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THE EVERYDAY EXPERIENCE OF taking a 
drug orally at prescribed time intervals is the 

basis for the mathematical analysis and experi­
mental demonstration described here. A two­
compartment stirred-tank model is used as a 
lumped-parameter model for the human body. 
This mathematical model was presented in a 
junior-level course at Cornell titled "Engineering 
Analysis of Physiological Systems" and the demon­
stration was used with student participation 
during open houses. The preparation of a video­
tape recording of the mathematical analysis and 
the experiment is currently being planned for a 
sophomore-level mathematics course. 

TWO-COMPARTMENT MODEL 

A SCHEMATIC DRAWING of the two-
compartment hydrodynamic model is 

shown in Figure 1. The first tank with uniform 
concentration C1 stands for the gastrointestional 
tract from which the drug is absorbed into the 
rest of the body (blood, muscles, tissues, etc) 
represented by the second tank. Oral ingestion of 
the drug is represented by pouring specified 
amounts of the drug analog into the first tank at 
prescribed time intervals. The rate of absorption 
from the gastrointestional tract is linearly relate~ 
through the proportionality constant k1 to the 
time-dependent drug concentration in the tract 
C1 ( t) . The hydrodynamic analog of absorption is 
the volumetric flow rate q between the first and 
second tanks. The drug is eliminated from the rest 
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of the body through the kidneys at a rate k2C2 (t) 
where C2 (t), the concentration in the second tank, 
stands for the drug concentration circulating in 
the body. Elimination is represented by the exit 
stream from the second tank. 

In order for the drug to be safe and effective, 
the concentration level in the body C2 must be 
maintained above the minimum effective concen­
tration C2min but below the toxic concentration, 
C2max• By specifying the initial and subsequent 
maintenance doses, m1 and m m, and the time in­
tervals following the initial and maintenance 
doses, T i and Tm, a concentration plateau can be 
achieved in which the concentration C2 (t) never 
drops below the minimum effective concentration 
C2m1n after the initial time interval and never 
exceeds the toxic concentration C2max• Although 
this model is a relatively simple representation of 
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FIGURE 1. Schematic drawing of the two compartment 
model and a reluctant "dosee." 
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a complex process, it does illustrate the general 
features of drug distribution kinetics. 

MATHEMATICAL DESCRIPTION 

THE ANALYSIS GIVEN below has been 
adapted from a paper by Buell et al. [1]. Mass 

balance on the two stirred tanks give the follow­
ing governing equations: 

(1) 

and 

(2) 

where for convenience we have specified that the 
volumes of well-stirred liquid in the tanks are 
equal, V1 = V2 = V, so that k1 = k2 = K = q/V. 
Prior to time t = 0, the stirred tanks contain no 
drug and at t = 0 the initial dose mi is' ad­
ministered to the first stirred tank. An instant 
later at t = 0+, the initial concentrations are 

C1 (0+) = mi/V 
and 

(3) 

A periodic condition C1 is that the concentration 
of drug in the first stirred tank just prior to a 
maintenance dose C1 (T1 + nTm-) plus the increase 
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in concentration due to the maintenance dose 
mm / V is equal to the concentration in the first 
stirred tank just after the maintenance dose 
C1 (Ti + nTm+ ) or 

C1(T1 + nTm-) + mm/V = C1(T1 + nTm+) (4) 
where 

n = 0, 1, 2, 3, ... N. 
To achieve the plateau effect mentioned previously 
the concentration at the end of the initial time in­
terval C2 (T1) must be equal to the concentration 
at the end of all of the maintenance time intervals 
C2(Ti + nTm) or 

C2(T1) = C2(T1 + nTm) n = 1, 2 . . . N. 
(5) 

A similar condition also applies to the first tank 
(1) : 

Ci (T1-) = C1 (T1 + nTm-) n = 1, 2 ... N. 
(6) 

General solutions to the above system of equa­
tions have been given by Buell et al. (1). The solu-

In order for the drug to be 
safe and effective the concentration 

level in the body C2 must be maintained 
above the minimum effective concentration 

C2m1n but below the toxic concentration C2max• 

tions for the special case considered here are as 
follows: 

For the initial time interval, 0 s t s T1-, 

and 
C1 (t) = (mi/V) exp[-kt] 

C2 (t) = (mi/V) kt exp[-kt] 
For the maintenance time intervals, 

T1 + nTm+ s t s T1 + (n + 1) Tm-, 
C1 (t) = [C1 (T1 + nTm-) + (mm/VJ 

and 
exp[-k (t-T1-nTm)] 

(7) 

(8) 

(9) 

C2(t) = C2(T1 + nTm) exp[-k(t-T1-nTm)] 
+ [C1(Ti + nTm-) + mm/VJ [k(t-T1-nTm)] 

exp[-k(t - Ti - nTm)]. (10) 
The results given above can be used to obtain 

the following relations among the parameters Ti, 

T1 1 
(11) 

Tm 1-exp[-kTm] 
' 

m1 exp [kT1] (12) 
mm exp[kTm]-1 

m i exp[kT1] (13) 
VC2mln kT1 

and C2mnx exp[kT1- l] (14) 
C2min kT1 
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It can be shown that, in general, the maximum 
concentration in the second tank during the 
initial time interval is equal the maximum con­
centration during the maintenance intervals. 

Eqs. (11) - (14) place four restrictions on 
the six parameters Ti, Tm, mi, mm, C2mln and C2max• 
At most,· two of these parameters can be specified 
at will. For example, if Tm and C2m1n are specified, 
then T1 is calculated using Eq. (11), m1 and mm 
are determined from Eqs. (13) and (12) in that 
order. C2max is given by Eq. (14). 

EXPERIMENTAL PROCEDURE 

AS SHOWN IN FIGURE 1, the experimental 
apparatus consists of two stirred tanks hold­

ing equal volumes and connected in series with 
a short piece of large diameter tubing. At the 
appropriate times the prescribed amounts of drug 
analog, sodium chloride, are poured rapidly into 
the first tank through the funnel. To achieve 
rapid, uniform mixing, the tube carrying the in­
flow stream for each tank ends in a region ad­
jacent to the magnetic stirrer. The entrance of 
the outflow tube is located as far away as possible 
from the magnetic stirer. The concentration in the 
second tank is measured continuously using a con­
ductivity meter. 

A convenient method for setting the pa­
rameters is outlined below. During the initial dose 
interval, the maximum concentration in the second 
tank C2max occurs at the time Tmax = 1/k (1). 
Using the value fork determined by this method, 
one can specify Tm to be 

Tm = 1/k (15) 

and from Eq. (11) obtain the result 

T1 = 1.5812 Tm . (16) 

Next C2m1n can be specified and Eq. (13) used to 
determine 

mdV = 3.07 4 C2mln 
From Eq. (12) 

m1 = 2.829 mm , 

(17) 

(18) 

Finally C2max during the maintenance and initial 
intervals is determined from Eq. (14) to be 

C2max = 1.131 Cmln (19) 

An experimentally measured trace C2 (t) is 
shown in Figure 2. For this experiment q = 
11.6 ml/sec and V = 310 ml not including the 
small volumes in the connecting tubing. The ex­
perimentally measured value of k = 1/Tmax = 
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0.0370 sec-1 is in close agreement with the pre­
dicted value k = V /q = 0.0374 sec-1 • Setting 
Tm = 1/k = 27 sec and C2min = 0.0379 moles/l, 
we obtain T1 = 43 sec, m1 = 0.0361 moles, mm = 
0.0128 moles and C2max = 0.0429 moles / l using 
Eqs. (15) - (19). These parameters were used 
to obtain the experimental results shown in Figure 
2 except mm was increased to 0.0138 moles. This 
adjustment in mm was necessary to obtain the 
nearly uniform minimum values for C2 (t} shown 
in Figure 2. The increase in mm and the fact that 

c2 max - - - - - - - - -

c2min- - -

M; 
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FIGURE 2. Graph of C2 vs. time. Arrows along the time 
axis indicate the intervals and relative amounts for the 
drug doses. The last peak represents the response when 
the dose m m is injected directly into the second tank. 

the measured C2 (t) values fall slightly below their 
predicted maximum and minimum values are 
probably caused by less-than-perfect mixing in 
the tanks and the unmixed volumes in the con­
decting tubing. Note that these effects also cause 
a 3-4 second lag time between the administration 
of the maintenance dose and the minimum in the 
C2 ( t) curve. The last peak in the C2 ( t) trace in 
Figure 2 represents the response of the system 
to a direct injection of mm into the second tank. 

Some precautions necessary to insure good 
results in this experiment are accurate measure­
ments of mi, mm, T1 and Tm and care in construct­
ing the hydrodynamic analog so that it will 
correspond as closely as possible to the idealized 
two-compartment model. • 
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