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JT HAS BEEN ALMOST thirty years since the field 
of transport phenomena entered chemical engi­

neering curricula. Essentially one excellent text­
book has defined the scope of material usually 
treated in such courses; however, much of this 
material is now treated either as a requirement 
or as an elective in undergraduate programs. 
Since there is no obvious choice for a graduate 
level heat and mass transfer text specifically for 
chemical engineers, which would provide a frame­
work for teaching such a course, it is left to the 
discretion of the instructor to construct an ap­
propriate sequence of topics. What follows is a 
discussion of the type of material that has been 
covered in one such course. The goals of the course 
are to provide basic instruction in heat and mass 
transfer topics relevant to chemical engineering 
problems, and to train the students to develop 
mathematical descriptions of totally new situ­
ations which may be encountered in solving heat 
and mass transfer problems. Achieving the first 
goal is reasonably straightforward; the traditional 
method of lectures, reading, doing problem sets 
and taking examinations works reasonably well. 
Achieving the second goal is much more difficult 
but is, of course, the skill desired in research. The 
problems used for the second goal are either so 
different from assigned problems students are 
accustomed to, or are so deliberately vague, that 
students appear to get frustrated at not being 
certain whether or not they have the correct 
solution. Each problem set and each exam always 
has at least one problem requiring creativity 
rather than just routine analysis. Although there 
seems to be a latency period, by the end of the 
course most of the students appear to have im­
proved their ability to handle new situations. 

Table 1 is the course outline. The approximate 
times for coverage of the general topics in a 
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fifteen week semester are shown in parenthesis 
and the numbers in square brackets refer to the 
reference list at the end of this paper. The 
details of the outline represent the total amount 
of material that has been covered all of the times 
the course has been given, and probably would 
require a four semester hour course to cover 
thoroughly. Indeed, it would not be difficult to 
devote an entire semester to each topic. Since the 
course is only offered for three semester hours, 
some of the material is either left out entirely, 
covered in less depth or used as problem set 
material. The latter option has the advantage of 
providing more flexibility in making up new 
problems, and gives the students opportunities to 
handle new situations independently. It is also ob­
vious that no present text covers all of this 
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material; and, although it may be tempting to 
write one, it is also an integral part of the learn­
ing experience for students to familiarize them­
selves with the vast collection of literature on 
heat and mass transfer. 

It is obvious from the outline that both heat 
and mass transfer are taught simultaneously. This 
method is preferred mainly because when I was in 

school the topics were always covered sequentially, 
heat transfer and then mass transfer. This in­
evitably resulted in mass transfer being short­
changed. The two topics may be covered in parallel 
if one is careful to point out when the analogy be­
tween heat and mass transfer fails. It is only 
necessary to point out that the analogy exists 
once; however, it is necessary to point out each 

TABLE 1 
Course Outline: Advanced Topics in Heat and Mass Transfer 

1. Review (one week) 
A. Shell Balances[6\] 

• Simple cases 
• Cases involving more complex math 
• Boundary condition or source term? 

B. Equations of Change [6~ 
• Derivations for continuity, momentum and heat 

transfer 
• Differential cube 
• Divergence theorem 

• Different types of fluxes 
• A continuum entropy equation 
• Macroscopic balances [6, Tu 

2. Diffusive Transport (three weeks) [9, 10, 15, 19, 21] 
A. Steady 

• Slabs and membranes 
• 1-dimensional 
• Multidimensional 

B. Unsteady 
• Solution methods 

• Combined variable 
• Laplace Transform 
• Fourier Transform 
• Separation of variables 
• Duhamel's Theorem 

• Physical considerations 
• When to use a solution method 
• Controlling resistances 
• Short vs. long time solutions 
• Intermediate regime 

3. Simultaneous Heat and Mass Transfer (one week) 
A. Change of Phase Problems [9, 21J 
B. Fog Formation-An Interesting Example [31] 
C. Moving Boundary Problems in General [10, 12] 

4. Convective Transport (three weeks) 
A. Closed Channels [15, 17, 29] 

• Graetz problem 
• Leveque solution 
• Sturm-Liouville solutions 
• Asymptotic behavior far from entrance 

• Analogy to heat conduction 
B. External Surfaces [15, 17, 18, 20, 26, 29] 

• Boundary layer theory 
• Ordering arguments 
• General solutions 
• Important limiting cases 
• Other approximate solution methods 

• Integral methods 
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C. Unsteady Convective Transport 
D. Turbulent Transport 

5. Interfacial Transport (one week) 
A. Resistances in Series 
B. Classical Theories 
C. Coupling between Navier-Stokes, Energy and 

Continuity Equations [4, 5, 30] 
D. Other Interface Models 

• Interface as a separate phase [4, 5] 
• Forced diffusion [8] 

6. Mass Transfer with Chemical Reaction (one week) 
A. Heterogeneous Reaction 

• Resistances in series 
• AppEcations 

B. Homogeneous Reaction [2, 13J 
• Rapid reaction 
• Instantaneous reaction 
• Interface models 

7. Theory of Diffusion and Other Transport Processes 
(three weeks) 
A. Diffusivity Measurement Techniques [11] 
B. Diffusion vs. Sedimentation 
C. Irreversible Thermodynamics [14, 16] 

• Entropy production 
• Coupled phenomena 

D. Reacting and Interacting Systems [11'] 
E. Electrostatically Coupled Systems [11] 
F. Multicomponent Diffusion [11] 

• Tracer, intra-, self and mutual diffusion [1] 
• Solution of coupled equations 

G. Multicomponent Mass Transfer [11] 

8. Carrier-Membranes (one week) [11~ 
A. Physical Situation-an interesting example of 

multicomponent transport and mass transfer 
with chemical reaction 

B. Carrier Systems 
• Facilitated transport 
• Co-transport 
• Counter-transport 

C. Irreversible Thermodynamics Formulation 

9. Particle Transport (one week) 
A. Failure of Continuum Theories-Need for 

Statistical Theories (3] 
B. Particle Adsorption-the intermolecular force 

boundary layer [23,24] 
C. Particle Chromatography [24, 25, 28] 
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A problem on the time necessary to melt an ice cube (which, along with a 
few other problems, I confess are not original, but almost identical to ones assigned to me 
by Herb Toor when I was a graduate student) is used as either a lecture example, or as an assignment 
with result of each step given to guide the student through the problem. 

time it fails. In all fairness, it is obvious from the 
outline that in this course, mass transfer is the 
major focus of attention, and I must confess that 
my personal research interests prejudice my allot­
ment of time for each topic. A course emphasizing 
heat transfer might best be taught without the 
intrusion of mass transfer complications. 

The semester starts with a review of shell 
balances, reference frames for mass transfer and 
equations of change, both differential and macro­
scopic, found in Bird, Stewart and Lightfoot [6]. It 
is assumed the class has already covered this ma­
terial either somewhere in their undergraduate 
education or in our senior-graduate course which 
covers the entire book. The "sub-two" problems 
are all assigned as optional review problems, and 
many of the "sub-three" and "sub-four" problems 
are required. Three concepts are emphasized in 
this review. One is when a reaction or heat flux 
expression appears as a source term and when it 
appears is a boundary condition. Emphasis is made 
on analyzing each problem individually rather than 
using firm rules such as "homogeneous-source, 
heterogeneous-boundary condition." The standard 
porous catalyst problem as well as comparison of 
the one-dimensional rectangular fin problem to a 
two-dimensional version which allows conduction 
toward the main heat transfer surface amply il­
lustrates this concept. Secondly, derivation of the 
equations of change is rarely done using the di­
vergence theorem, owing to the popularity of the 
BSL treatment. This is emphasized along with the 
relationship between the differential and integral 
balances for an arbitrary control volume [7]. 
Finally, by assigning the circular fin heat transfer 
problem, the lesson is learned that while it may 
be straightforward to formulate many transport 
problems, one must be facile with many aspects of 
mathematics to obtain solutions. Memorization of 
Bessel equations or functions or other common 
functions, except for what to expect from what 
geometries, is discouraged; liberal use of mathe­
matical handbooks is encouraged. 

The first major topic covered is diffusive 
transport. Two major points are emphasized. 
These are developing the mathematical skills 
necessary to obtain solutions and obtaining a 
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physical understanding of the conduction process. 
Without care, the difficulty of the first goal can 
obscure the second goal. Even though solutions are 
tabulated for most, if not all, physical situations 
of interest [9, 10, 22], these books are written 
at a sufficiently high enough level that an under­
standing of the mathematics involved is required 
just to use them. Furthermore, obtaining the 
solution is part of the goal of teaching the students 
to handle new physical situations which may not 
have been anticipated by these authors. The usual 
partial differential equation solution techniques 
are introduced, as shown in the outline, and some 
insight into which method to choose for a par­
ticular situation is discussed. The narrow scope 
of the combined variable solution is demonstrated 
merely by changing from a constant temperature 
(or concentration) to a convective heat (or mass) 
transfer coefficient boundary condition. This intro­
duces the Laplace Transform technique, but 
finite slab problems are found to be most easily 
solved using separation of variables and Fourier 
series. Being able to choose "the best" solution 
method upon examining a new problem is con­
sidered almost as important as obtaining the 
solution itself. 

An intuitive understanding of conduction and 
diffusion is only possible if real numbers are 
plugged into the equations. The text by McAdams 
[19] is suggested as a possible alternative to 
Perry's [22] in finding heat transfer data, charts 
for quick calculations and correlations. A problem 
on the time necessary to melt an ice cube (which, 
along with a few other problems, I confess are not 
original, but almost identical to ones assigned to 
me by Herb Toor when I was a graduate student) 
is used as either a lecture example, or as an assign­
ment with result of each step given to guide the 
student through the problem. This problem il­
lustrates how, for a quick estimate, it does not 
matter whether some faces are horizontal or 
vertical since the free convection heat transfer 
coefficients only differ by 25 % . For this problem, 
it is also found not to be necessary to use exact 
series solutions since the cube temperature does 
not differ in temperature by more than a few de­
grees from edge to center. The simpler external 
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control solution suffices for an estimate. Finally, 
since the numerical result for the melting time 
seems too long, the neglect of radiation is found 
to be serious. (This has been circumvented by a 
problem statement involving a large ice cube in an 
ice chest in the shade at a football game tailgate 
party, a situation of extreme practical signifi­
cance.) Some appreciation of when a simpler solu­
tion will suffice in place of a more complex one is 
essential. 

Simultaneous heat and mass transfer, which 
mostly involves change of phase problems, follows 
next. The mathematics is shown to be identical to 
conduction problems except for the extra bound­
ary condition needed since the location of the 
phase boundary in the system at a given time is a 
new unknown. Physically, it must be appreciated 
that this is merely an energy balance at the 
moving boundary. Fog formation is an interest­
ing example which illustrates the complexities of 
real problems as well as the simplifications that 
can be made in order to obtain quantitative 
trends [31]. Finally, the general treatment of 
moving boundary problems due to Danckwerts 
[10] is presented, and the students are left to 
decide for themselves whether they wish to use 
this method to solve problems, or to treat each 
new situation individually. I suggest the latter 
since problems of more recent interest such as 
injection molding of polymers were not antici­
pated in the general treatment. However, for 
simple one-dimensional problems, either method 
is considered satisfactory. 

Quasi-steady state solutions are also covered. 
It is shown that for phase change problems in­
volving very large latent heats, the position of 
the moving boundary with time is very quickly 
obtained by assuming a linear profile in the dis­
appearing phase. This is usually a good time to 
introduce the frozen margarita problem; that is, 
how long will the liquid/ solid slurry remain intact 
before the beverage becomes entirely liquid and, 
alas, an ordinary margarita. One possible solu­
tion (and not necessarily the best) method in­
volves modeling the slurry as a composite of 
liquid and solid in series and estimating the melt­
ing time with a quasi-steady solution. This has 
the further advantage of demonstrating how the 
model for a physical situation need not involve 
the exact same geometry as the situation itself. 

Deciding_ exactly what to cover in only a few 
weeks on the topic of convective transport is 
difficult. Topics considered to be of particular 
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interest to chemical engineers are chosen, since 
courses from other departments are available with 
appropriate biases. Hence, although heat transfer 
is considered, mass transfer applications are 
emphasized. The Graetz problem is covered first 
because solutions for the different regions parallel 
the different solution regimes for diffusive trans­
port. The short-time error function solution for 
conduction involves almost identical physical as­
sumptions as the Leveque solution for the entrance 
region. The series solutions used for longer 
transient time periods are just special cases of 
the more general Sturm-Liouville treatment neces­
sary for longer distances from the entrance. 
Finally, the constant asymptotic Nusselt or Sher­
wood numbers far from the channel entrance 
directly parallel steady state conduction. The de-

This is usually a good time to 
introduce the frozen margarita problem; 

that is, how long will the liquid / solid slurry remain 
intact before the beverage becomes entirely 

liquid and, alas, an ordinary margarita. 

crease in Nusselt number with axial position is 
shown to directly parallel the decrease in the 
transient heat flux with time. This analogy makes 
understanding heat and mass transfer in closed 
channels relatively straightforward, as well as 
cementing the understanding of transient con­
duction. 

The major topic covered pertaining to external 
surfaces is boundary layer theory. The concept is 
developed starting with fluid mechanics and then 
by moving into heat and mass transfer. Similarity 
solutions are developed for forced convection past 
a flat plate as well as free convection adjacent 
to a vertical surface. Extension to wedge flows 
provides a convenient problem assignment. Par­
ticular attention is focused on the large and small 
Prandtl number and the large Schmidt number 
solutions for arbitrary geometries [20]. (The small 
Schmidt number exists mathematically but there 
is no corresponding physical situation.) The latter 
solution is found to be extremely important since 
it encompasses diffusion in all liquid systems. The 
integral treatment of the boundary layer as well 
as other solution techniques are presented as 
examples. 

The two topics covered under the heading of 
unsteady convective transport are presented most­
ly using examples such as Taylor dispersion and 
the dropping mercury electrode. Turbulent trans-
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port is covered only to the extent of time averaging 
the equations of change, presenting some useful 
empiricisms and developing the analogy concept. 
Fortunately for this author, other courses at the 
university cover this topic in much more depth, 
and with much more personal insight by the in­
structor. 

The major portion of the time alotted to inter­
facial transport involves changing the miscon­
ceptions about interfaces obtained by all students 
in their undergraduate mass transfer operations 

The standard porous catalyst problem 
as well as comparison of the one-dimensional 
rectangular fin problem to a two-dimensional version 
which allows conduction toward the main heat transfer 
surface amply illustrates this concept. 

courses. Therefore, after reviewing these treat­
ments including the classical film, penetration and 
surface renewal theories, the concept of interfacial 
tension is introduced. The modified fluid mechanics 
boundary conditions at the interface are shown to 
correctly predict convective flows caused by con­
centration and temperature differences. Eventually 
the classical treatment of Sternling and Scriven 
[30] is presented in order to demonstrate the 
effect of interfacial convection on mass transfer. 
By then discussing other models of interfaces, 
interfacial transport becomes the first topic 
covered that is not totally well-defined and the 
progression of examples covered illustrate the de­
velopment of research in a field. 

Even though there are entire books on mass 
transfer with chemical reaction, only one, or per­
haps two, weeks are devoted to the subject. First 
of all, diffusion in porous catalysts and resistances 
in series models of heterogeneous reactions are 
briefly reviewed since it is assumed that these 
topics are treated in depth in other courses. For 
mass transfer with homogeneous reaction, the 
film, penetration and surface renewal theories are 
discussed, emphasizing that the enhancement 
factors predicted by each theory do not differ sig­
nificantly. Methods of treating instantaneous re­
actions, both irreversible and reversible, are pre­
sented-the former reinforcing the moving 
boundary problem techniques discussed earlier 
in the_ course and the latter laying the foundation 
for treating diffu_sion in reacting systems which 
follows later in the semester. This treatment 
-suffices by providing a general understanding of 
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the topic without the drudgery of solving every 
possible variation in kinetics. 

The next topic covered is the theory of diffu­
sion and other transport processes. While it could 
be argued that this topic might well belong at the 
beginning of the course, the development of a 
more sophisticated approach to problem analysis 
and solution makes this topic much easier to treat 
later in the semester. The variety of methods 
available for measuring diffusivity are shown to 
sharply contrast the relative ease of measuring 
thermal conductivity. By examining the equilibri­
um between diffusion and sedimentation, the 
1 µm size is shown to separate brownian from 
non-brownian particles. Then the topic of ir­
reversible thermodynamics is introduced, leading 
to such well-known phenomena as Fick's law, 
Fourier's law, Ohm's law, and coupled phenomena 
such as ultrafiltration, reverse osmosis, electro­
phoresis and multicomponent diffusion. Reacting 
systems such as weak acids and electrostatically 
coupled systems involving electrolytes provide 
relevent examples. While it is intuitive that a 
binary electrolyte may be uniquely represented by 
one diffusivity, and the irreversible thermo­
dynamics formalism proves it, only combination 
of the diffusion equations yields the form for the 
effective diffusivity. 

While the examples cited above manifest the 
concepts of multicomponent diffusion, numerous 
other examples are also discussed. Solution of the 
equations in Fickian form is found to be relatively 
straightforward as long as the diffusivity is as­
sumed constant. The Stefan-Maxwell form is also 
introduced, and the advantages of each form are 
briefly discussed. Finally, the equations for multi­
component mass transfer are found to be a natural 
extension of those for multicomponent diffusion. 
The multicomponent solution is found to be 
particularly convenient since any physical situ­
ation for which a binary solution is available 
yields a multicomponent solution immediately. The 
assumption of constant diffusivity is pointed out 
to be serious theoretical limitation, but approxi­
mating the diffusivities at an average concentra­
tion is found to be an eminently practical solution. 

At this point in the course, many topics of 
interest could be covered. The topic of carrier­
membranes is chosen because it is a recent de­
velopment and the subject of vigorous continuing 
research. It is also an excellent example of both 
mass transfer with chemical reaction and multi­
component mass transfer. Co-transport and 
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counter-transport are particularly interesting be­
cause they are examples of how one species can 
be transported continuously against its gradient 
as long as another species is "supplying the 
energy" by being transported down its own 
gradient. Occasionally, when other topics during 
the semester have been given more time, this topic 
has been handled by assigning the model develop­
ment part of problem sets. This has the advantage 
of giving the students practice in handling a new 
situation, and progressively developing it to higher 
levels of complexity. 

The final topic covered involves particle trans­
port. This topic is favored mainly due to this 
instructor's research interests. The first lesson 
learned is that concentrated particle solutions do 
not form a continuum, and that statistical theories 
are necessary to describe the effect of particle­
particle interactions on diffusion. This is done in 
a very general manner, since the level of statistical 
mechanics background varies widely between 
students. Particle adsorption represents an ex­
cellent example of extending well-known concepts 
to a new problem. The intermolecular force bound­
ary layer used to model particle adsorption phe­
nomena provides this lesson, as well as one on 
length scales. Since this boundary layer is often 
much smaller than the diffusion and hydrody­
namic boundary layers, it is shown how macro­
scopically adsorption is described by adsorption­
desorption rate constants, and how a microscopic 
analysis reveals a method for predicting these 
rate constants from knowledge of the specific 
interactions involved. Finally, particle chroma­
tography provides an example of how hydro­
dynamic and colloidal interactions between 
particles and surfaces can be exploited for 
particle separations. 

In summary, the course described represents 
one instructor's opinion on the material suitable 
for an advanced course in heat and mass transfer. 
In general, the breadth of material treated limits 
the depth of coverage of any particular topic. 
This, however, is totally consistent with the goal 
of training the students to be able to handle new 
situations. By treating a wide variety of topics, 
they have a convenient starting point on almost 
any problem that they might encounter. Since I 
believe that the ultimate goal of any graduate 
program should be to train problem solvers ir­
respective of research topic, the scope and purpose 
of this course is one part of achieving that lofty 
ideal. • 
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