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O NE OF THE MOST IMPORTANT changes in chemi-
cal engineering over the last several years has
been the rapid increase in the availability of a
rather vaguely defined resource which I will call
“computing power.” In fact, mathematical
modeling has reached a level of sophistication and
reliability sufficient to allow it to replace some
or all of the ‘“pilot plant” part of designing a
process. Further, the rate of increase of comput-
ing power availability shows no sign of decreas-
ing. This all serves to emphasize the importance
of the teaching of effective use of computers in
chemical engineering education.

Though few would disagree with these state-
ments, there is an important difficulty which I
have observed in myself and others. Most of our
faculty learned computing in the days of cards,
batch submission of programs, and expensive com-
puter time. Now, students have access to fully in-
teractive terminals, and computer time is
virtually free, compared to an engineer’s time.
This requires a completely different attitude
toward computer use, especially in regard to the
efficiency of programs and algorithms, than most
of us are accustomed to. “Quick and dirty” solu-
tions to problems may be perfectly acceptable;
sloppy thinking never is. It is sometimes difficult
for the students to grasp the distinction, so I
return to this idea several times during the se-
mester in connection with various other topics.

This article describes a 3-hour, one semester
graduate course called “ChE Analysis.” It is a re-
quired course, generally taken during the first
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semester in residence, along with courses in ad-
vanced thermodynamics and unit operations. The
prerequisites are the usual undergraduate courses
in ChE, and the ability to program a computer.
Our students invariably use FORTRAN or a
structured version of FORTRAN (e.g., WATFIV-
S), though other languages could be used.

The purpose of the course is to provide a
“toolkit” of numerical methods and modeling
techniques sufficient to handle most of the
problems that are likely to occur in further
courses, or in engineering practice. Since most of
our students are M.S. candidates, the course is
strongly “applied” in nature. The emphasis is on
simple methods which usually work and which re-
quire no detailed knowledge in their application,
so that the student will be able to apply them even
after disuse has left them a bit rusty. This is
different from the usual graduate ‘“Analysis”
course in that the emphasis is on applications
rather than on advanced mathematics.

This course was first taught in 1975 at VPI
in Blacksburg, VA, as a special one quarter
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remedial FORTRAN course for a class of in-
coming graduate students. Since they were able
to learn the actual programming fairly quickly, I
spent most of the quarter on numerical methods
and modeling. The course filled an obvious need,
and was offered the next year without the
FORTRAN. In 1977, it was brought to UMO,
expanded to a semester, and made a required
graduate course. The content has been remarkably
stable over the years, though there has been a
gradual drift of the material from the first part
of the course into the undergraduate level. I
expect this to continue, which will allow the
introduction of more new mathematical material,
such a matrix theory, at the graduate level.

COURSE FORMAT

HIS IS A ONE SEMESTER, three credit hour

graduate course. The grading is based entirely
upon a series of problem sets of increasing
difficulty. There are no examinations. All of the
problems involve computer use, and the results
are submitted in the form of informal reports. The
students are explicitly permitted to discuss the
problems among themselves, but are told to do
their own actual work. Though there is a potential
for abuse, we have had no real difficulties with this
policy.

The only real problems that I have ever had in
teaching the course resulted from a leniency in
enforcing due-dates for problems. The less fore-
sighted students suddenly found themselves at the
end of the semester with several (long) problems
to work, just at the time when access to the com-
puter is the most difficult to get. This resulted in
a very stressful couple of weeks for all concerned.
Since then I have been quite adamant about dead-
lines, with stiff penalties for lateness.

COURSE DESCRIPTION

T HE MATERIAL BREAKS INTO three roughly equal
(five week) segments. The first covers basic
numerical techniques, the second applies these to
modeling problems, and the last picks up topics
which I think are important, but which are less
likely to be immediately useful to a M.S. engineer.
Since each class progresses at a somewhat
different speed, it is usually necessary to choose
some subset of the matrix operations to fill out the
semester.

The text is Carnahan, Luther, and Wilkes
(CLW) [1]. Most students also have Luyben [2]
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from undergraduate process control, and Franks
[3] is recommended as a reference. I also refer to
journal articles when appropriate, especially for
problems.

The following is an outline of the course, with
some comments. Most of the numerical methods
material comes directly from CLW, so I will not
comment on the methods themselves. Instead, I will
present the rationale for choosing the particular
topics which are covered.

SECTION I—The tool kit
Interpolation

This is used only as a background for the other
methods, and as an introduction to finite differ-
ences. There is really very little need for inter-
polation itself, since the advent of powerful calcu-
lators. For example, I find it easier to get values
of the error integral by direct integration on a

“Quick and dirty” solutions to problems

may be perfectly acceptable; sloppy thinking
never is. It is sometimes difficult for

the students to grasp the distinction,

so | return to this idea several

times during the semester . . .

programmable calculator than to use interpola-
tion in a table. This is another example of the
change in approach from when I was a student.

Integration

The methods considered are rectangular,
trapezoidal, and Simpson’s rule. Gaussian methods
are described, but not covered in any detail. The
first homework assignment is to use numerical
integration to find the value of the error function
at x=1, using each of the three methods mentioned
above, and to note the number of intervals re-
quired to get six figure accuracy. Students are
duly impressed by the difference between
Simpson’s rule (a few intervals) and the trape-
zoid rule (a few tens of intervals), but are
astonished to find that the rectangular integra-
tion to the specified accuracy is impossible. Since
many tens of thousands of intervals would be re-
quired to reduce the truncation error to the desired
value, round off error builds up and overtakes it
before the required accuracy is reached. The few
clever students who figure this out and try to use
double precision arithmetic discover that the time
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. . . we again discuss the trade off between engineering time and computer time, and try to decide
when it is appropriate to use crude algorithms to minimize programming time.

allowed for a single run on a student computer
account is insufficient for the required number of
calculations. At this point, the ideas of round-
off and truncation errors are discussed in the
lecture.

Equation roots

These are covered from the ‘“fixed point” ap-
proach [4]. Functional iteration, the secant
method (“false position”), and the Newton-
Raphson methods are discussed and shown to be
closely related. I recommend that they use either
Newton-Raphson or the secant method, depend-
ing on the difficulty of taking the derivative of the
equation. The standard polynomial root sub-
routines available on the computer are also dis-
cussed at this point.

Convergence criteria, and the use of iteration
counters to catch divergent cases, are discussed
next. The use of the programmer as the con-
vergence test is also discussed. It is often useful
in “quick and dirty” problems to just dump the
successive iterations to an interactive terminal and
let the programmer decide when to quit. As
pointed out above, this is a different way of using
the computer than those of us who grew up in the
days of “batch submission” are used to. However,
modern students seem to use it naturally, so we
spend a little class time discussing the good and
bad points. (The major bad point, incidentally, is
simply the danger that a casual approach to pro-
gramming can lead to a casual approach to think-
ing through the problem.)

Simultaneous linear equations

These are handled by Gauss-Jordan reduction
with pivoting. Since subroutines for linear systems
are readily available, very little time is spent on
this topic. Factorization schemes such as Crout’s
or Doolittle’s are mentioned but not covered, and
iterative methods are deferred until the next
topic.

Simultaneous non-linear equations

These are treated by analogy with the ‘“fixed
- point” methods for a single equation. The Gauss-
Seidel method is recommended unless the Jacobian
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is easily calculated, in which case the Newton
method is preferred. Some special methods for
very large or sparse systems are discussed briefly
[6], but not covered in any depth. Relaxation
methods, and the “damped Newton” method [4]
are also presented at this time.

Ordinary differential equations (ODE)

Here, I first derive Euler’s method in three
ways, from a truncated Taylor’s series, from finite
differences, and intuitively, from the current point
and the slope of the approximating straight line.
Then I show that the Euler method is closely re-
lated to rectangular integration. The students
readily recognize the accuracy problems by
analogy with their earlier integration problem. At
this point, we again discuss the trade off between
engineering time and computer time, and try to
decide when it is appropriate to use crude
algorithms to minimize programming time.

The “cannon problem,” which is the calcula-
tion of a ballistic trajectory in the presence of a
velocity-dependent drag, is now used to introduce
several important concepts. These include modular
program design using subroutines (or ‘“remote
blocks” for those using a structured FORTRAN),
modular testing, and program testing by the use
of limiting cases. For example, the case of zero
drag can be solved analytically, and the cor-
responding limiting case of a very low drag co-
efficient should approach this analytical solution.

The Modified and Improved Euler methods
are used to introduce Runge-Kutta methods. The
standard Runge-Kutta subroutine is described, and
the principle reason for its use is discussed, i.e.,
that it is readily available and familiar. Predictor-
corrector methods are also described, and the
standard Hamming subroutine is presented.

The origins of and problems inherent in “stiff
equations” are covered in detail. The usual method
of attack (“brute force”; a small step size, and
hang the computer time) is discussed, along with
a reiteration of the computer time vs. engineering
time trade off. Implicit methods are introduced
using the Backwards Euler method as an example,
and we demonstrate that what we have done is
replace the problem of a small step size with the
problem of solving a set of nonlinear simultaneous
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equations to high accuracy. The standard Gear [6]
subroutines are described, but not covered in any
detail.

SECTION II—Modeling

At this point, about five weeks into the se-
mester, the students have sufficient tools available
to attack an impressive array of modeling
problems. They have, however, only been given
some highly structured and relatively easy problem
sets, and they are beginning to become compla-
cent. I repeat the warnings given at the beginning
of the semester about falling behind, and tell them
that things are now going to become much more
interesting.

Preliminaries

One class period is spent on various pre-
liminaries. I make extensive use of the informa-
tion flow diagrams given by Franks [3] in the
modeling part of the course. Though they are
helpful in general, they are the best method that
I have found to teach the modeling of staged
operations. I also present a number of little
aphorisms, such as, “Two small problems are
easier than one big one,” or “Divide and conquer,”
or “KISS-Keep It Simple, Stupid.” I then indicate
in a general way how one goes about breaking a
big problem into managable parts, and also bring
in the ideas from structured programming (fa-
miliar to some of our students) of “psychological
chunking,” “reducing connectivity,” etec., and how
these apply to modeling problems. This is all il-
lustrated with a sequence of simple examples,
following Franks [3], and culminating in the single
component boiler example [2, 3].

Applications to problems

For the first real modeling problem, the
students are asked to model an unstable CSTR
with a proportional controller (adapted from
Luyben [2]), and to use the model to determine
various stability limits, such as the minimum
value of the controller constant, the minimum
and maximum allowable feed temperatures, etc.
This is just a somewhat messy ODE problem, and
the first part is very well defined, so most students
get it easily. I also ask them to devise a start-up
procedure that they could use on a real system,
and test it with their model. With the problem as
stated (no external heating of the reactor—only
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cooling) the only way is to start with the re-
actor full of heated pure solvent, and then start
the reactor flows. (The first several years that I
gave this course, there would be only one or two
students in a class who would get this part. Now,
they all do. Either they’re getting smarter, or the
word is getting around.)

While the students are working the CSTR
problem, the lectures are leading up to a non-ideal
batch distillation problem. Though most of the
students are taking advanced thermodynamics
concurrently with the modeling course, they have
not reached the vapor-liquid equilibrium (VLE)
section yet, so I spend about one period covering
non-ideal VLE, the Margules and van Laar equa-
tions, and the like. They then solve a batch dis-
tillation problem, which is basically another ODE
problem, but with an “inner loop” of simultaneous
equations which must be solved to get the activity
coefficients.

The next problem is a single-effect evaporator.
It is not difficult, being somewhat similar to the

1 also present a number of

little aphorisms, such as, “Two small
problems are easier than one big one,” or
“divide and conquer,” or “KISS-Keep

It Simple, Stupid.”

batch distillation, but it is a preliminary to the
triple effect evaporator, which follows.

A triple effect evaporator is used for the staged
operation problem. The students are guided
through the setting up of the information flow
diagrams, and warned that the last effect is some-
what different than the first (n-1) effects. This is
easily seen from the information flow diagrams,
because the externally flxed parameters are
different for the two cases. The resulting set of
equations and flow diagrams is rather awesome.
However, we note that if we use forward integra-
tion methods for the ODE parts, then we can solve
all of the integration blocks at time t to get the
outputs of these at time t+dt. We then erase the
integration blocks, and solve the resulting alge-
braic network at the new time t+dt. Then we
simply repeat these steps. The Franks [3] informa-
tion flow diagrams get this across very easily. No
other teaching method that I have tried has re-
sulted in as rapid or as complete an understand-
ing of what is really being done in the solution of
dynamic models. '

It should be noted that although the problems
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are eagsily described, this is actually the most
difficult part of the course. Five to six weeks are
usually spent on this section.

SECTION III—More numerical methods

The students have now seen the application of
their “toolkit” of methods to some moderately
difficult problems, so we now add a few more
“tools.”

Optimization

The basic theory of optimization, and gradient
methods in general, are briefly touched upon. We
cover the “Sequential Simplex” method of Nelder
and Meade [7] in detail. I have found this to be
an easily understood and programmed method,
which works reasonably efficiently in practice.
Penalty functions [7] are suggested for con-
strained optimization, but no problems are
assigned. :

Statistics

Some topics in statistics, taken from Himmel-
blau [8], are covered next, for two reasons. First,
our students have no idea of what is involved in
statistical analysis beyond the blind application
of “least squares,” and second, it gives a play-
ground for applications of optimization methods.
Most of the students have had the experience of
trying to apply “least squares” to some problem
for which the normal equations turned out to be
impractical to solve. We discuss the use of opti-
mization methods to ‘“minimize the squared
error,” but we also give some thought as to what,
if anything, this really tells us. The students seem
to enjoy this section very much, gleefully fitting
arbitrary functions to random collections of points.
(In fact, I’ve done some of it myself, but I called
it “research.”)

The last two topics are not very demanding,
and are given at this time partly to let the students
catch up on their modeling problems. The next two
sections are again fairly difficult.

Partial differential equations (PDE)

PDE are covered directly from the text [1]. I
preceed the text material by a short review of the
theory of PDE, and of the resulting types of
boundary conditions, and add a brief section on
hyperbolic PDE (which are not covered in the
text). The problems assigned include the steady
state temperature distribution in a cooling fin,
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and the fearsome ‘‘ice problem,” in which the
students model the freezing of a lake. This is a
moving interface problem, and is reasonably
difficult.

Matrix theory

By this time, we are near the end of the se-
mester, so I can cover only a little matrix theory.
We always cover the basic operations, and usually
manage an introduction to eigenvalues and eigen-
vectors, but only rarely do we have time to cover
similarity transformations. Although I regret this,
since my major interest is in control theory, the
other topics seem more directly useful to students
at this level.

A FEW GENERAL COMMENTS

THERE ARE SEVERAL POTENTIAL problems in the
teaching of this course. For example, grading
can be difficult. If an answer is incorrect, it can
be very time consuming to decide whether it is
due to a lack of understanding or simply to a
trivial error in programming. I have not had much
success in trying to get the students to verify
their answers, either. They treat this as “just an-
other course,” and expect me to tell them if they
are right or wrong. The only remedy I have found
is to require complete documentation, of the
algorithm as well as the program, along with the
problem solution. Since our students don’t write
any better than anyone else’s, this is also good
practice for them. (The students themselves com-
plain bitterly about all the writing. They would
rather spend 10 hours at a terminal than 10
minutes writing about what they have done.)

Another difficulty lies in the distribution of
work during the semester. The first half of the
course is really very easy, and doesn’t require
much outside effort. The second half becomes
suddenly very demanding, and the students are
caught off guard no matter how often I have
warned them of what was coming. The only
remedy is to be completely rigid in the deadlines
for problems. This may result in some students
losing a lot of points for lateness, but I think
that it is preferrable to allowing the student to
get hopelessly behind.

A final difficulty is keeping the problems fresh
and challenging. Even though the students don’t
seem to copy old solutions, the approach to
specific problems seems to become part of the “con-
ventional wisdom” after a few years. For this
reason, I have given up using a distillation
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column for the staged operation problem, and
substituted the triple effect evaporator. This
should be good for another year or so, and then I
will have to find something else. Another example
is the ice problem. Last year, I substituted the
“mirror fog” problem [9] as a moving boundary
example. Although the solution is obvious almost
by inspection, the requirement that the students
actually solve the PDE does result in a meaning-
ful problem.

To conclude on a positive note, when we were
revising the graduate curriculum a few years ago,
the graduate students recommended that this
course be kept unchanged. Also, several of my
former students have told me that this is one of
the most directly useful of the courses that they
have taken. It seems to fulfill its purpose of pro-
viding the tools needed to use a computer to solve
problems, and it gives the student a feeling for
how to approach even a very large modeling
problem. And perhaps the most important of all,
it is fun to teach. O
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