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AN ENGINEER WORKING on a mathematical pro-
ject is typically not interested in sophisticated 

theoretical treatments, but rather the solution of 
a model and the physical insight that the solution 
can give. A recent and important tool in regards 
to this objective is mathematical software, i.e., 
preprogrammed, reliable computer subroutines for 
solving mathematical problems. Since numerical 
methods are not infallible, a "black-box" approach 
of using these subroutines can be dangerous. In 
order to utilize software effectively, one must be 
aware of its capabilities and especially its limita­
tions. This implies that the user must at least 
have an intuitive understanding of how the soft­
ware is designed and implemented. 

TABLE 1 
'Table of Centents for Ordinary Differential Equations 

1. Initial Value Problems for Ordinary Differential 
Equations 
• Explicit Methods 
• Stability 
• Runga-Kutta Methods 
• Implicit Methods 
• Extrapolation 
• Multistep, Methods 
• Stiffness 
• Systems of Differential Equations 
• Step-Size Strategies 
• Mathematical Software 

2. Boundary Value Problems for Ordinary Differential 
Equations: Discrete Variable Methods 
• Initial Value Methods 

• Shooting Methods 
• Superposition 

• Finite Difference Methods 
• Mathematical Software 

3. Boundary Value Problems for Ordinary Differential 
Equations: Finite Element Methods 
• Piecewise Polynomial Functions 
• B-splines 
• Galerkin 
• Collocation 
• Mathematical Software 
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BACKGROUND 

Typically, graduate students have time for 
only one or two courses in computational methods. 
Thus a one-semester course or a two-quarter se­
quence is about the maximum length compatable 
with most graduate programs of study. Within 
this limited time, the student must be exposed 
to the broad and rapidly increasing field of numeri­
cal methods. Traditional courses in applied numeri­
cal analysis have concentrated on algorithms, and 
students wrote their own programs to solve as­
signed problems. This approach is very time in­
tensive and limits the scope of topics which can be 
covered within the timeframe outlined above. 
On the other extreme, there are courses which are 
based solely on the application of software. The 
increased student productivity and the expanded 
number of topics that can be discussed through 
the use of this scheme are achieved at the expense 
of understanding numerical methods. Also, this 
approach leaves the engineer at the complete 
mercy of software. Therefore, a course in numeri­
cal methods and modeling for chemical engineers 
should involve software, but give emphasis on the 
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TABLE 2 
Table of Contents for Partial Differential Equations 

1. Parabolic Partial Differential Equations In One Space 
Variable 
• Classification of Partial Differential Equations 
• Method of Lines 
• Finite Differences 
• Finite Elements 

• Galerkin 
• Collocation 

• Mathematical Software 

2. Partial Differential Equations In Two Space Variables 
• Elliptic PDE's-Finite Differences 
• Elliptic PDE's-Finite Elements 
• Parabolic PDE's in Two Space Variables 

• Method of Lines 
• Alternating Direction Implicit Methods 

• Mathematical Software 

numerical techniques implemented in the soft­
ware. Students should be provided with an under­
standing of how software is constructed and imple­
mented in order to gain maximum benefit from 
it. A course of this nature bridges the gap between 
the aforementioned extremes in order to combine 
increased productivity without loss of understand­
ing. Such courses have been developed at Virginia 
Polytechnic Institute and State University (VPI & 
SU) and are described below. 

COURSE CONTENTS 

A two-quarter sequence of courses in numerical 
methods and modeling for chemical engineers has 
recently been developed at VPI & SU. The courses 
involve the solution of differential equations since 
this area arises most frequently in practice, and 
is usually the weak point of a student's mathe­
matical literacy. In the first quarter, ordinary 
differential equations are covered (see Table 1 for 
course contents), while in the second quarter 
partial differential equations are addressed (see 
Table 2 for course contents). Emphasis is placed 
on the treatment of numerical methods imple­
mented in commercial software, and topics are 
covered through the use of chemical engineering 
examples. A textbook to support courses of this 
nature will be available shortly [l]. 

Ref erring to Tables 1 and 2, a few remarks 
on the course contents follow. Let us consider 
topic 1 to illustrate the methodology used through­
out the courses. Topic 1 concerns. initial value 
problems and begins with a presentation of the 
simplest method, namely, the Euler method. The 
technique is illustrated by solving an isothermal, 
heterogeneous, plug-flow reactor problem. The re-
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actor material balance equation is formulated, and 
the solutions are chosen to show the low order of 
accuracy and the poor stability of the Euler 
method. These results lead into discussions con­
cerning improvements in accuracy and stability. 
Runga-Kutta, implicit methods, extrapolation, and 
multistep methods are outlined in this context. 
In most cases, the topics are presented through the 
use of chemical engineering problems: e.g., Runga­
Kutta; temperature response of a thermocouple, 
extrapolation; batch distillation. Before covering 
systems of equations, stiffness is illustrated by 
calculating the concentration-time profiles of the 
reaction network 

k1 ka 
A ~ B ~ C, k1 > > k2 = ka. 

k2 
These results are used to show why explicit 

methods are not suitable for stiff systems of 
initial value problems. To create a system of initial 
value equations, the plug-flow reactor problem 
used to demonstrate the Euler method is now 
specified to be adiabatic. Thus, an energy balance 
is added to the material balance giving a set of 
coupled, nonlinear initial value equations. The 
stiffness of the system is calculated and various 
methods are formulated for the solution of the 
problem. Next, advanced techniques such as adap­
tive step-size strategies and error control are 
covered with an emphasis on how they are imple­
mented in software. 

Finally, each topic is concluded with a survey 
of software. The survey used for Topic 1 is given 
in Table 3. Each piece of software is discussed in 
the context of which methods it implements, and 
what other features such as error control and 

TABLE 3 
Survey of Software for Initial Value Problems 

CODE 

RKF45 
GERK 
DE/ODE 
DEROOT/ ODERT 
GEAR/ GEARB 
LSODE 
EPISODE/ EPISODEB 
M3RK 
STRIDE 
STIFF3 
BLSODE 
STINT 
SECDER 
DVERK 
DGEAR 

REFERENCE 

(2) 
(3) 
(4) 
(4) 

(5, 6) 
(7) 
(8) 
(9) 

(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(15) 
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... a course in numerical methods 
and modeling for chemical engineers should 
involve software, but give emphasis on the numerical 
techniques implemented in the software. 

adaptive step-size abilities are incorporated. The 
section on mathematical software is ended by 
solving two reaction engineering problems chosen 
to illustrate stiffness. The software given in Table 
3 is used to solve the two problems. The solutions 
are rationalized in terms of their physical implica­
tions, and the software's performance is analyzed. 
It is shown that software which implements 
explicit methods is not suitable for stiff problems. 
Thus, the student becomes aware of how the soft­
ware is constructed and how it works in order to 
gain maximum benefit from it. 

I increase the level of complexity in the 
examples and homework problems in a given 
course, and throughout the two quarter sequence. 
The following set of examples and problems in 
diffusion-reaction behavior illustrates the progres­
sion of complexity. Other sequences involve pro­
cess control, fluid flow, and heterogeneous reactor 
theory. During the discussions of boundary value 
problems, the one-dimensional material balance 
equation for a porous catalyst pellet (slab, cy­
linder, or sphere) with a first-order reaction rate 
is developed and the significance of the effective­
ness factor is outlined. The boundary value 
problem is solved by many techniques and the 
physical implications of the solutions discussed. 
The ensuing homework problem is the classical 
Weisz-Hicks problem [16], i.e., the material and 
energy balance equations for a porous catalyst 
pellet utilizing an exothermic first-order reaction. 
The solution of the isothermal example problem 
and the Weisz-Hicks problem (for various values 
of the Prater number, /3) are shown in Fig. 1. I 
point out how the effectiveness factor can be 
greater than one for an exothermic reaction, and 
for increasing /3, how multiple steady-states are 
obtained. The concept of diffusion and reaction is 
continued in the second course by considering the 
most common geometry used in practical applica­
tion, namely, the finite cylinder with length equal 
to diameter. The material and energy balance 
equations now constitute a coupled set of nonlinear 
elliptic partial differential equations (symmetry 
in the theta direction is assumed). The solution of 
the elliptic problem allows the effectiveness factor 
to be calculated, and the results are compared to 
the following one-dimensional solutions: (a) in-
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finite cylinder of radius equal to the finite cylinder, 
(b) infinite cylinder of equal volume to surface 
area (VIS) of the finite cylinder, and (c) sphere 
of equal (V / S) of the finite cylinder. Fig 2 shows 
the results. For all practical purposes, the one­
dimensional models (b) and (c) predict the be­
havior of the finite cylinder. Model (c) gives 
nearly the exact behavior as the finite cylinder. 
Since the elliptic problem is more difficult to solve 
than model (c) , it is pointed out that it is ap­
propriate to use model (c) instead of the elliptic 
problem when modeling many heterogeneous re­
actors. 

0 ~._.1 ____ _ __._1_0 _ ____ _.,o._ ____ _,~o 

Thiele Modulus , • 
FIGURE 1. Effectiveness factor as a function of the 
Thiele modulus for a spherical catalyst pellet with 
first-order reaction. 

WORK REQUIREMENTS 

I assign one to two homework problems per 
topic and one design project per course. Home­
work problems are real chemical engineering 
problems with physical implications. Therefore, 
an equal emphasis is placed on the mathematics 
and the physics of the problem. A proper solution 
contains: (a) a detailed formulation of the physi­
cal situation into a relevant mathematical model, 
(b) the rationals for choosing the numerical tech­
nique and software package, (c) the numerical 
solution of the problem with a full error analysis 
and a comment or two on the performance of the 
software package, (d) an evaluation of the solu­
tion, i.e., does it make sense from a physical stand­
point, and ( e) the physical implications of the 
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solution. Each student works independently on 
homework problems, but for design projects, I 
allow groups as large as three to work together. 
The design projects consist of large chemical engi­
neering problems. A typical design project would 
be to access the affects of disturbances in the feed 
to the feed-forward controlled distillation column 
shown in Fig. 3. This problem involves the solution 
of approximately forty initial value equations. 
Many of the design projects are constructed by 
the students and are used as part of their thesis 
research. A few projects have led to journal 
publications. 

In conclusion, I have found that teaching 
numerical methods through the use of chemical 
engineering examples has kept interest levels high, 
and that the approach described in this article 
allows for maximal coverage and understand­
ing. • 
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FIGURE 3. Feed-forward controlled distillation column. 
The column contains nine trays with the temperature 
control (T.C.) at tray 8, and the feed introduced on tray 
6. F.C.: feed flow control, L.C.: liquid level control, 
F.R.C.: feed-forward control of the recycle from the 
measured feed flow rate. 
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