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The theory of transport processes in the past
twenty years has been developed into a compre-
hensive scientific basis for the description of the
essential operations of chemical engineering in
any arbitrary differential volume element. The
theory is essentially a continuum theory which
poses differential equations which must be inte-
grated over the domain pertinent to each particu-
lar process unit under consideration. Two major
difficulties arise in application. The less onerous
is the fact that continuum theory does not pro-
vide the values of the transport properties, equa-
tions of state and constitutive relationships for
specific systems. Molecular statistical mechanics
or experimental measurements, or both, must
provide this data. The more serious is the ex-
tremely intricate forms often taken by the solu-
tions of the transport equations, for example,
in turbulent flow. Although turbulence has been
studied intensively for nearly 100 years, we
still lack a sound theoretical connection with
the Navier-Stokes equations and still less a pre-
dictively useful one. The principles of fracture
under stress are equally important in crushing
and grinding operations and are even less well
understood in terms of elasticity theory. Aggrega-
tion, coagulation and agglomeration are likewise
processes which cannot as yet be usefully de-
scribed by fundamental transport theory.

All of these processes have in common the cir-
cumstance that they occur under conditions which
permit a large variety of solutions of transport
equations and which select no one of this variety
uniquely. The flow paths in a stirred vessel, each
of which we are confident is a solution of the
Navier-Stokes equations, are so various that we
must describe them as a statistical aggregate of
paths having some probability distribution. In
most applications, the residence times determined
by each path are of less interest than the mean
residence time, or some other statistical property
of the residence time distribution. In some cases,
however, the distribution itself is of direct in-
terest, as in a crystallizer, since here the crystal
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size distribution is a direct consequence of the
residence time distribution.

Thus, there is a class of unit operations for
which the basic transport equations are insuffi-
cient to provide the theory for engineering design.
The first stage of improvement over direct em-
piricism and analysis by dimensionless groups is
to pose a theory based on a statistical distribution
of possible transport processes. The system in
question is defined by a number of properties (or
state variables) whose values are subject to
stochastic variation. We visualize the possibility
of making a simultaneous observation of these
properties and believe that, in any sufficiently
large set of replicated observations there will be
a definite frequency with which any specified set
of values will be observed. The function of the
state variables which associates this probability
with the specified set of values is the probability
distribution.
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The flow paths in a stirred vessel, each of which is a solution of the Navier-Stokes equations, are so various
that we must describe them as a statistical aggregate of paths having some probability distribution.

For example, in an ideal gas the velocity of any
particular molecule might (in thought at least) be
observed. Repeated observations will not give the
same result, but the observations will tend to
cluster about a central value. We can define a
function P(v) which is the probability that the
observed value, v’, be at most equal to v, i.e.,

P(v) = {Probability that v' < v} = F(v) (1)

Our fundamental physical hypothesis is that re-
peated observations define in the limit a definite
function F(v). In general, of course, F(v) may
be multi-dimensional, even continuously infinite
dimensional, but the conceptually simple cases of
one to three dimensions are often of real utility.

Our knowledge of the probability P(v) is not
limited solely to the results of empirical observa-
tion. We remain convinced that the transport
equations hold for sufficiently local phenomena
just as any one molecule in a gas obeys New-
tonian (or quantum) laws of motion. Hence, the
variations in the values of the state-variables
must be consistent with the local transport laws
and their distribution function, P(v), is not
purely random. There must be correlations im-
posed by the local laws which lead to functional
relationships between the statistical properties of
the system and which account for the central ten-
dencies of the distribution of state-variables.
Indeed, they should determine the functional
form of F(v) itself.

The role of statistical theory is to discover and
define those classes of distribution function which
are consistant with the local transport laws and
whatever other conditions are required and can
be defined by the physical nature of the process
under study. These additional conditions are
usually such physically obvious requirements as,
for example, that the system is confined to a
finite volume, or contains a fixed mass, or has a
definite average velocity and/or energy. Since
local velocity is a distributed variable, the re-
quirement that the system have an average
energy requires that F(v) have a form that will
produce a definite mean square velocity

V> = j-oo vidF (v) (2)

Thus physical considerations will restrict the
class of admissible distribution functions to those
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possessing at least one and usually two moments,
or more.

In addition, the effect of the local transport
laws on the distribution functions can be ex-
pressed very generally. For the simple case of a
single stochastic variable, q, whose local rate of

change is (.1(q, t), a continuity equation holds in
the form

of o (af) .

2t 4 B = H (f,q,q,t) (3)
Here H (f,q,(i,t) is a function that expresses the
effect of random sudden interactions upon the
distribution density f. Two classes of system are
met with in applications. In one, the elements of
the system interact only rarely, as in kinetics, or
not at all, as in collisionless plasmas or non-
agglomerating crystallizers. Changes in f are
then brought about by the influence of external
fields on the motion of the non-interacting par-
ticles, modified by occasion strong interactions
(or collisions) between particles. In the second
class of system, a particle interacts frequently
with others, but weakly, so that each collision
produces only an infinitesimal modification of its
properties, as in Brownian motion, or in plasma
dynamics.

In the first case, one estimates the change in ¢
produced by the strong interaction in a collision
and sums over the distribution of target particles
and impinging particles. The function H then is
the net probability that in unit time a particle
acquire a value of q = q' 4 dq by interaction with
other particles. It will usually be expressible as a
collision frequency multiplied by a cross-section
and integrated over the distributed property, q.

In the second case, the effect of collisions is to
produce an infinitesimal change in f and the H
function is expanded in series of derivatives of f
with coefficients which depend upon the collision
dynamics.

This equation or its equivalent is called vari-
ously the particle balance equation'® the Liou-
ville equation, the XKolmogoroff equation, the
Fokker-Planck equation, the Boltzmann equation,
or possibly other names in specific contexts. In
recent engineering applications, physical particles
have been envisioned and the “particle balance
equation” has has been a descriptive term.2 In
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general probability theory, the Chapman-Kolmo-
goroff equation is studied, usually under restric-
tions slightly more limiting than desirable for
engineering applications.?

Physicists have studied the Fokker-Planck or
Boltzmann equations® (or for aerosols,® the
Smolichowski equation) in theories of molecular
statistical mechanics.”

The Liouville equation clearly applies to any
stochastic system for which one can define the
weakly interacting entities, or generalized par-
ticles, and the significant state-variables, q, and

their local laws of motion, q=Q(q,t). When
physical particles are the elements of the system,
f can be interpreted directly as the particle num-
ber distribution in q, which may be taken to be
location, size, mass, residence time or other meas-
urable or significant property. However, in
polymers,® one can define chain segments and a
distribution of chain lengths which obeys the
balance equation. For all termination schemes ex-
cept radical recombination, or branching transfer,
the collision term, H, vanishes and the chain
length distribution is determined by the rate of
growth in a monomer field, modified by catalysts
and transfer agents. Chemical kinetic laws thus

give us forms for (i:Q(q) and where required,
for H(q,t). In comminution? the same equation is
obeyed, but now q (size) is altered only by impact
collision. The present problem here is discover the
appropriate fracture equations for individual par-
ticles so that an expression can be given for
H(q). In aerosol coagulation, the collision mechan-
isms are well defined but the effects of boundary
conditions and external fields have been explored
only partially.

That there is a pedagogically useful common
base for this wide variety of applications was evi-
dent in a seminar conducted recently at North-
western TUniversity in the Winter Quarter,
1968-69. Graduate students and faculty inter-
ested in crystallization, polymerization, aerosol
coagulation, hydrosol coagulation and reaction
kinetics in dispersed two phase media par-
ticipated. The ostensible outline of the seminar
was afforded by Beran, “Statistical Continuum
Theories,” but it soon became apparent that some
background in basic probability was required and
several weeks were spent by the author develop-
ing the basic probabilistic notions, the Chapman-
Kolmogoroff equations and the Liouville or
Fokker-Planck Equations as applied to simple
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The role of statistical theory is to discover and define
those classes of distribution function which are
consistent with local transport laws and . . . other
conditions . . . and can be defined by the physical
nature of the process under study.

Markov processes. The books by Feller, “Introduc-
tion to Probability Theory,” Vol. I and especially
Vol. II were invaluable in this phase of the semi-
nar. Blanc- LaPierre and Fortet, “Theory of Ran-
dom Functions,” was also very helpful in pro-
viding physically motivated treatments of proba-
bility theory. Loeve, “Probability Theory,” is a
standard reference on matters of rigor and mathe-
matical detail.

The following topic headings suggest the scope
of the course. Each occupied three to five lecture
periods.

1. Heuristic motivation—stirred tank crystallizer—prob-
abilistic model building.

2. Concepts of probability theory—distribution, mean,
conditional probabilities, set functions, combination of
probabilities.

3. Characteristic functions, moments.

4. Random functions, indicator function.

5. Law of Large Numbers—Tchebycheff inequality,
Poisson distribution—Central Limit Theorem.

6. Standard probabilistic models—Bernoulli trials, com-
pound events, normal distribution.

7. Random processes—waiting time distributions—pro-
cesses with independent increments—gamma distribution-
Poisson processes.

8. Kolmogoroff equations—Markov processes, convolu-
tions.

9. The Agglomeration Equation—collision processes.
The final eight days were devoted to reports on
specific applications to fields of interest to the
participants.

As the seminar developed, it became increas-
ingly apparent that much of the engineering lit-
erature in probabilistic models consists of redis-
covery or reinterpretation of some basic concepts
and models which have been thoroughly studied
in general theory, but which need to be made
explicit and in some cases extended to cover fields
of engineering interest. Most discussions of ran-
dom processes are based on Markov processes, yet
many engineering models are non-Markov. Some
may be considered to be superpositions or con-
volutions of Markov processes, and this represen-
tation is often illuminating when one discovers it.

Of greatest value, perhaps, was the exercise in
the use of probabilistic concepts and the demon-
stration of a common logical structure in a wide
range of seeming independent physical phe-
nomena. An initial insight was gained into the
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identification of properties of a system which are
purely consequences of its being an assembly of
weakly interacting parts or particles as distin-
guished from those which reflect the intrinsic
physical nature of the isolated particles.

It seems to the author that while such insights
depend upon understanding the general theory
of stochastic processes, they do not come without
deep study and comparison of specific processes.
Therefore, the statistical theory of particulate
systems is truly an engineering science, approach-
able in a useful way from the base of the analysis
of engineering problems.
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HOUGEN ON COLBURN (from p.171.)

loidal chemistry and Peter Debye in the kinetic
theory of gases.

FTER SECURING HIS DOCTORATE degree

in 1929, Colburn was employed in the Engi-
neering Experiment Station of the E. I. Du Pont
de Nemours Company under Thomas H. Chilton.
The du Pont Company very generously supported
Allan in his undertaking to derive independently
the mathematical formulations for mass and heat
transfer in fluid streams covering a wide variety
of industrial devices and conditions. These formu-
lations appear in Chapter VII of the pioneer bul-
letin “Studies on Heat Transmission” by Colburn
and Hougen [Bulletin 70 of the Engineering Ex-
periment Station, College of Engineering, Univer-
sity of Wisconsin, October 1930]. Otherwise this
bulletin is based on Colburn’s doctorate thesis.
The rough draft was improved by the critical
review of K. M. Watson.
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Colburn was an ideal student, scientist and en-
gineer. In conversation and public lectures he had
an unusual capacity for clarity of expression. He
met unsound criticisms and arguments of his
audience with patience and encouragement, never
with disparagement, seeking not p.rsonal acclaim
but rather promoting self confidence and ambition
in others. My technical correspondence with Allan
continued for fifteen years following his academic
career but terminated when I no longer could keep
pace with his ever expanding scientific specula-
tions.

My last meeting with Allan occurred in London
in September 1951—an unexpected meeting at the
time of the Festival of Britain. Mrs. Hougen and
I met Mrs. Colburn accidentally on a London bus
on our way to the Tate Art Gallery. Allan arrived
in London one week later while we were awaiting
boat reservations for a return trip to the United
States. The four of us spent a pleasant summer
evening together at the amusement section of the
Festival of Britain. We enjoyed watching the
teenagers on the roller coasters and whirligigs.
In turn the British teenagers enjoyed our strange
use of the English language.

As an epilogue to this sketch I should add one
additional incident. In the fall of 1963 a young
coed, Miss Nancy Hall, a graduate student and
research assistant in the Department of Oncology
at the University of Wisconsin came to my office
to inquire about the possibility of a young man,
Willis Colburn, entering the University of Wis-
consin as a Senior in Electrical Engineering. This
was easily arranged. When Willis appeared on the
campus, his similarity to his father 4J) years
previous was most striking and brought a surge
of nostalgic memories. And thus this account re-
turns full circle to its beginning, starting with a
meeting with Allan and his father Willis in 1922
and ending with the enrollment of his son Willis
42 years later. Nancy and Willis were soon
married. Both continued as research assistants
and graduate students for two or three years in
their respective fields. And thus three generations
of Colburns have touched my life over 46 years
of time. I understand the fourth generation has
recently arrived.

I shall close with one sentence from the letter
of his college friend Louis Warrick “How proud
the parents (of Allan Colburn) would be to know
of this latest honor to the memory of an out-
standing son.” This applies to all who knew Allan
Colburn.
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