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PROBLEM 

Show that upon incorporating an irreversible 
step into an otherwise reversible Carnot cyclic 
process there results a diminution of thermody­
namic efficiency and a simultaneous augmentation 
of the entropy of the universe. Exact expressions 
are to be developed for the thermodynamic 
efficiency and the entropy change of the universe 
for such a cyclic process. 

SOLUTION 

The conventional Carnot cycle consists of four re­
versible steps [1]. These are: adiabatic compression (I), iso­
thermal expansion (II), adiabatic expansion (III), and iso­
thermal compression (IV). We shall consider a modified 
cyclic process in which an irreversible step II' is interposed 
between steps II and III. The details of the modified cyclic 
process are shown on a P-v diagram in Figure 1. In­
tuitively we may anticipate the efficiency of the heat 
engine operating on the modified cycle to be less than 
that of an engine operating on the strict Carnot cycle. 
Furthermore, there may be an increase in the entropy of 
the universe each time the working substance is taken 
through the modified cycle. For simplicity, we may choose 
ideal gas as· the working substance. The additional step 
introduced here is an adiabatic free expansion process; 
this step is clearly an irreversible step [2]. The practical 
details of how one might carry out Step II', in the context 
of the modified cycle, are elaborated in Figure 2. As shown 
in Figure 2A, at the completion of Step II all the gas is 
on the right side of the thin diaphragm which separates 
the gas from an evacuated chamber on the left side. After 
the cylinder and piston arrangement is thoroughly insu­
lated, let us suppose that at an opportune moment the 
diaphragm is ruptured whereupon the gas rushes into the 
evacuated chamber. At the conclusion of Step II', then, the 
gas would occupy the entire space in the cylinder, as 
shown in Figure 2B. During the adiabatic free expansion, 
an ideal gas should e,xperience no change whatsoever in 
its temperature [2]. Thus, at the completion of Step II' the 
thermodynamic state of the system is defined as P 8', va' 
and T 2• The remainder of the modified cycle consists of 
two reversible adiabatics (I and II') and two reversible 
isothermals (II and IV). The amount of heat absorbed, 
the change in the entropy of the system and the work 
done in each of these steps can be determined easily. 
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Step I: 
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Heat absorbed, Q1 = O; 
Entropy change, .;lS1 = 0; 
Work done, W1 = -,:lU1 = Cv(T1-T2 ) 
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FIGURE l: MODIFIED CYCLIC PROCESS WITH 

ONE IRREVERSIBLE STEP (I] ' ) . 
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F IGURE 2A. AT THE B EGINNING OF IRREVE RSlBLE 

FREE EXPANSION (IJ'STEP). 
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FIGURE 28: ATTHE CONC LUSION OF IRRE VE RS IBLE 

FREE EXPANSION (II ' STEP ) 

Step II: 
Heat absorbed, Q11 = RT2 /n (v3/v2) = Q2 
Entropy change, ASn = R /n (v3/v2) 
Work done, Wu = Q11 = RT2 Zn (v3 /v2) 

Step II': (1) 
Heat absorbed, QII' = O; Work done, Wu,= 0 
The entropy change can be calculated by assuming 
a reversible isothermal process between thermo­
dynamic states 3 and 3' • ASu, R ln (v 3' /v 3) 

Step III': 
Heat absorbed. Qm, = 0; 
Entropy change, AS1u, = O; 
Work done, Wm, = - Au III' = Cv(T2-Tl) 

Step IV: (2) 
Heat absorbed, QIV = RT1 ln v1/v4' = Qi' 
Entropy change, ASIV = ln v1/v/; 
Work done, W1v = Q1v = RT1 ln v1/v4' 

For the entire cyclic process: 
W = lW1 = Q2 + Q1, = RT2 ln(v3/v2) + RT1 ln(v1/v4,) 

(3) 
and 

AScyc le = R ln (v3 / v2) + R ln (v1/v4,) + R ln (v3,/V3 ) 

(4) 
By considering the two reversible adiabatic steps, viz., I 
and III', we can show that 

~~=~~ 00 
Upon substituting equation (5) into equation (4) we shall 
obtain: 

AScyc le = R Zn 1 = 0 (6) 
By combining equations (3) and (5) we find: 

W = [R Zn(v3/ v2 )] [T2 - T1] - RT1 ln (vs'/v3 ) (7) 
The efficiency of the modified cycle is given by: 

1J' = l-~ _ RT1 ln (va'/v3 ) (S) 
T 2 RT2 Zn (v3/ v2) 

Since vs' is greater than either v3 or v2 , the third term on 
the right side is a negative quantity. Hence it follows 
that 1J' is less than Carnot efficiency 7/• The ,atter is de­
fined as follows: 

T l 
7/ = 1-- (9) 

T:2 
The diminution in the efficiency of the modified cycle is 
directly inked to the presence of the irreversible step II', 
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The greater the departure of v3, from v3 the larger the 
decrease in the efficiency. 

In order to determine the entropy change of the uni­
verse, due to the modified cyclic process, we need to cal­
culate the entropy changes of the surroundings. The hot 
reservoir "lost" an amount of thermal energy equal to 
- Q., . The cold reservoir "gained" an amount of heat which 
is ~qual to -Q/. 
Entropy change of hot reservoir = - Q2, T2 = R Zn (v3/v2) 

(10) 
Entropy change of cold reservoir = - Q1, = - R ln (v1/v4,) 

(11) 
Summation yields: 

Assurroundlogs = - R In (v3/V2) - R ln (v1/ V4') (12) 
Upon combining equation (12) with equation (5), we shall 
find that: 

ASsurroundings = Rln (va'/vs) (13) 
Since v 3' > v 3, this quantity is positive. The entropy change 
of the universe is given by: 

ASuniverse = 0 + R In (v a' /vs> (14) 

CONCLUSIONS 

In conclusion it may be said that the presence of an 
irreversible step in an otherwise reversible cyclic process 
will cause a diminution of the efficiency of a heat engine 
operating on that cycle; furthermore, there will be an 
augmentation of the entropy of the universe each time the 
cycle has been completed. 

Thus, unlike the strict Carnot cycle, the modified cycle 
causes an increase in the entropy of the universe. 
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[j;j:I conferences 
The Second International Symposium on Innovative 

Numerical Analysis in Applied Engineering Science will 
be held at the Ecole Polytechnique in Montreal, Canada, 
from June 16-20, 1980. Over 100 papers, covering a range 
of disciplines from solid mechanics (elasticity, fracture, 
visco-elasticity, elasto-plasticity) and structure to fluid 
mechanics (aerodynamics, free surface flow, acoustics) 
and fluid-structure interaction to diffusion, electromagnetic 
and biological problems, have been accepted. An equally 
wide range of numerical techniques (finite differences, 
finite elements, boundary integral equations, etc.) will 
be represented, with all papers published in proceedings 
to be available at the meeting. Keynote addresses are 
scheduled to be presented by 0. Zienkiewicz of the U.K., 
J. Hess, G. Fix of the U.S.A., J. Nedelec of France and 
M. Fortin of Canada. Further information may be ob­
tained from A.A. Lakis, Mechanical Engineering Dept., 
Ecole Polytechnique de Montreal, C.P. 6079, Station A., 
Montreal, Quebec, Canada H3C 3A7. 
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