equally useful relations for enthalpy and entropy
may be obtained.

For non-ideal solutions it is desirable to see how

AGEx = 8G i = 8Gig0a1 = RT(nhlnyA + nBInyB) (44)

and for regular solutions how

reg _ » N
AG % = X3 (1-X,)w + RT(x,1lnx, + xBlan) (45)

The empirical and semi-theoretical techniques for
obtaining activity coefficients or required PVT
behavior or an empirical constant such as w must
be introduced at each step in which real problems
are considered. Calculation of actual situations
leads to the application, employment, and even
development of correlations of the properties of
matter. It behooves the protege to master many
of these in the course of mastering the funda-
mentals of thermodynamics.
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Nothing has been said about the fourth basic
equation since it is generally used directly as is.
Clearly, however, if an application is contem-
plated to an extremely high energy process, such
as a nuclear reaction or high velocity particles,
the Einstein relation, E = me?, must be employed.
In such a case the individual mass and energy
balances must be modified to allow for the equival-
ence of mass and energy.

NOMENCLATURE T Temperature

U Internal Energy
A Helmholtz free energy, U-TS

u Velocity
a  Activity, £/£°

v Volume
c Heat capacity, T(ds/dT) .

w Work
F  Faraday number

x Mole fraction
£ Fugacity

Y Mole fraction
G Gibbs free energy, H-TS

z Height above datum plane

Acceleration of gravity
i a,8 Phases
Enthalpy
J Ratio of activities agadn/a:a: i Activity poatficient
u Chemical potential

K Equilibrium ratio of activities i Constant for regular solutions

W Doskiwork —  Below an extensive property makes

m Mass it per unit mass
Above an extensive property makes

N,n Number of moles
it a partial property of a mixture.

P Pressu nE
FRERLUEY In case of fugacity, shows that

P Partial pressure component is in a mixture.

Q Quantity of heat [0 Denotes vapor pressure, as Q.

H Entropy

Several example problems and solutions are
presented in the following section.

problems for teachers

The following problems with solutions were
submitted by Professor J. J. Martin.
No. 1. One hundred million standard cubic feet (60°F,
1 atm) per day of radioactive waste gas at 1000°F must
be released at a height of 400 ft. above the ground to
avoid contamination of the surrounding area. A circular
stack of uniform diameter is to be used. A draft at the
base of the stgck of 1 in. of water will be required (pres-
sure inside stack base is 1 in. H:.O less than barometric
pressure). The barometric pressure at the base of the
stack is 740 mm Hg and the ambient temperature 60°F.
The gas has a molecular weight of 32 and may be con-
sidered an ideal gas. What diameter will be required?

The lost work of gas flowing through the stack may be
approximated by the equation:

_ 0.032 1u?

W

9.P

LW = lost work in ft-n»F/le
1 = height in ft

D = diameter in ft

]

u velocity in feet per sec

gc = conversion factor from 1bM to le

Solution: For barometric pressure at top consider a stag-
nant column of air outside the stack. Since it is at
equilibrium (no flow) with no kinetic effeects, Eqn. (17)
applies as
top
0 = fvdp + gAz = f I‘}—po+gAz
base
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P(:
RT 1n =B = -gaz
bas
Pto (400) (29)
so (10.73) (520) 1n —E“o = -
and Piop = 729.41 mm Hg

The pressure inside the base of the stack is

= _ (25.4) (1) _
= 740 vy -l

Pin. base 738.13 mm Hg

The gas velocity inside the stack at an average pressure of
734 mm Hg is
_ 10%(760) (1460) (4) 4290 £t

u= B g —
24(3600) (520) (734) 0% p2 SeC

For flow inside the stack with no kinetic effects and no work,

Egn. (16) applies as

-LW = [vdP + gAz = g_'r dP + gAZ
(0.032) (400) (4290)2 _ (10.73) (1460) (144) .  729.41
Thus - = .
' T 32) gy 400
Solving D=7.2 ft

No. 2. A Ranque-Hilsch vortex cylinder is a device to
expand a stream of air in steady flow from high pressure
and ambient temperature down to two streams at atmos-
pheric pressure, one of which is at low temperature and
the other at high temperature. Air enters the cylinder
through a tangential tube, creating a vortex from which
the hot air is withdrawn from the outer periphery and
the cold air is withdrawn from the central region, as
shown below. In a certain test of the equipment the tem-
peratures and pressures were measured and reported to
be as indicated on the diagram. The mass flow rate of the
hot air was stated to be 1.35 times that of the cold air.
Show by calculations whether the reported measurements
are possible.

ﬁnlet Air
surroundings p. = 20 psia
at 80°F and ! i .
14.7 psia : t; = 80°F
v ) End view
Hot air <---- -:.’ ,,J _____ > Cold air
outlet AN P ,1 outzefl90°F
ty = 280°F By =

Solution: Apply the energy balance Eqn. (2) to the whole
device. Assuming negligible kinetic and potential effects,
and

§Q = W = dEsys =0,
§. gjdmj =0 or (HSm); = (Hém) + (Hém),

Let Gmh = 1.35, 6mc = 1.0, Gmi = 2.35

Taking the reference state of air at 80°F and 20 psia,
and assuming ideal gas behavior with C,=17.0 Btu/Ib
mole-°R,

H; = 0, H = 7(280-80) = 1400, and - 7(-190-80) = -1890

Substituting in the energy balance
0 = (1400) (1.35) + (-1890) (1)= 0. So energy balance OK.
Apply the entropy balance as
SLW

ds = -+ IS.6m, = 0 for steady state
° 533

SLW _
- _T; = (8ém); - (§(Sm)h = (S6m)
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