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GRADUATE COURSE IN SAMPLED-

DATA control systems in a chemical
engineering curriculum is usually accompanied
by a control laboratory in which the student
operates a process under computer control and
investigates the performance of various control
algorithms. If a process computer is not avail-
able, some insight into the design and operation
of sampled-data control systems can be obtained
through simulation on an analog computer. Simu-
lation also has the added advantage that various
control strategies, which would be impractical to
try with a physical system, can be implemented
on the analog computer. The purpose of this
article is to illustrate the techniques of simulat-
ing sampled-data control systems on a commercial
analog computer. This is followed by an example
in which these techniques are applied to a
practical problem. It is believed that the material
presented in this paper will be helpful as an exer-
cise to those who teach or are engaged in work
in the area of sampled-data control systems in
chemical engineering.

LITERATURE REVIEW

EVERAL ARTICLES HAVE BEEN publish-

ed on the general topic of analog simulation

of sampled-data control systems. Osburn (1) has

described the application of integrators for track-

and-hold operation. He has discussed the use of

these track and hold amplifiers for stepwise cal-

culations, solution of certain partial differential
equations, and for parameter sweep studies.

Kingma (2) has described an equipment called

a D(Z) simulator which can be used to simulate
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digital controllers without analog-to-digital and
digital-to-analog conversion. The simulator uses
a modified boxcar generator as the sample-and-
hold element. The control pulses for these sample-
and-hold elements are generated by one-shot multi-
vibrators. He has applied the procedure to design
of a deadbeat controller for an error-sampled
unity-feedback system.

Clemence (3) has studied the application of
track and hold amplifiers for simulation of
sampled-data control systems using digital logic.
He has utilized the two complimentary outputs of
a flip-flop to drive the track-and-hold amplifiers.
His paper includes an example of digital control
of a multirate system. In a later article Clemence
(4) has described the simulation of a three-mode
digital controller by means of track-and-hold
amplifiers.

Corripio, et al (5) have studied the analog
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simulation of frequency response of digital con-
trol systems. Their paper includes an excellent
description of the application of logic components
for simulation purposes.

THE ANALOG COMPUTER

AN EAI 580 ANALOG/HYBRID computer was

used in this study. The analog portion of this
computer contains 38 amplifiers—10 of which can
be used as integrators, 50 potentiometers, 8 multi-
pliers, 3 comparators and function relays, 4 track-
store units, 4 D/A switches, 8 log diode function
generators, and a trunk tray. The logic expansion
group on this computer contains 2 counters, 16
AND__gates, 2 general purpose registers (each
containing 4 flip-flops), 2 differentiators, and 2
switches. It is assumed that the reader is familiar
with analog computer programming so that only
the logic elements will be discussed here followed
by their application to simulation of sampled-
data control problems.

The logic components necessary for simulation
of sampled-data control systems on the analog
computer are: AND gates, flip-flops, counters,
and track/store units. The method of operation
of these components is described below.

AND GATES

An AND gate is a basic logic element which has two
or more logic inputs. (A logic signal can assume either
of the two values: ZERO (zero volts) and ONE (+ 5
volts). The logic ZERC and logic ONE are also referred
to as low and high, respectively). The output of an AND
gate is high (logic ONE) if, and only if, all the inputs are
high. If any of the inputs are low, the output is also low.
A simplified schematic of an AND gate is shown in Figure
1(a). The output of the gate is referred to as the true
output and the complimentary output (which is the op-
posite of the true output, e.g., if true output is logic 1,
the complimentary output is logic 0) is referred to as the
false output. The inputs of all the AND gates on this
computer are normally high so that a gate with un-
patched inputs has a logic ONE true output.

FLIP-FLOPS

A flip-flop on this computer has three patchable in-
puts and a true and a false output. See Figure 1(b), and
enable patch terminal labeled E can remain unpatched
or can be patched to logic ONE source patch terminal to
enable the flip-flop. A logic ZERO patched to the E input
inhibits the flip-flop. A logic ONE patched to the set (S)
input causes the flip-flop to set (i.e. true output is logic
ONE) on the next clock pulse. A logic ONE patched to
the reset (R) input causes the flip-flop to reset (i.e. the
true output is logic ZERO) on the next clock pulse. A
logic ONE patched to both S and R inputs causes the
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FIGURE 1. Logic Components.

flip-flop to trigger to the opposite logic level on each
clock pulse. There are three clock-rate pushbuttons
(106, 105, 101,) which select the clock rate for the logic
elements on this computer. If the 10' clock rate push-
button is depressed, the computer provides 10 pulses of
logic ONE per second. The clock output is logic ZERO
between pulses. Similarly, 105 and 106 pushbuttons pro-
vide one clock pulse every 10 microseconds and every
microsecond, respectively.

COUNTERS

A counter has three patchable inputs (S, R, and Ci)
and a true and a false output. The schematic of a counter
is shown in Figure 1(c). A pair of thumbwheel switches
are used to present the counter to any number from 00
to 99. If a clock signal of 10 pulses per second (which is
obtained from a 10! patch terminal on the logic patch-
board) is applied to the Ci input of the counter patched
as shown in Figure 1(c), the counter counts down from
the number preset by the thumbwheels one count per
input pulse. Every time the count reaches 00 the false out-
put of the counter outputs a pulse (i.e. the false output
goes high). The false output of the counter is connected
back to set (S) patch terminal through a Gate so that
the preset number selected by the thumbwheels is loaded
into the counter every time the counter reaches 00. An
example of the input-output relationship of a counter is
shown in Figure 1(d).

TRACK-STORE UNITS

The track-store (T/S) unit has one or more analog
inputs, a logic input, and an analog output. A schematic
of a track store unit is shown in Figure 1(e). When the
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logic input (referred to as Track input and labeled “T”
on the T/S unit) is logic ONE, the analog output is minus
the analog input. If the T input switches from logic ONE
to logic ZERO the unit switches from TRACK mode to
the STORE mode. In the STORE mode the output of the
T/S unit remains constant and equals the value of the
output at the instant of switching. The input/output re-
lation of a T/S unit is illustrated by an example in
Figure 1(f). From the previous discussion it is clear that
the output of a flip-flop with both of its inputs patched
to logic ONE can be used as a logic “T” input for track
and store operation.

The computer used in this study is equipped with T/S
units. However, if T/S units are not available, an inte-
grator can be patched as shown in Figure 1(g) to per-
form the track and store operation. When the logic OP
signal is high, the integrator will store and when the
logic IC signal is high, the integrator will track. Here,
the true and false outputs of a flip-flop can be connected
to the logic OP and logic IC terminals, respectively, so
that the integrator will perform the track and store opera-
tion.

zero-order

hold plant P
controller

=5T -1.46s 1
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FIGURE 2. Sampled-data Control System.

ANALOG SIMULATION TECHNIQUES

ONSIDER AN ERROR-SAMPLED unity-

feedback sampled-data system shown in
Figure 2. The objective of the exercise would be
to simulate this control system on the analog
computer and study the response C(t) of the
plant to changes in set point employing a well-
known expression for the control algorithm,
D(Z). This in turn means that we must repre-
sent the control algorithm and the zero-order
hold on the analog computer. The plant transfer
function is continuous and can be represented on
the analog computer by usual means.
Simulation of D(z) Controller:

The pulse transfer function of the controller

is
_ M (=)
D(z) =8 (2) (1)
where M — manipulated variable
E = error
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If we specify the nature of the response, it is
possible to obtain an expression for the output of
the controller. The time domain expression is
usually of the type

M*(t) =aE* (t) +a, E¥(t —T) +...
[bM*‘(t—T)—}—bM*(t—ZT)—I— (2)]

where M* and E* represent discrete values of M
and E, respectively, a’s and b’s are constants and
T is the sampling period.

Thus, from equation (2) it is clear that in
order to simulate a digital controller we must be
able to perform the sampling, storing, and delay-
ing operations on the analog computer.

The sampling operation is performed by a
track-store unit. A square wave of period T is
used to drive the T/S unit. As mentioned earlier,
clock-rate selection of 10,5 10°, and 10 pulses per
second is possible on this analog computer. The
high pulse rates of 10° and 10° pulses per second
are of little use for process control applications.
However, the clock-rate of 10 pulses per second
can be used for generating a square wave.

If a sampling period of T = 0.2 seconds is
desired, a square wave can be generated simply
by means of a flip-flop whose set (S) and reset
(R) inputs are connected to a 10! clock-rate
patch terminal. The input/output relationships of
a flip-flop and the patching in this configuration
are shown in Figure 3(a). If a sampling period
other than T = 0.2 seconds is desired, it will be
necessary to use a counter (5). Consider the gene-
ration of a square wave with a period T seconds.
The patching for this purpose is shown in Figure
3(b). Since we would like the output of the flip-
flop to be a square wave of period T, the counter
must output two pulses per time period T (i.e.
0.5 T seconds between output pulses). It will be
demonstrated by an example that if the counter
is to output 2 pulses per second, the value to be
set on the counter thumbwheels must equal the
period between output pulses (0.5 T seconds)
divided by the period between the input pulses
(0.1 seconds) minus one to account for the pulse
that reloads the preset value into the counter
ie. 5 T—1. As an example, suppose we like the
output of a flip-flop to be a square wave of period
T = 1 second. Then, the counter output must be
2 pulses per second (or 0.5 seconds per pulse).
If we set the counter to 5T — 1 = 4, the counter
will output a pulse every 0.5 seconds. The input/
output relationship of the elements of Figure 3
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(b), are shown in Figure 3 (c¢). These square
waves are used to perform the sampling opera-
tion. To sample an input, a T/S unit is patched
as shown in Figure 4 (a). If a signal is to be
delayed by one sampling period, T, two T/S units
are used in tandem as shown in Figure 4 (b). As
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FIGURE 4. Track-and-Hold Operation.
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before the true output of the flip-flop generating
a square wave is patched to the T input of the
first T/S unit. The false output of the same flip-
flop is patched to the T input of the second T/S
unit. Thus, when the T input of T/S-1 is high the
same input of the second T/S unit is low.

Consider the combined operation of two T/S
units. When the T input of T/S —1 switches to
high, the analog output of this unit is minus
the analog input. During this period the T input
of T/S —2 is low and the output of this unit re-
mains constant. It is equal to the value of the
analog input to the T/S — 1 unit at the instant
when the T input to T/S — 1 switches to high.
When the T input of T/S — 1 switches to low, the
output of this unit is held constant at a value it
had at the instant of switching but during this
period the T input to T/S — 2 is high and the
second unit tracks its analog input. The value of
the output of T/S — 2 during this period is the
value of the analog input to T/S — 1 during the
preceding sampling period and a sampling delay
of one period T is thus accomplished. An example
of the combined operation of two T/S units for
a ramp input is shown in Figure 4 (c). It is
clear that this procedure can be used for obtain-
ing sampling delay of more than one sampling
period by utilizing additional T/S units.

These techniques will now be applied to analog
simulation of the digital control system of Figure
2,

EXAMPLE

For the purpose of this illustration, the re-
sponse of the control system to a change in set
point will be obtained on the analog computer
using the digital PID algorithm. The response
will be compared with that obtained analytically
through modified z-transform analysis. The ex-
pression for the change in set point which the
control system is subjected to is

R(t) =5 (1 —et?) 3)

DIGITAL PID CONTROLLER

The digital PID controller is represented in
the time domain as

Te" TD

_en—l) + 771 + ;7_7
(en —zen—l + eu“_’) (4)
where

m, = my, + k. (e,

ke = gain constant
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7y — integral time constant, sec.
7p = derivative time constant, sec.
T = sampling period, sec.

e — error
m = manipulated variable

The subscript n refers to the value of the variable
at the n® sampling instant, (n-1) refers to its
value one sampling period before the nth and
so on. In this study, K, = 2.61, 7, = 2.512, 7, =
0.628, and T = 0.4. The process transfer function
involves a time lag. In this study a fourth order
Pade approximation was used for simulating the
transportation lag. The analog computer diagram
of the control system with a digital PID controller
and a zero-order hold is shown in Figure 5.

FIGURE 5.
Analog Computer Diagram of the Sampled-Data Control System.

Theoretical Analysis

The response of the control system using the
PID control algorithm can be obtained analytically
through z-transform analysis. Since a delay is in-
volved, it is convenient to use the modified z-trans-
forms. The parameters of the control algorithm
are the same as those used in simulation.

Referring to Figure 2, the block diagram re-
duction yields

C() _ HG@) D@ -
R (z) & 1+HG(z) D(z)
To obtain D(z), the z-transform of equation (4)
is taken to get

M(z) _ 7.1233 — 10.8054z" - 4.0977z*

D(Z) — E’(E)* = 1—7z1
(6)

also
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HG(2) = Z[H(S) G(8)] =2 | 1 - 3§4S+1§
— 73 (1 . Z—1) Z e—O o '

- ( 3.345+1 5

M)

Equation (7) can be simplified via the modified
z-transform. Thus,

] L e_onbb
HG(z) =z (I_Z)Z/334S—{—1§
2 4 R S
=2z" (1 —27) Zu ) 3.34s+1 |
(8)

From the Tables of modified z-transforms (7),
Equation (8) can be evaluated. Thus,

. {0.041 + 0.719z" |

Hiis) =z | 1— 08871z ,‘ ©)
Now, R(t) = 5(1 — e/2)
0.9068z-!
R@) =G a_osiszy 10

Equation (5) can now be solved for C(z) which
after simplification gives

_ J(2)
C(z) = R ) (11)
where
J(z) = 0.264z7 + 0.0627z° —0.5518z"
+ 0.2670z¢

K(z) = 1.0 — 3.7058z" + 5.1379* — 3.158z*
+ 1.0184z* — 0.4620z° — 0.4957z°
+ 1.4587z"" — 1.0343z° + 0.2412z°

Equation (11) can be solved by long division to ob-
tain the values of the response at various sam-
pling instants.

RESULTS AND CONCLUSIONS

HE RESULTS OF ANALOG simulation are

shown in Figure 6. Also shown on the figure
is the analytical solution.

The slight discrepancies in the two solutions
are the result of the approximate nature of the
Pade circuit and normal potentiometer round-off
errors. However, the difference is slight and can
be neglected for the purpose of this work.

It is believed that the material presented here
will serve s a useful exercise in analog simulation
of sampled-data control systems. With additional
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FIGURE 6.
Response of the Sample-Data Control System.

analog and logic components, the general pro-
cedure described here can be used for simulating
other algorithms such as dead beat algorithm (7)
and Dahlin’s algorithm (8).

SYNCHRONIZATION

AN ANALOG COMPUTER HAS separate con-
trols for the analog and logic components.
For simulation of sampled-data control systems,
it is necessary that all the integrators be set in
the OPERATE mode at the instant the first
clock pulse occurs, after the logic RUN push-
button is depressed. To achieve this synchroniza-
tion, an AND gate and a flip-flop are utilized as
shown in Figure 7. Figure 7 also shows the timing
diagram of the synchronization circuit.
Consider the operation of the circuit. In
general assume that the RUN pushbutton is de-
pressed between two clock pulses. The true out-
put of the flip-flop is low until the first clock pulse
occurs. Since the SET input of this flip-flop is
patched to a logic ONE signal, its true output
changes to high at the first clock pulse and re-
mains high after the first clock pulse. At the first

button j: depres

FIGURE 7. Synchronization Diagram.
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clock pulse both the inputs of the AND gate are
high. Therefore, the true output of the gate goes
high at the instant the first clock pulse occurs.
Since the true output of the gate is patched to OP
logic input of all the integrators, they are set in
the OPERATE mode at the instant the first clock
pulse occurs. Thus, all the logic and analog com-
ponents start operating at the same time once the
RUN pushbutton is depressed. O
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NOMENCLATURE

a,al,...
by, bl ..
C(t)
D(z)

constants of Equation (2).

constants of Equation (2).

response of controlled variable.

pulse transfer function of the digital contr«

11l

E,e
H
KC
M,m

error, R(t) — C(t).

zero order hold.

proportional gain constant.
manipulated variable.

set point

laplace transform variable
sampling period, seconds.
time, seconds

z-transform variable
modified z-transform variable

1 | O T A A T A TR A |

Zlﬂ

Greek

T1

D
superscripts

integral time constant.
derivative time constant.

I

sampled variable




