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As IN THE STUDY of other phases of matter, 
elucidation of structure is important to the 

understanding of fluids. Although liquids often 
exist at densities comparable to solids, the fluid 
state of course lacks the well-defined long-range 
order of a crystalline solid. On the other hand, al­
though the dynamic chaos associated with dilute 
gases is manifest in dense fluids, the movement of 
a molecule in a liquid is correlated with the loca­
tion of its neighbors. This leads to a local or short­
range order. Consider Figure 1 which might rep­
resent a collection of spherical molecules, with an 
arbitrary particle picked as reference. At a dis­
tance r from the reference particle, the density of 
other particles p (r) will depend on time, but on 
the average will be a quantity dependent only on 
the distance r. Qualitative features of such a 
density function are apparent from elementary 
considerations: p (r) must tend to zero as r goes 
to zero since additional particles cannot occupy 
the location of the reference molecule: at large r, 
the influence of the reference particle is nil, and 
p (r) approaches p, the macroscopic density; at 
intermediate separations p(r) may be less than 
or exceed p depending on whether the distance r 
corresponds to distances of repulsion or attrac­
tion between the particles. See Figure 2. 

Let g(r) = p(r) / p, a quantity which thus 
goes to unity in a fluid for large values of r. This 
ratio g (r), which is called the radial distribution 
function, may be given generalized formal statis­
tical-mechanical definitions. However, under-
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standing of the behavior of fluids is often a ided 
by the above density interpretation. This radial 
distribution function is the concept and quantity 
involved when one refers to the "structure" of a 
liquid. In addition to the explicit dependence on 
the distance r, the structure depends also on 
density and temperature: g (r) is a state function. 

RELATION OF STRUCTURE TO MACROSCOPIC 
PROPERTIES 

Most macroscopic properties of a fluid may be 
described in terms of g ( r) , usually in conj unction 
with the pair-wise intermolecular potential func­
tion u (r). As an example, the internal energy, 
equation of state, and compressibility have the 
following representation (for the first two we 
give particular versions applicable to a monatomic 
fluid, e.g., argon). 

3 2 S"' U = 2 pkT + T u(r) g(r) 4nr 2dr 
0 

2 a, 

P = pkT - ~ S ru' (r)g(r) 4nr2dr 
0 

• 

( 1 ) 

( 2 ) 

( 3 ) 

Fig. I. - A representation of molecular arrangement in a fluid of 

spherical molecules. 
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These types of expressions may be rigor­
ously derived, and the reader is referred to a 
standard work in statistical mechanics1

• Note 
however that the expression for U is almost obvi­
ous upon inspection. U is the sum of two terms, 
the first of which is the kinetic energy contribu­
tion normally attributed to a noninteracting mon­
atomic gas. The second term represents a con­
figurational energy; the integrand is simply the 
intrinsic intermolecular energy at separation r 
multiplied by the density of particles at that 
separation. The expression for P, although per­
haps somewhat less transparent, also involves a 
sum of kinetic and configurational terms. 

DENSITY 
p (r) 

DISTANCE, r 

Fig. 2. - The local density in a fluid . 

EXPERIMENTAL STUDY OF STRUCTURE 

The intensity of coherent electromagnetic 
radiation, Io, scattered from a monatomic fluid 
of N atoms at an angle 20 by an incident beam I 0 

of wavelength "A may also be described in terms 
of g (r). For x-radiation the appropriate expres­
sion is 

S
m [ ) sinsr 2 

i ( s ) • p g (r) - l -- 4TIT dr sr 
0 
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Figure 3 

Fig . 3 . - The argon intensity function i(s) at t = - 12s 0 c. 

( 5 ) 

s = 4rr). -lsin9 
( 6 ) 

f(s) is the atomic scattering factor for x-rays. 
Equation 4 may be inverted by Fourier transformation 

G(r ) = g(r) - 1 = -/-r s i(s) sinsr ds 
2n rp o 

( 7 ) 

It is through this expression that experimentai 
x-ray scattering data may be used to determine 
g ( r) or the "net" radial distribution function 
G(r). The author and his co-workers have been 
studying the structure of simple fluids, princi­
pally argon, for a number of years, and have now 
completed i (s) measurements at 19 different 
thermodynamic states. Figures 3 and 4 show i (s) 
and the corresponding g(r) information for four 
states of density located upon a common isotherm. 
Data for other states and extensive details of 
the experiments are available2

• 
3

• In Figures 3 and 
4, the damping-out of structural features, for 
example the number and height of peaks, is ap­
parent in both i(s) and g(r) for states of por­
gressively lower density. If the fluid "had no 
structure" (no interactions between particles) 
then i ( s) would be everywhere zero and g ( r) 
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Fig. 4. - The atomic radial distribution function of argon at 

t = - 125 ° C. 

everywhere unity. The data shown are convincing 
evidence of structure or short-range order in the 
fluid and also a demonstration of the state de­
pendence of that structure. 

DIRECT CORRELATION FUNCTION 

The direct correlation function C(r) was in­
troduced by Ornstein and Zernike4 in 1914 in a 
discussion of fluctuations and related phenomena 
near critical states. In those initial derivations 
and in subsequent uses, the direct correlation 
function has been assumed to short range in 
general and to remain short range and bounded 
in the limit as the critical state is approached. 
The formal definition of the C (r) is mathema­
tical, and the quantity lacks the obvious imme­
diate physical interpretation assignable to the 
conventional radial distribution function. 

The direct correlation function may be defined 
by the following equation : 

( 8 ) 

Fisher5 provides the interpretation that "the 

20 

correlation G (r12 ) between molecules 1 and 2 can 
be regarded as caused by (i), a direct influence 
of 1 and 2, described by the so-called direct corre­
lation function, C (r12), which should be short 
range [essentially having the range of the pair 
potential u (r) ], and (ii), an indirect influence 
propagated directly from 1 to a third molecule at 
r ~, which in turn exerts its total influence on 
molecule 2." Such intuitive explanations are help­
ful in understanding the behavior of C (r) which 
is somewhat obscure since Equation 8 involves a 
convolution integration. However, C (r) still lacks 
the association with probability concepts or effec­
tive densities that normally are assigned to g(r) 
and related distribution functions. As an example, 
no simple statement about the behavior of C (r) 
for small radii can be made a priori. This is in 
contrast to g (r), for which the impossibility of 
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Fig. 5. - The direct correlation function for argon at t = - 125 ° C. 

Run 40, p = 0.982 g/cc; Run 30, p = 0.910 g/cc; 

Run 31, p = 0.780 g/cc; Run 32, p = 0.280 g/cc. 
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multiple occupancy of a point in space leads to 
the result that g(r) must be essentially zero for 
r <d, where d is some characteristic hard-core 
diameter. 

For monatomic fluids C (r) may also be di­
rectly related to the observable intensity of scat­
tered radiation, as was the case with G (r) : 

2 -ls~ -1 C(r) = (2TT rp) si(s) [ 1 + i(s) J sin(sr)ds 
0 

(9 ) 

Equation 9 relating C (r) to i (s) is not an 
independent expression, but is obtained by solv­
ing Equations 4 and 8. 

The i (s) data obtained in the author's lab­
oratory have been used in Equation 9 to compute 
C (r) at 19 different stabs of argon. Figure 5 
shows a typical set of data, which might be com­
pared state by state with the g(r) computations 
shown in Figure 4. It is quite apparent that, 
even with the uncertainties in both cases, C (r) is 
definitely more short range than is G(r). Par­
ticularly for high-density states there are iden­
tifiable second, and even third, peaks in G ( r) ; 
no such peaks are apparent in C (r), at least not 
at the level of reliability posed by our uncertainty 
bands. 

USE OF STRUCTURAL DATA TO TEST INTEGRAL 
EQUATIONS6 

Of the many existing theories for predicting 
molecular distribution functions of fluids, two 
that have gained recent prominence are the 
Percus-Yevick (PY) approximation7

• 
8

, and the 
convoluted-hypernetted-chain ( CHNC) approxi­
mation 0, 10• Both of these approximate theories 
have shown moderately good agreement between 
predicted thermodynamic properties and experi­
mental values10

• 
11

• Most of the methods used to 
test these theories fall into two groups. In the 
first group are computations based on relatively 
simple potential functions, e.g., the hard-sphere 
model, in which predicted virial coefficients are 
compared with exact theoretical values12

• 
1 3 or for 

slightly more complicated potentials, with Monte 
Carlo results14

• In the second grouping, more 
realistic potentials are used, e.g., the Lennard­
J ones 6-12, and the results are tested by compar­
ing predicted distribution functions or thermo­
dynamic properties with available experimental 
data1 5

• As far as a test of the basic PY or CHNC 
theory is concerned, the first grouping suffers 
because, although the equations may be rigorously 
tested, the results do not conform to the behavior 
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Liquids often exist at densities comparable to solids, 
the fluid state lacks the well-defined long-range order 
of a crystalline solid. 

of any real fluid. In the second group any definite 
conclusion regarding the applicability of these 
equations is clouded by uncertainties in the po­
tential function used in the computations. We are 
suggesting here that it is possible to utilize G (r) 
and C (r) functions obtained from interpretations 
of experimental diffraction data to test directly 
the basic hypotheses underlying these two ap­
proximate theories1 6

• 

THE PY AND CHNC equations may be derived 
very simply by considering the Ornstein­

Zernike direct correlation function as defined by 
Equation 8. The derivation of the integral equa­
tions is then initiated by introduction of funda­
mental assumptions regarding the relationship of 
C (r), G (r), and the intermolecular potential 
function, u (r). These assumptions are s, 11 

PY: C(r) • [ I+ G(r) ] [ I • exp[u(r)/kT] } 

CHNC : C(r) • G(r) • ln[ l + G(r) ] • [ u(r) / kT ] 

(10 ) 

(11 ) 

The usual form of the PY approximation is then 
obtained by eliminating C (r) from Equations 8 
and 10, and the CHNC approximation from a 
similar treatment of Equations 8 and 11. 

If the direct correlation function and the net 
radial distribution function are known, Equations 
10 and 11 provide the most direct test regarding 
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Fig. 6. - Potential-energy functions of argon predicted by the PY 

hypothesis of Equation 13 for three densities along the - 110 ° c 

isotherm. The open circles represent the Lennard-Jones 6-12 poten-

tial with parameters er = 3.405 ° A and e/k = 119.8 ° K. 
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Although the dynamic chaos associated with dilute 
gasses is manifest in dense fluids, the movement of a 
molecule in a liquid is correlated with the location 
of its neighbors. 

the applicability of these two theories. Moreover, 
this test is unique in that no further assumptions 
are required regarding the detailed nature of the 
potential function. This becomes evident by solv­
ing the equations for u (r) : 

[u( r) )CHNC = kT(G(r;p,T) - C(r;p,T) - ln[l + G(r;p,T))1 (12 ) 

l l - [ l + G(r;o Tl - C(r ;p.T) 7 (13) 
u(r) PY - kT ln l + G(r;p,T) 

If the fundamental PY and CHNC assumptions 
are correct, these predicted potential functions 
are required to be independent of temperature 
and density even though both G (r) and C (r) are 
state-dependent. This test is direct in the sense 
that it uses only experimental data and that no 
assumptions or approximations need be made 
concerning the nature or the shape of the poten­
tial function. The essence of the test is to estab­
lish whether or not the predicted potential func­
tions are state-independent. 

Using our values of G ( r) and C ( r) reported 
in the preceding papers2

• a, we have performed 
the indicated computations according to Equa­
tions 12 and 13. Figure 6 shows the predictions 
along the - ll0°C isotherm. Contrary to the fun­
damental PY hypothesis, the predicted potential 
function is not independent of state. As the argon 
density is increased at constant temperature, the 
depth of the well does not remain constant, but 
decreases significantly. On the other hand, at 
constant density there is no conclusive tempera­
ture effect within our experimental uncertainty. 
This same behavior is observed for the other 
isotherms and isochors of this study. For com­
parison, the Lennard-Jones 6-12 potential func­
tion with parameters <.r = 3.405 A and e/ k = 
120°K is also sh6wn on the figure. Very similar 
behavior is revealed for the CHNC approxima­
tion. 

T HIS SIGNIFICANT DENSITY effect on the pre­
dicted PY potential function, along with the 

negligible temperature effect over the range 
studied, is shown more convincingly in Figure 7, 
where the depth of the well of [u (r) ]PY is plotted 
against the argon density for all 13 states of our 
investigation. The symbols on the graph are 
slightly displaced from the five measured isochors 
in order to show our estimate of the experimental 
uncertainty at each state. This plot clearly shows 
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Fig . 7 . - Depth of the argon potential well as predicted by the PY 

hypothesis of Equation 13 as a function of density and temperature. 

the fai lure of the fundamental PY hypothesis to 
produce a potential function which is independent 
of state. 

In light of these results, we conclude that the 
original PY and CHNC approximations are in 
contradiction with experimental facts for argon. 
In seeking to interpret these facts, we offer the 
following suggestions: in order to satisfy the PY 
and CHNC approximations, and also to predict 
a distribution function that agrees with experi­
ment, apparently a pair-potential function is re­
quired which varies with state, primarily with 
density. Accepting for the moment the validity 
of these underlying hypotheses, one may con­
clude that there is a significant nonadditive con­
tribution to the true intermolecular potential. As 
the atomic packing becomes more congested by 
increasing the density, the many-body interac­
tions become increasingly important with a net 
result of decreasing the effective two-body poten­
tial energy. This nonadditive contribution has 
been estimated to be as high as 15 % to 23 % , and 
in the same direction as we observe here18

• 19 • 

On the other hand, if the nonadditive forces 
are strictly negligible, the results of our test show 
that the PY and CHNC approximations require 
additional terms in order to produce results 
which are more nearly in agreement with experi­
ment. This approach has been taken in the de­
velopment of the so-called PY2 and CHNC2 
approximations 20

, 
21, and most recently by Row­

linson17, who incorporates an empirical state­
dependent factor in the original PY and CHNC 
hypotheses. 
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Equipment for X-ray diffraction studies of liquids. 

Since the PY approximation is known to be 
valid in the low-density limit, the data plotted in 
Figure 7 suggest that the experimental results 
presented here can be used to obtain a "true" 

· two-particle intermolecular potential function. 
To accomplish this, we make the pragmatic as­
sumption that the effective PY u (r), as shown 
in Figure 6, is in reality the product of the true 
zero-density potential u0 (r) and a state-depend­
ent function <I> (T,p). From the data shown in 
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Fig. 8. - The extrapolation zero-density potential-energy function of 

argon as computed from Equation 14. 
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Figure 7, this state-dependent function has been 
estimated by neglecting any temperature effiects 
and fitting a least-squares straight line to the 
data points. The zero density u (r) was then 
obtained from the following equation, with p in 
grams per cubic centimeter : 

-1 
u0 (r) = [u(r)Jpy(l - 0.394p) (14) 

The results of these computations are shown 
in Figure 8. The band shown in this plot was 
constructed so that it encompasses the estimated 
uo(r) function for all of the 13 states. The 
parameters of this potential function are u = 
3.38 ± 0.06 A, r o = 3.86 ± 0.03A, and E/ k = 
134 ± 10°K. Considering the nature of the as­
sumptions involved, these results are in reason­
able agreement with current estimates of the 
potential-energy function of argon. 

The second part of Professor Pings lecture will be pub­
lished in a later issue. 
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