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INFINITE POSSIBILITIES FOR THE FINITE ELEMENT*

BRUCE A. FINLAYSON
University of Washington
Seattle, WA 98195

FINITE ELEMENT METHODS are being used in-
creasingly for engineering studies of struc-
tures, heat transfer, fluid flows, design of dams
and flow of water in aquifers. Because of this
widespread use the well-educated engineer should
have some experience applying the finite element
method.
"~ Finite elements are most effective for solving
two-dimensional problems on irregular domains,
but their use is sometimes warranted in one-
dimensional problems. Chemical engineers have
used finite element methods in 1-D, without calling
it a finite element method. Sometimes finite ele-
ments are not needed, and an analyst should know
when to use finite elements and when not. This

Bruce Finlayson has extensive experience modelling chemical
engineering systems. He is well known for developing the orthogonal
collocation method as an efficient computational tool for modelling
chemical reactors with both radial and axial dispersion and monolith,
wall catalyzed reactors. More recently he is known for work in finite
element methods solving heat transfer and flow problems, particularly
viscoelastic polymeric fluids and flow in porous media. He is the
author of two books: The Method of Weighted Residuals and Varia-
tional Principles, Academic Press, 1972, and Non-lLinear Analysis in
Chemical Engineering, McGraw-Hill, 1980.

*This paper was presented at the ASEE meeting in
Baton Rouge, LA, on June 24, 1979.
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FIGURE 1. Flow Past a Flat Plate.

distinction is less important for the practicing
engineer who may use an available program.

ONE-DIMENSIONAL PROBLEMS

ROBABLY THE OLDEST USE of finite element

methods is for flow past a flat plate (see
Figure 1). In the integral method (1, p. 142) we
divide the region of space into two elements: a
small element near the plate and a larger element
away from the plate. We represent the velocity in
these two regions by two functions:

outer element: u = U,
inner element: u = U, ¢ (1),
7=y | 0(X)

The boundary layer thickness is §(x). It is this
division of the region into two, with expansions of
velocity in each region, that makes this a finite
element method. We must still determine ¢ (%)
and 8 (x).

These expansions are substituted into the
boundary-layer equations (see 1, p.142; 2, §4.2 for
the details) and the result is called a residual. We
would like the residual to be zero since then the
differential equation is satisfied. That may not be
possible, particularly if the expansions for ¢ (n)
or 8(x) are simple. In the integral method we
integrate the differential equation over the
domain—in this case over the inner element—and
set the result to zero, thereby making the
differential equation zero “on the average.” The
result is an equation for the boundary layer
thickness.
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(B-A) s—gxs— =y (1)

The numbers A, B, and C can be calculated once
¢(n) is known, and Eq. (1) is easily solved.
The expansion for ¢(n) is made as simple as
possible: a polynomial. There are certain condi-
tions it must satisfy: The velocity should be zero
at y = 0 (on the wall) or at n = 0: ¢(0) = 0.
The velocity should match at the node between
the inner and outer element, which occurs at y =
8(x) or p = 1: ¢(1) = 1. Likewise it is con-
venient to have the slopes match at n = 1: ¢'(1)
= 0. Applying these conditions to a quadratic
function, ¢ = a + by + cn? gives the expansion

for ¢ (7).

¢ = 2n -7
Ref. (1) uses
D e
o o an (2)

which is derived by using a cubic polynomial and
adding the condition ¢” (0) = 0, which is obtained
by making the differential equation be satisfied at
the point » = 0 on the wall. Eq. (2) gives a
slightly better result. With this function we have
a representation for the velocity field in the whole
domain. By satisfying the equation ‘“on the aver-
age” we are using the integral method, and by
representing the velocity by piecewise polynomials
in different regions we are using finite elements.
The finite elements are necessary because of the
sharp changes of velocity near the wall.

For the next example we turn to diffusion and
reaction in a spherical catalyst pellet. Consider the
reaction of carbon monoxide with oxygen in an
alumina catalyst coated with small amounts of
platinum. The rate of reaction has been measured
to be

ke*
(1 + K,c*)?2
where k and K, depend on temperature (see 3,
p. 461) . The equations to be solved are

Rate =

1 d o R KT
r? dr dr D, (1+ ac)?
de : 2
- = = Biy (c-1) atr=1

where we have written the non-dimensional r =
r' /| R, with 1’ the dimensional radial position in
the catalyst and R the radius. ¢ = ¢* |/ c,, where
¢, is the external concentration of CO, taken here
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Finite elements are most

effective for solving two-dimensional
problems on irregular domains, but their
use is sometimes warranted in
one-dimensional problems.
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as 4%, and a = K¢, = 5 at 58°C. For purposes
of illustration we solve this for Bi, = 20 and a
variety of R%k(T) / D, = ¢?, the Thiele modulus
squared. A quantity of interest is the average rate
of reaction, compared to the rate of reaction if
there were no diffusion limitation. The effective-
ness factor is

1 / 1
7N = fRate (c(r))r dr// f Rate (¢ = 1)r2dr

Now we know the concentration profile depends
strongly on ¢2, which is the ratio of diffusion
time to reaction time. If the diffusion time is very
small (i.e. diffusion is very rapid) then the con-
centration profile is as indicated in Figure 2a.
Under these conditions the concentration can be
easily represented by a polynomial in r, and finite
elements are not indicated. By contrast, if ¢? is
large then the reactants are rapidly depleted in
the pellet, and concentration profiles such as Fig.
(2b) are possible. Then finite elements are indi-
cated—express the solution as one function in the
inner core and another in the outer boundary
layer.

For low ¢ we can use the orthogonal collocation
method to solve the problem. The concentration is
expanded in a quadratic polynomial.

c(r) =c, +a(l-r?

Higher order polynomials are possible but are not
needed except for high accuracy. We find it more
convenient to solve in terms of ¢, = ¢(1) and ¢, =
c(r,), where r; is the collocation point = 0.65465.
The orthogonal collocation equations are given
here (for details see 2, §5.3 and 4).
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FIGURE 2. Concentration in Catalyst Pellet.
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Bl1cl + Blzcz = Rzk (Tl)cl / De(l + acl)(zs)

-(Aqzc, + Ajsc,) =Bip(c.—-1) (4)
n =3(w,R(c,) + w.R(c;)) /R(c=1)
B, =-B;; = -10.5, A,, = -A,; = -3.56
w,; = 0.2333, w. = 0.1, r, = 0.66465
T, =1+ 88 + B(1-8)c.— e, (5)
8 = Bi, / Bi = k; k, /| (h,D,)
B = (-AHg) D, /KT,
.The equation for T, is exact. (4, pp. 96-97). Here
we solve for B = 0 (isothermal case) and Bi, =
20. This solution is not valid for any ¢?2, but it is

a good approximation provided c(r = 0) > 0
(see Figure 2a). Since

cl = CZ + a(l—rl"’)

Ci—Cg

a =—————
1—1‘12

the approximation is valid for
c;+a>0
or ¢, —r,%c, > 0.

The 1 — ¢ curve is shown in Figure 3 and is in-
distinguishable from the exact solution when
¢ < 10. This curve is easily calculated, without
iteration, simply by choosing a ¢, finding ¢, from
Eq. (4), T, from (5) (if non-isothermal), and
R%k(T,) / ¢, from (8), with « evaluated at T..

For large ¢ we must use the Paterson-
Cresswell (5) approach using finite elements. In
the inner element of Figure 2b we take ¢ = 0 and
we let the inner element have length b < 1. In the
outer element we use the trial function

Gk T T U TG U T T 1\ T e i I
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FIGURE 3. Effectiveness Factor — Thiele Modulus for
Carbon Monoxide Reaction, Bi, = 20,

o = 5. ——exact, — — — approximate.
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The advantage of the finite

element method is that the elements
can easily be deformed, small elements
can be used in important regions, and
irregular domains are easily handled.
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(c) BOUNDARY CONDITIONS

FIGURE 4. Heat Transfer Problem.

c = u’c,,
u= (r-b) / (1-b)
which satisfies ¢ = 0 and dc/du = 0 at the node

between elements. The collocation equations are
now (see 4), for planar geometry,

(T—lT)z_ (B¢ + Basc, + Bascs)
= R%k(T.)c: / (Do (1 + ac.)?) (6)

- (Ants + A, + Ancy)
= Bin (c;-1). (7

Nowe, = c(u =0),c, = c(u = 1/2), at the mid-
point of the outer element, and ¢c; = c(u = 1)
=c(r=1). Wehaveec, = 0 and ¢, = ¢; / 4, so we
can solve (7) for cs.

_ __(1-b) Bi,

G = o (=) Bl (#)
For various b from 0 to 1 it is easy to see the
influence of external diffusion resistance. When
¢; = 1 there is no concentration drop across the
boundary layer surrounding the pellet, and this
condition depends on (1 — b)Bi,. For large Biy,
we have ¢; = 1. These equations are solved with-
out iteration by choosing b, finding c; by (8),
¢, = c; / 4, and then using (6) to get ¢,2 =
R%k(T.) / D,. Choosing b = 0 gives the dividing
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FIGURE 5. Mesh for Heat Transfer Problem.

line between the orthogonal collocation solution
and the finite element solution. Here we have
solved the finite element solution for planar
geometry (it is easier than spherical geometry),
and we use

"t
to get the results for spherical geometry. The
m — ¢ curve is shown in Figure 3. Over the whole
range of ¢ we get a reasonable solution ; compared
to much more difficult numerical solutions.
Certainly the solution exhibits all the important
phenomena, usually within experimental accuracy.
This example clearly shows the importance of
using finite elements when the solution is sharply
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FIGURE 6. Element Deformation.

changing, Figure 2b, whereas non-finite element
methods are suitable for smooth solutions; Figure
2a.

TWO-DIMENSIONAL PROBLEMS

MORE IMPORTANT USE of finite element methods
is for two-dimensional problems. Consider
heat transfer in the region shown in Figure 4.
The boundaries are maintained at temperature =
100 and the interior is cooled with a heat transfer
coefficient h = 8, T, = 0. We wish ‘to solve kV2T
=Q in strut, T = 100 on top and bottom boundary,
—knVT = h(T - T,) on side boundaries. Space
does not permit a complete discussion of all
aspects of the finite element method but the high-
lights can be given.
We first discretize the space, as shown in
Figure 5. We can divide the region into triangles,

+4

FIGURE 7. Trial Function, Linear on Triangle.

rectangles or quadrilaterals. Because of the way
finite element programs are written it is very easy
to use deformed elements, as shown in Figure 6.
The actual calculations are made on the square
element, with appropriate account taken of the
transformation properties. Within each element
we expand the unknown function in a polynomial
—either linear or quadratic, usually (see Figure
7). Having decided on the trial function (here
linear functions on triangles) we number the
nodes and elements (see Figure 5). Now in two
adjacent elements the equations are similar when
written in terms of the local coordinates (see
Figure 8). The appropriate equations must be
assembled properly. The equations are solved with

Since finite methods are being used increasingly by ihdusfry

for design of structures, heat transfer, fluid flow, design of nuclear reactors,
etc., it is important that the modern student be exposed to them. It is not necessary that
the engineer be familiar with the details . . . but (he) should know the general idea.
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an LU-decomposition or a Gaussian elimination
(6). These techniques are beyond the scope of
this article.

The user then specifies the thermal conductivity
and heat generation rate in each element. Here we
have

ka o 1) Qe = O-
Finally the boundary conditions are specified as

T; = 100

nodesi = 7, 14, 17, 20, 23

hi . 39 Toi =0

nodesi = 8,9, 10, 11, 12, 15, 18, 21, 22, 23.
For a boundary node at which temperatures are
not specified by the user the boundary condition
is automatically the natural boundary condition

ol [on=10

nodesi=1,2,3,4,5,6,7,8
with n the outward pointing normal.

This problem is solved using the program in

Huebner’s book (7). The solution is shown in

121 122
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(b) LOCAL NUMBERING SYSTEM
FIGURE 8. Finite Element Numbering System.

Figure 9. Naturally more elements are needed
for good accuracy, but the essential elements are
clear in Figure 9.

The advantage of the finite element method is
that the elements can easily be deformed, small
elements can be used in important regions, and
irregular domains are easily handled. The reason
for these features is that the computer programs
are written on an element-by-element basis, since
each element is similar. The user, then, has
complete freedom in how the elements are to be
arranged. :
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FIGURE 9. Solution to Heat Transfer Problem. Contours
are for each 10 degree increment.

COMPARISON TO FINITE DIFFERENCE

HERE ARE BOTH SIMILARITIES and differences
between finite element and finite difference
methods. For the heat conduction problem

o’T , o°T
ox? oYy?
a finite difference grid is shown in Figure 10a.
The finite difference method uses the following

equation representing the differential equation at
node 5.

va |5 = (Te + T4 + Tz + Tg—4T5) /hzo

=0

The same equation results from application of the
finite element methods, provided linear trial
functions are used on the triangles shown in
Figure 10b. (Other types of terms in an equation
may be different, however). If we use quadratic

>
7
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(a) FINITE DIFFERENCE

(c)FINITE ELEMENT,
QUADRATIC

(b)FINITE ELEMENT,
LINEAR

FIGURE 10. Comparison of Finite Difference and Finite
Element Methods.
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polynomials in the finite element method, then we
have more nodes and the equation at node 5 in-
volves terms at each node represented by ° in
Figure 10c. Because the equations are derived in
different ways the finite element method is, how-
ever, easy to apply with the irregular geometries
shown in earlier figures. In addition, certain types
of boundary conditions are easily handled in finite
element methods, particularly boundary conditions
involving derivatives and/or free surfaces, whose
location is to be determined.

SUMMARY

SINCE FINITE ELEMENT methods are being used

increasingly by industry for design of struec-
tures, heat transfer, fluid flow, design of nuclear
reactors, ete., it is important that modern students
be exposed to them. It is not necessary that the
engineer be familiar with the details of the method,
but the engineer should know the general idea and
be able to apply the method. The author has found
students are quick to learn how to use finite ele-
ment programs, and once experienced will always
know what someone means when they say Finite
Element Methods.

FURTHER INFORMATION

OMPARISONS OF finite element, collocation, and

finite difference methods are given in Ref. (8).
One-dimensional cases are emphasized since that
allows the easiest description of the methods and
details of applications. Two-dimensional problems
are treated there as well as books by Huebner (7)
and Chung (9). Huebner’s book contains a simple
finite element program for heat transfer problems.
More elaborate programs are available (10). Ap-
plications to engineering design are widespread,
and one concentrated source is the International
Journal of Numerical Methods in Engineering.
Probably there are published accounts of research
applications of the finite element method in the
journals related to your area of interest. O
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ChE

FOREIGN STUDY PROGRAM

Dear Sir:

We read with interest about the successful Study-
Travel Program at Virginia Tech (Summer 1980 issue).

I would like to briefly mention two intensive foreign
study programs which are open to selected Chemical
Engineering undergraduates at Case Western Reserve.
They may also serve as examples for other Departments
who wish to initiate such programs.

Each year since 1978, three of our undergraduates
have spent their junior year at the University of Edin-
burgh. There they are regular full time students in the
third year Chemical Engineering program. The students
normally live in university student housing and can par-
ticipate in the usual range of student activities. Full
academic transfer credit for a years work is granted upon
successful completion of the third year course at Edin-
burgh. This arrangement has been extremely successful,
primarily due to the excellent and continued cooperation
of the Edinburgh faculty. The experiences of the students
have been uniformly good and there have been minimal
academic re-entry problems after returning to Case for
their senior year.

We also participate, with Towa State University and
Georgia Tech, in a summer laboratory course at Uni-
versity College London. This very well run program
lasts for approximately one month and, in addition to the
intensive laboratory course, includes a one week bus tour
of wvarious British chemical industries. Credit for our
Unit Operations Lab is given upon completion of the
course. Part of the reason for the success of the pro-
gram is the dedicated work of the faculty representatives
from Iowa State and Georgia Tech that accompany the
students.

Overseas study has been an area in which we in engi-
neering education have lagged behind our colleagues in
the liberal arts. Part of the reason has been the necessity
of meshing requirements from two highly structured
curricula. Despite these difficulties, the remarkable benefits
to the students involved make the effort worthwhile. More
programs of this type should surely be offered.

Sincerely yours,
John C. Angus
Case Western Reserve University
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