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MODELS FOR TURBULENT TRANSPORT PROCESSES* 

JAMES C. HILL 
Iowa State University 
Ames, Iowa 50011 

STATISTICAL THEORIES OF turbulence have 
developed quite rapidly over the last twenty or 

thirty years but are, unfortunately, so abstract, 
unwieldy, and unreliable that chemical engineers 
seldom make any use of them. When one needs to 
design a mixing nozzle for a pipeline reactor or to 
estimate the ground level concentration of hydro­
carbon emissions from a process unit, one is not 
inclined to read a discourse on the ergodic nature 
of d-dimensional turbulence. (For good reviews 
of statistical turbulence theory, intended for the 
semi-specialist, consult References 1-3.) Even the 
first of the modern statistical theories, the direct 
interaction approximation [4] or DIA, is so diffi­
cult and expensive to use that very few calcula­
tions have been made with it. Instead we use ideas 
only slightly more advanced than those proposed 
by St. Venant and Boussinesq over a century ago. 

Single point closures, on the other hand, show 
more promise and do not require orders of magni­
tude more computing power than do laminar fl.ow 
problems. Furthermore, they can be formulated to 
have some quantitative contact with the actual 
dynamical equations [5, 6]. Most of the advances in 
the technique of single point closures ( or single 
point models) are being made by mechanical and 
aerospace engineers ; very few ChEs seem to be 
involved in the activity. It is the purpose of this 
paper to introduce more of us (especially educa­
tors) to the subject and to suggest some areas of 
needed research. Many reviews of various aspects 
of the subject are available [7-15, for example], 
and so only a brief outline is presented here. For 
background any of the standard texts on turbu­
lence should be consulted [16-18]. 

*This paper, submitted after much prodding from the 
Editor, is based on the 10-minute talk, "Problems With 
Current Models of Turbulent Transport," which was pre­
sented at the New York AIChE Meeting (1977} as part of 
a panel discussion on research needs in turbulent transport 
and mixing. 
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TURBULENT TRANSPORT PROBLEMS 

A MODEL OF TURBULENT transport is sim­
ply a mathematical representation of the 

process, and there are many kinds available. Cer­
tain models are more appropriate than others, 
depending on the type of problem and the property 
being transported. For example, many dispersion 
(i.e., making diffuse) and mixing (i.e., making 
uniform) processes that occur in wall turbulence, 
free shear layers, and wakes appear to involve 
gradient transport, and so this feature should be 
preserved in those models. 

The information desired from the problem also 
affects choice-or perhaps availability-of a 
model. For example, if knowledge of rate and ex­
tent of transport is required, then mean single 
point information may suffice; but if spatial struc­
ture of the transported property is needed, at least 
two-point closures are needed. 

Other considerations that influence the avail-
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ability or appropriateness of certain kinds of 
models include the presence of interfaces (i.e., 
single phase or multiphase system ?) , complicated 
geometry, transient behavior, and whether or not 
chemical reactions, variable fluid properties, and 
non-Newtonian flow behavior can be treated. The 
dynamical models described below are limited to 
single phase flows. 

TYPES OF MODELS 

A N ARBITRARY CLASSIFICATION of the 
available types of turbulent transport models 

appears in Table 1. By far the most common 
models are the empirical type that involve experi­
mentally determined parameters such as j-factors, 
heat transfer coefficients, and the like. These mod­
els may incorporate sound physical ideas, such as 
the weak Reynolds number dependence of large 
eddy processes. 

Mechanistic models, the second category, mod­
ify the true physics by assuming that certain 
mathematically more tractable mechanisms domi­
nate the transport process. Examples include mix­
ing length models ( which may also be imbedded in 
dynamical models), surface renewal theory, 
coalescence-dispersion models, Reynolds and Mar­
tinelli analogies, etc. 

Dynamical models, the third category, are 
based to a considerable extent on the true dynam­
ical equations describing the process, e.g., the 
Navier-Stokes equations or the convective mass 
transport equation. There is danger that the ap­
proximations invoked to permit solution may dis­
tort the physics more than direct use of a mech­
anistic analog, but dynamical models have the 
promise of being formulated for very general ap­
plications. The models may be semi-empirical, i.e., 

TABLE 1 
Types of Models of Turbulent Transport 

1. Empirical Models ____________ Transport coefficients 

2. Mechanistic Analogs ___ __ "Exact" solution of plausible 
analog 

3. Dynamical Models ___ "Approximate" solution of 
averaged equations of change 

4. Other 

TABLE 2 
Desiderata for Turbulence Models 

(A Disjoint Set of Needs) 

1. Adequate representation of the physics 
2. Ability to solve realistic problems 
3. Ease of computation 

contain phenomenological coefficients, or may be 
more or less rigorously derived using some sta­
tistical hypotheses. 

Everything else is in the fourth category, in­
cluding integral methods that require parameter 
estimation (by the techniques of either of the first 
two categories) and also large eddy simulations in 
which the large scale flow structure is solved nu­
merically but with a 'sub-grid' model that accounts 
for the dynamics of the small scales [13]. 

The ideal model-if it were to exist-would 
satisfy the criteria listed in Table 2. Let us now 
briefly look at dynamical models to see how good 
they are in this regard. 

DYNAMICAL MODELS 

TABLE 3 DISPLAYS A sample of the available 
kinds of dynamical models, mostly for mo­

mentum transport, the preponderance of which 
are unsuited for practical application and are still 
subjects of research. The classifications should not 
be taken too seriously. The name 'single-point' 
refers to dynamical equations that apply to single 
spatial points, whereas 'two-point' theories involve 
correlations or spectra. The order of the model is 
the order of the equation in which the closure or 
modeling is made ; for example, second order 
closures involve dynamical equations that are sec­
ond order in the dynamical variables. 

1. Single Point Models 

To illustrate single point closures, consider the 
Reynolds equation obtained by averaging the 
Navier-Stokes equations: 

+ O (U1U3·) = - l OP + vv'2 U (1) 
c}Xj p c)X1 I 

(2) 

When one needs to design a mixing nozzle for a pipeline reactor or 
to estimate the ground level concentration of hydrocarbon emissions from a process 

unit, one is not inclined to read a discourse on the ergodic nature of d-dimension turbulence. 
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TABLE 3 
Dynamical Models of Turbulent Transport 

First Order 

Second Order 

Third and 
Higher Order 

where 

SINGLE-POINT 

Eddy-coefficient (uT,DT) 
Mixing length 

One and Two-Equation Transport 
Models [e.g., k- e models] 

Launder, Spalding, Kolmogorov, 
Lumley, Harlow, Saffman, 
Kovasznay, Wolfshtein, 
Jones & Launder, Harsha, etc.) 

Stress Equation Transport Models 

[e.g., k-e-uv] 
(Rotta, Donaldson, Harlow, 
Hanjalic & Launder, Wolfshtein 
et al., Launder-Reece-Rodi, etc.) 

Higher Order Transport Models 
[ue, etc.] (Chou, Davidov) 

D a - a 
U1 = U1 + U1 and -----i5t = ~ + U1 axi · 

Equation (1) may be closed at the first order with 
an eddy viscosity model, 

u1uj = -vT ( 0 u 1 + auj) + 
3
2 

kaij (3) 
c}Xj c}X1 

where k is the turbulent kinetic energy k = ½ U1U1 
and vT is the eddy viscosity, which may be repre­
sented as leddy veddr- Some forms for VT are 

~ 
l2 laU1/ ax2l (Prandtl 1925) ( 4a) 

VT= C1k112l 

C2k 2/ E 

(
Prandtl 1945 ) 
Kolmogorov 1942 ( 4b) 

The stress equation models, 
for example, correctly predict negative 
eddy viscosity effects, secondary flow in 
noncircular ducts, and are accurate 
for thin shear flows. 
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(4c) 

TWO-POINT 

Quasilinear 
(Deissler, Loeffler, etc.) 

Spectral Theory and Cascade 
Models 

(Kolmogorov, Heisenberg, 
Batchelor, Corrsin, Leith, 
etc.) [including Corrsin 
isotropic mixer] 

Statistical Theory 
(Kraichnan [DIA, LHDI, 
TFM], Orszag, Herring, 
etc.) 

Higher Order Statistical 
Theory [including distribution 
functions] 

THREE-POINT 
AND MORE 

none 

3-point 
Green's 
Functions 
(Weinstock) 

Higher Order 
Statistical Theory 
[including functionals 
(Hopf, etc.)] 

where the turbulent dissipation rate, E = v (0 u1/ 
axJ) 2

, may be evaluated as E = c3k 312/ l, and where 
l is a prescribed turbulent length scale. This first 
order model, Eq. (1)-(3), is inadequate for com­
plex flows. 

Second order transport models introduce aux­
iliary dynamical equations for such quantities as 
k, l, and U1Ui. The prescription for one- and two­
equation models is to a) express VT by Eq. (4b) or 
(4c), b) develop a transport equation for k or E 

based on the Navier-Stokes equations, and c) pre­
scribe l or develop a transport equation for kmzn. 
The best known example of the two equation model 
is that of Jones and Launder [19], 

( 
VT ) - -Dk/Dt = V· a=;:- Vk -U;UjaUJ axi -€ (5) 

- - € 2 
U;UiaUJ axj -C5 - k- (6) 

in which the <T's (turbulent "Prandtl" numbers) 
and the e's must be obtained from experiment, and 

CHEMICAL ENGINEERING EDUCATION 



- - - - -------- - ---

The name 'single-point' 
refers to dynamical equations that 

apply to single spatial points, whereas 'two point' 
theories involve correlations or spectra. 

( 4c) is used for vT, 

Stress-equation models, such as the Launder­
Reece-Rodi or LRR model [20], were introduced by 
Rotta in 1951 and are now considered superior to 
the two-equation models. (See also the recent 
promising work of Jeandel et al [21].) Instead of 
(33, a dynamical transport equation for u1ui is 
formulated using the Navier-Stokes equations, to 
obtain (symbolically) 

D-
Dt U1Uj = pij + D1i + </>ti (7) 

DE - - - stress generation + diffusional transport 
Dt plus dissipation plus pressure-strain redis-

tribution. 

In (7) the stress generation term Pu (from mean 
gradients and body force) is treated exactly, "dif­
fusional" transport Du (the divergence of triple 
products) is modeled by gradient diffusion, the 
dissipation term assumes isotropy of the small 
scales, and the pressure-strain redistribution term 
(which involves unmeasurable pressure-velocity 
correlations) is nothing but trouble. cf>u varies 
from one modeler to the next ; usually a form is 
used based on almost-isotropic turbulence, even 
for thin shear layers. In flows where stress genera­
tion and dissipation are not in good local balance, 
'Pti causes problems. So does the present form of 
Eq. (6). 

0 2 
r/x 

FIGURE 1. Sketch of typical predicted (solid lines) and 
measured (circles) mean concentration and 
concentration fluctuation intensity profiles 
for a round jet (after Spalding [10]). The 
subscript m denotes center-line value, r and 
x are radial and axial coordinates. 
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Similar developments have been made for 
scalar fields, i.e., heat and mass transfer [12]. The 
appropriate 'scalar flux' equations needed are 

DC a- --
Dt + axi (u1c) = n,pc + R (8) 

gt u1c = somewhat similar to (7). (9) 

As in (7), the pressure-concentration gradient 
correlation causes difficulty. Scalar transport mod-
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FIGURE 2. Sketch of axial (left) and circumferential 
(right) velocity profiles predicted by Reyn­
olds stress closures [23] for swirling jet in 
stagnant surroundings at x/D = 6. The· 
circles represent experimental data, the 
dashed lines are for the standard form of 
pressure-strain correlation cf, (LRR model), 

IJ 
and solid lines have circumferential com• 
ponents of cp reduced by 60%. 

IJ 

els have recently been generalized to higher order 
by Deardorff [22]. 

The single point models-especially the stress 
equation and concentration flux models-have had 
many successes. The stress equation models, for 
example, correctly predict negative eddy viscosity 
effects, secondary flow in noncircular ducts, and 
are accurate for thin shear layers. An illustration 
of successful application of a second order closure 
to the concentration distribution in a jet is shown 
in Fig. 1. On the other hand, weak shear (far 
wake), rapid decay (round jet), swirl flows, 
buoyancy effects, and recirculation lengths are 
poorly treated if one insists that the empirical con­
stants (the e's and a-'s) be universal, i.e., be evalu­
ated with other types of flows. In the swirl jet, for 
example, spreading rate and even the sign of the 
Reynolds stress are in error, leading to the poor 
agreement shown in Fig. 2. Computational re­
quirements for all of these models are quite mod­
est, in comparison with multipoint statistical 
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FIGURE 3. Wind tunnel with heated grid used by Wis­
kind [24] to generate a nearly homogeneous 
turbulent flow with uniform mean tempera­
ture gradient. 

theories, the main concern being core-limitation 
for 3-D calculations. 

2. Two-Point Models 

Two-point models, especially those based on 
statistical theories, are relatively undeveloped for 
engineering problems. The present author, for 
example, has applied the direct interaction ap­
proximation to heat transfer in a grid flow (Fig. 
3) ; the results for variation of eddy diffusivity EH 

( l) 

0 (2) 

I 
10 

ralbj .. 

l.0~-~----'-----'----'-----'------' 
10- 3 

FIGURE 4. 
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Pr 

Estimates of Prandtl number dependence of 
thermal eddy diffusivity EH based on un­
published direct interaction approximation 
(DIA) calculations by the author. Curve (1) 

assumes a Gaussian shape of the longi­
tudinal two-point two-time velocity correla• 
tion function; curve (2) assumes exponential 
shape. The dashed lines are theoretical 
low-Pr asymptotes and the one data point 
(air) was taken by Wiskind. 

with Prandtl number (Fig. 4) for this simple 
problem would cost tens of $1000 today in com­
puter time alone (the programming itself is quite 
formidable), so it is not surprising that statistical 
theory is not used much. 

WHAT IS NEEDED 

THE SINGLE POINT transport models de-
scribed above satisfy the criteria in Table 2 

better than most other models for single phase 
flows. Some areas of research that would improve 
their usefulness are listed in Table 4. Some areas 
are virtually untouched because ChEs have not yet 
been involved much. 

Modeling the essentially unmeasurable pres­
sure correlations for cp1i in Eq. (7) is a major prob­
lem, but large eddy simulations may be helpful to 
examine . the term. Chemical reactions have been 
largely neglected [11] ; current closures for non­
linear chemistry are inadequate, especially for 

TABLE 4 
Suggested Research Areas 

Pressure correlations 
Chemical reactions 
Two-point models 
Eddy structure 
Error propagation 

Time-dependent problems 
Multiphase flow 
Non-Newtonian fluids 
Variable-property effects 
Complicated, realistic flows 

complex reactions, and the newer models have not 
been tested against liquid phase (high Schmidt 
number) experiments. Two-point models, neces­
sary for description of spatial structure, are too 
complicated for shear flows; furthermore, many 
basic problems in spectral theory are still unre­
solved, including diffusive subranges, small scale 
dynamics, etc. New ideas about eddy structure, 
especially near the wall and in free shear layers, 
have not been incorporated in the transport mod­
els. The problem of error propagation and sensitiv­
ity to boundary and initial conditions has not been 
addressed. Time-dependent problems should be ex­
amined, as there appear to be problems with re­
laxation effects [23]. Application of the models to 
very complicated, realistic flows is sparse. More 
fundamental theory is needed for multiphase flows, 
non-Newtonian fluids, and variable property ef­
fects. 

Although the above list is long, it is formulated 
in response to the fine successes that single 
point models have had. If we can manage to get 
these models to work accurately and reliably for 
us, perhaps we will have more time to read about 
d-dimensional turbulence. • 
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[eJ b a book reviews 
THE INTERPRETATION AND USE OF RATE 
DATA: THE RATE CONCEPT 

By Stuart W. Churchill 
McGraw-Hill, New York, 1974. 
Reviewed by Robert L. Kabel, 
Pennsylvania State University 

"The Interpretation and Use of Rate Data" 
does not fit in well with conventional chemical 
engineering curricula. However, the book is so 
unique and important that a way must be found 
to convey its message to students and practicing 
engineers. By the way, is the distinction between 
a rate of change and a process rate fuzzy in your 
mind? 

Churchill has treated the rate processes in­
volved in heat transfer, momentum transfer, com­
ponent (mass) transfer, bulk transfer, and chemi­
cal reactions according to a rather general "Rate 
Concept." In all of these areas the treatment is at 
the level of sophomore and junior chemical engi­
neering courses. Attention is focused on principles 
and procedures rather than on process complica­
tions by considering primarily one-dimensional 
processes which can be described in terms of alge­
braic or separable differential equations. About 
one-third of the book is devoted to chemical re­
actions, but all topics are intermingled in such a 
way that the generalizations and methods are 
emphasized instead of the specific applications. 
This reviewer used all of the material on chemical 
reactions in a review portion of an advanced 
kinetics course and he read the remaining material 
concurrently. 

Following the introductory material, the early 
emphasis is on real data and data handling. There 
is then a shift to data correlation and finally to 
process analysis. This order of presentation is the 
reverse of that almost always encountered by 

Continued on page 44 

39 


