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CONCLUSIONS 

A consistent development of residual functions 
property changes and fugacity reveals close rela~ 
tionships among the various properties. The com­
position dependence of the fugacity coefficient of a 
component in a solution is unambiguous. All prop­
erties result from integrals which are easy to de­
rive from good equations of state. • 

NOMENCLATURE 

A - Helmholz function 
Cv* -perfect gas specific heat (constant volume) 
f1 -fugacity of pure i 
f m - fugaci ty of a mixture 

A GRAPHIC LOOK 

AT AVAILABILITY FUNCTIONS 

MARTIN V. SUSSMAN 
Tufts University 
Medford,MA 02155 

THE ~HERMODYNA:'1IC availabili~y f~nctions can 
be viewed graphically, and this view provides 

valuable unexpected insights into the nature and 
meaning of the functions. 

To demonstrate, consider the question, "What 
is the maximum work a system can perform in 
moving into equilibrium with the temperature and 
pressure of its environment?" 

The answer is given graphically in Fig. 1. Max­
imum work is the work performed when moving 
reversibly along paths (1• 2) and (2• e), from an 
arbitrary initial state (1) to a final state (e) in 
equilibrium with the environment. 
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/\ 
f1 - fugacity of component i in a mixture 
G - Gibbs function 
H - enthailpy 
M - general property symbol 
n -number of moles 
P -pressure 
R - gas constant 
S -entropy 
T - temperature 
U -internal energy 
V -molar volume 
nV -total volume 
Z -compressibility factor 
z -mole fraction 
p -density 

Superscripts 

-T-p residual 
R -T-P residual 
* - perfect gas 

- partial molar 

Subscripts 

-component i 
-mixture 
-standard state 
- reference state 

Now this may appear to be an arbitrary choice 
of paths; but it is not. It constitutes a unique com­
bination of reversible paths leading from (1) to 
(e), that allow heat and mass transfer to occur 
only when the system is at the potentials of its en­
vironment. These are paths that take the system 
isentropically and at constant molarity, (1• 2), to 
the temperature of that environment; and then 
isothermally, (2• e), to the chemical potential of 
the environment. And it is rather easy to prove . . ' agam graphically, that no combination of reversi-
ble process paths connecting states (1) and (e), 
can produce more work. 

PROOF 

Curve (1-k-e) in Fig. 1 traces a reversible but 
arbitrary process path taking a system from state 
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(1) to state (e). The area under (1-k-e) is clearly 
greater than the area under the path (1-2-e) com­
prising the path producing "maximum-work". 
Therefore 

Q (1-k-e) > Q (1-2-e) (1) 

and because, 

(2) 
and ~U10 is the same for all paths; it follows that 

W (1-k- e) > W (1- 2-e) (3) 

which appears to contradict the answer to the 
above "maximum-work" question ( ??) . 

But, consider path (1-a-b-e) consisting of isen­
tropic and isothermal processes, with the isotherm, 
a-b, located so that the area under (1-a-b-e) equals 
that under (1-k-e), so that 

W (1-k-e) = W (1-a-b-e) (4) 

That any reversible progress can be replaced 
by combinations of isentropic and isothermal 
processes with equal heat and work effects is some­
times called Clausius' Theorem [l]. 

The work of process (1-a-b-e) exceeds that of 
process (1-2-e) by 

Area (2-a-b-e-2) 

so that Eq. (3) may be written as an equality: 

w (1-k-e) = w (1-2-e) + Area (2-a-b-e-2) 

But process (1-a-b-e) involves an isothermal 
expansion, (a-b), that must absorb heat at a tem­
perature, Ta that is higher than the temperature of 
the environmental heat reservoir, T •. 

M. V. Sussman is professor of chemical engineering at Tufts Uni­

versity. His work in thermodynamics includes the books "Availability 

(Exergy) Analysis" (Mulliken House 1980) and "Elementary General 

Thermodynamics" (Addison-Wesley 1972). He is the inventor of the 
"Maxwell Demon Bottle." Previous articles in Chemical Engineering 

Education are "Seeing Entropy: The lncompleat Thermodynamics of the 

Maxwell Demon Bottle" and "Thermodynamic Heresies." 
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Where can this heat come from? If there are 
other sources of heat present, than our initial 
question is meaningless. The question has meaning 
only if heat interactions are restricted to the sys­
tem and its environment. Such heat interaction 
can occur reversibly only if a heat pump is used to 
move heat from T0 to Ta, The miniumum work 
i nput to this pump is that of a Carnot heat pump, 
and is exactly equal to: Area (2-a-b-e-2). The net 
work output from arbitrary path (1-k-e) is there­
for e equal to that from path (1-2-e). Q.E.D. 

Analogous considerations hold for open sys­
tems where mass as well as heat are exchangeable 
with the environment. For maximum work the 

•---•--...... •e 2
•/ ~~ef~ w:,,~K I / J , . , 

~ tNrRo'PY 
FIGURE 1 

mass exchange occurs only at the potential of the 
environment so that process path (1-2-e) on a 
/Li - n; diagram (identical to Fig. 1, except with µ.1 

as ordinate and n1 as abscissa) is analogous to the 
maximum work path on a T-S diagram, and a sim­
ilar proof applies [2]. 

THE MAXIMUM WORK FUNCTION 

As a consequence of the Fig. 1 proof, and the 
constraint of heat transfer only at T., Eq. (2) is 
t ransformed into an equation for maximum work 

W1-2-e =WM.AX = T.~S1.- AU10 (5) 
where the double subscript should be read as "from 
state 1 to state e". 

THE AVAILABILITY FUNCTION 

Part of this work is expended against the at­
mosphere and is therefore not available. The net 
useful or available work is the difference between 
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FIGURE 2 

the maximum work and the work expended in 
pushing back the surrounding environment 

WMAx-PeAV1e = B (6) 

The symbol, B, is assigned to this quantity and 
it is called the "Availability Content", "Net Useful 
Work", or the non-flow "Availability" of the sys­
tem in given state (1). We may combine Eqs. (5) 
and (6) to obtain the classical definition [3] 

B =-[AU1e- TeAS1e + PeAV1e] (7) 

B IS POSITIVE DEFINITE 

B may be represented as the area of a cycle on 
a P-V plane (Fig. 2). In accord with Eqs. (5) and 
(6) the cycle moves along the WMAX path, isen­
tropically from 1• 2 and isothermally from state 
(2) to the environmental equilibrium pressure P e; 
(2• e). A constant pressure process (e• 3), from 
V. to V1, representing the atmospheric work loss, 
(-P .AV 1e), effectively completes the cycle. The 
area enclosed is the integral around the clockwise 
closed path l-2-e-3-1. The direction of integration 
is always clockwise irrespective of the placement 
of state (1) with respect to state (e), so that the 
enclosed area is always greater than zero. When 
P1 > Pe, the work output from l • e exceeds the 
input from the environment, e• 3. When P1 < Pe, 
the work input in moving from l • e is exceeded by 
the work output gained from the atmosphere. Net 
output always exceeds input. 

This is also true when the temperature of the 
initial state (1') is below that of its environment. 
Fig. 2 shows integration cycles representing B for 
states (1) and (1') having temperatures and 
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pressures above and below that of state ( e) . The 
cycles always move clockwise. Consequently 

B ~ 0 (8) 

STEADY FLOW AVAILABILITY; ANOTHER, 
MORE USEFUL FUNCTION 

In a steady flow system in which potential and 
kinetic energy effects are unimportant, the work 
that may be extracted via a shaft or cable when a 
stream entering the flow system exits in equilib­
rium with its environment is 

WsHAFT = - (AH-Q) 
For a reversible process from ( 1) to ( e) 

w SHAFT = - (AH1e - s eTdS) 
1 

and this work is a maximum if, as before, heat 
transfer occurs only when the system has reached 
T •. Consequently 

WsH(MAX) - (AH1e -TeAS10 ) = </> (9) 
Eq. (9) defines the steady flow availability 

function, [3] to which we assign the symbol, <f>. 

r, ~ 
FIGURE 3 

To examine the graphical character of cf>, we 
rewrite Eq. (9) by expanding the AH and A(PV) 
terms 

cf>= - (AU1e-TeAS1. + V1AP1e + PeAY1e ) (10) 
Now using Eq. (7) and (10), we see that 

cf>= B-V1AP1e = B - V1(P.- P1) (11) 
Eq. (11) tells us that cf>, unlike B, is greater than 
zero only when the V1AP1e term is negative or is 
less than B; that is, for all values of P1 > Pe and 

CHEMICAL ENGINEERING EDUCATION 



for a limited range of values of P1 < P •. Usually, 
if P1 < P., cf> will be negative and work will have 
to be supplied to the system for it to flow into 
equilibrium with the environment. This point is 
illustrated in Fig. 3 by states (1) and (l') whose 
pressures are both below P •. cf> of state (1) is nega­
tive because the area of V1 (P. - P1) exceeds that 
of B. cf> of state (1'), however, is positive because 
area V 1, ( P 0 - P 1,) does not exceed B'. On the other 
hand, Eq. (11) shows that the relative magnitude 
of T 1 and T. does not affect the sign of cf>. 

Eqs. (9) and (11) apply to chemical as well as 
physical steady flow process as is shown in the fol­
lowing section. 

CHEMICALLY REACTIVE SYSTEMS STEADY FLOW 

In a steady flow system in which chemical re­
action occurs, but where kinetic and potential 
energy effects and non-shaft work interchanges, 
other than volume change, are negligible, an ac­
counting of all the energy entering or leaving the 
system in a differentially small time interval yields 
the equation 

dQ - dWsH = dU + d(PV) (12) 

which may be written as 
- dW SH = dU_ + d (PV) - T.dS (13) 

if all heat is transferred reversibly at T •. But in a 
reactive or diffusive system at T. 

dU = T0dS - PdV + Iµ,1dn1 (14) 

so that Eq. (13) becomes 
- dWsH = VdP + Iµ,1dn1 (15) 

In a reversible isothermal reaction process that 
is also isobaric at P ., for example, an electrochem­
ical cell, the integral 

f 0

VdP = 0 

l(P) 

and therefore Eq. ( 15) becomes 

- WsH(max) = f 0Iµ, idn1 = AG1. (16) 
l(P,T) 
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FIGURE 4 

. .. consider the question, ''What is 
the maximum work a system can perform in 

moving into equilibrium with the temperature and 
pressure of its environment?" 

If, however, P varies as the system moves reversi­
bly from l • e, as through a Van't Hoff equilibrium 
reactor (Fig. 4) , then 

across the equilibrium reactor and the reversible 
turbines connected to the reactor (because ni's are 
constant), so that Eq. (15) becomes 

e f VdP = AG10 ~ - WsH(mnx) (17) 

l(T) 

Consequently, from Eqs. (16), (17), and (13) 

- WsH(mnx) =AH10 - T0 AS10 =-cp (18) 

The subscripts (P,T) and (T) on the integra­
tion signs in Eqs. (16), (17) and (18) indicate 
that the integrals are at constant pressure and 
temperature, and at constant temperature, respec­
tively. Eq. (18) and the discussion leading to it 
demonstrate that the steady flow availability has 
the same form in chemical reactive processes as in 
physical processes. The chemical potential terms 
are implicit and need not be appended to the equa­
tion. 

NON-FLOW SYSTEM 

If a system can change its composition or mass 
and exchange expansion work with its environ­
ment, then the differential of its internal energy is 

dU = TdS - PdV + Iµ, 1dn1 (19) 

If in addition all mass and heat transfer occur re­
versibility at the potentials of the environment, 
then Eq. (19) becomes 

dU = T 0dS - PdV + Iµ, 1, 0 dn1 (20) 

which we rearrange and integrate to obtain an 
expression for maximum expansion work that has 
one more term than Eq. (5) . 

e e 

Wmnx le= f PdV = f T 0 dS - dU + Iµ,1, 0dn1 

1 1 

(21) 
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The net useful work or non-flow availability is then 
found as in Eqs. (6) and (7) 
Chem. Eng. Edu. Vol.17, No. 3, Sum. 14283 

e 

B == f PdV- (P0AV10) (22) 

1 

= -[AU,0 + P 0 AV1. - T0AS10 - Iµ1,.An1,1.] 

which is the defining equation for non-flow avail­
ability found in Gibbs and elsewhere [4]. 

Now imagine a system that moves from an 
initial state (1), through isentropic (1• 2), and 
isothermal (2• 3) processes, into temperature and 
pressure equilibrium with its environment and 
then displaces its contents, wholly or in part into 
that environment, if need be through a semi­
permeable membrane that allows transfer of the 

FIGURE 5 

contents at its environmental potential or partial 
pressure. The process would appear as process 
1-2-3-e in Fig. 5. The work of this process is the 
maximum work as given in Eq. (21), and is rep­
resented by the sum of area (1-2-3-a-1) and area 
P. (V. - V1). The net work of the process, or the 
non-flow availability, is according to Eq. (22), the 
maximum work minus P. (V. - V1), or simply the 
area (1-2-3-a-1), that is always positive definite. 

It is interesting to note that Eq. (22) may also 
be written as 
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(23) 

- (AUa. + P.AVa. - T.ASa. - Iµ1,.An1(1 e) ) 

The first bracket in Eq. (23) is exactly equal 

to the area (1-2-3-a-1). Consequently, the second 
bracket must equal zero, or 

AUa0 + P.AVa. - T0 AS30 = Iµ,1 ,0An1,10 (24) 

Therefore 

(25) 

where state (3) is isomolar with (1) but in equi­
librium with the environment. 

For reactive systems or materials that trans­
form chemically before passing into the environ­
mental state; for example 

in equilibrium with an environment 

B =-l(AU13 + P0AV13 - T0AS1a); (26) 

-l(AUa. + P.AVa. - T.ASa. ) j 
I 

where "i" refers to reactants, and "j" to products. 
State (3) is the reaction equilibrium state and 
state ( e) is the environmental state. For the rea­
sons given in Fig. 3 and 5, B remains positive 
definite. • 
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LETTE·R TO THE EDITOR 
Continued from page 103. 

systems ... ". Then some conclusions are derived about 
one's freedom to select reference states for internal 
energy, enthalpy, and entropy in terms of chemical com­
pounds or chemical elements, with or without the possi­
bility of chemical reaction. However, identical conclusions 
are easily derived from corresponding statements applic­
able to a simple closed system. Further the open system 
equations can only be obtained by derivation from the 
closed system relations. Thus the derivation of reference 
state constraints from the open system equations is not 
so much a proof as it is a partial check on the deriva­
tion (s) which led to the open system equations. 

To illustrate the closed system approach, consider the 
familiar first law statement: 

E2-El = Q-W (1) 
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