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ONSIDER FOR A MOMENT the confusion imposed

on engineering undergraduates. At some point
in a junior-level fluid mechanics class the subject
is dropped for a class or two while the students are
presented with a series of strange propositions.

(a) Mass, length, and time are ‘“fundamental
dimensions.” Although this probably seemed self-
evident to Osborne Reynolds, it sounds very
strange to the post-Einstein generation. Mass,
length, and time, far from being “fundamental”,
all depend on how fast you are going. If pressed,
the professor may point out that, in fact, any set of
three dimensions (velocity, energy, and area, for
instance) could serve as the basis on which the
others could be defined. Mankind has simply chosen
mass, length, and time as a convenient group and
set up standards for them at various places around
the world. Even this explanation leaves some
students uneasy; if mankind selected these three
dimensions at random and then labelled them
fundamental, it is surely guilty of, at best, abuse
of the English language.

(b) Buckingham’s # Theorem. This is the
centerpiece of the subject, and it is totally unlike
any theorem the student has ever seen before or
(with the possible exception of the Phase Rule)
will ever see again. No proof is offered. In fact, a
survey of the standard works (Becker [1] gives a
comprehensive list) leaves doubt about what would
constitute an adequate proof.

(c) Dimensionless groups. The student has in-
vested considerable effort in grasping concepts like
pressure and viscosity, but suddenly these hard-
won ideas disappear, subsumed into groups named
after dead foreigners he has never heard of. This
is not reassuring.

(d) The purpose of dimensional analysis is, in
effect, to reduce the number of variables in a
problem. This idea may be introduced in the con-
text of fluid flow in smooth pipes where five vari-
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ables (pressure gradient, pipe diameter, fluid
velocity, viscosity, and density) are reduced to two
(the Reynolds number and friction factor). This
is obviously extremely useful. It allows us to draw
one graph good for all fluids in all smooth pipes,
and vastly reduces the number of experiments we
must do to develop the form of the general pressure
drop-flow rate relation. But, explained in this
fashion, this ability to “reduce the number of vari-
ables” is disconcerting to the student.

Consider, for example, the pendulum problem.
There will be general agreement in a class that the
period, t, of a simple pendulum will depend on its
mass m, its length /, and its gravitational accelera-
tion g. Applying dimensional analysis to these
quantities gives the solution

t\/g/l = constant (1)

The mass cannot appear in the solution because no
other quantity involved contains the mass dimen-
sion, so we cannot create a dimensionless group
involving m. So, having said very little about
pendulums and absolutely nothing about the laws
of dynamics, we have proven that the period is
independent of the pendulum mass and proportion-
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al to the square root of its length. At first glance
this appears close to witcheraft.

In summary, the traditional approach to teach-
ing dimensional analysis is confusing. The purely
formal procedures for deriving the form of dimen-
sionless groups are often stressed while basic
questions go unanswered. These include ‘“Why does
it work ?”” and “If equations written as dimension-
less groups are so simple and descriptive, why
aren’t all equations written this way ?”’ (Bernoulli’s
equation is a case in point.) Furthermore, it leaves
the unfortunate impression that dimensional
analysis is a branch of transport phenomena, an
impression that is reinforced when the dimension-
less numbers that arise in other subjects are not
identified as such, being named not after dead
foreigners but after living Americans (Thiele
modulus) or even no one at all (compressibility,
ete.). Consequently, students may not add dimen-
sional analysis to their armory of techniques for
confronting new problems. As an example, try the
following problem on a senior or graduate class:
“A zero-order reaction occurs at rate r gm/cm?® s
in an isothermal, semi-infinite slab of porous
catalyst in which the reactant diffusivity is D
cm?/s, What happens to the reactant uptake rate
per unit area of the slab when its concentration
at the slab surface is doubled ?”’ This problem, and
others like it, can be solved by a simple application
of Buckingham’s theorem, but few will attempt it
simply because they do not associate this theorem
with kinetics.

A BETTER APPROACH

To determine how dimensional analysis should
be taught, we start from its role in engineering.
Engineers are often asked to solve real-world
problems where no exact mathematical solution
is possible. It is here that dimensional analysis is
a powerful tool, combined with either physical
models (a procedure known variously as the em-
pirical approach, similarity solutions, or the scale-
up method) or with the unsolvable differential
equations describing the problem (see for example
Bird, Stewart and Lightfoot’s [2] treatment of free
convection on a vertical wall). It is valid and useful
in all engineering disciplines and in all branches
of chemical engineering, appearing most often
in transport phenomena only because turbulence is
our most intransigent real-world phenomenon.

It follows that the topic should be included in
the “introduction to engineering” course that
freshmen are usually required to take. The author
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has been doing this successfully for a number of

years at SUNY at Buffalo using the method de-
scribed below.

The main difficulty is textbooks. Although
dimensional analysis is well covered in the
standard transport texts (notably Bennett and
Myers [3]), they are of little help in freshman
courses where the examples must be kept simple
and the context general. Of the many texts avail-
able for “introduction to engineering” courses,
only one [4] known to the author includes the
subject. However, they all introduce the idea of
fundamental and derived dimensions as the basis
of unit systems, and many introduce the idea that
all terms in an equation must be dimensionally
homogeneous. This is taken as the starting point
for giving some insight into what dimensional
analysis is, and why it works.

Principle

You can’t add x oranges to y apples and get z
bananas.

Or

All terms to be added, subtracted or equated
in an equation must have the same dimensions.

This intuitively obvious principle can be
demonstrated with known equations such as Ein-
stein’s E = mec?, Bernoulli’s equation, and the
equation for sonic velocity in a gas. It is important
to point out at this stage that dimensional con-
sistency is a condition for the existence of an
equation. Consistency of the units is an additional
requirement if the equation is to give the right
answer.

Corollary

Any relation between physical quantities can
be written as a relation between dimensionless
groups. ‘

Again, this is easy to demonstrate using the
equations introduced above. ‘

Observation

There are fewer dimensionless groups than
dimensional variables. This is immediately ap-
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parent from the previous exercise. Einstein’s
equation goes from three variables (E, m, c¢) to
one group (E/me?), Bernoulli’s equation from five
variables to two groups (an Euler number and a
Froude number), and the equation for hoop
stresses in a thin-walled pressure vessel goes from
four variables to two groups. Buckinghams
theorem is now introduced as the answer to the
natural question of how many groups there will
be in a given situation.

With this background, exercises like the pendu-
lum problem seem far less like witcheraft. We
hypothesize a relationship between the quantities,
m, [, g, t, but we are not free to arrange these vari-
ables in any fashion we choose. Their possible ar-
rangements are constrained by the requirement
that they be dimensionally consistent. One way to
ensure this consistency is to arrange the variables
in dimensionless groups. Buckingham’s theorem
tells us how many groups are required. No com-
bination of the variables which includes m can be
dimensionless, so m must not be relevant to the
problem.

Given this introduction, the students can ac-
cept the work of counting the independent funda-
mental dimensions and determining the form of
the dimensionless groups. These are now seen for
what they are—merely useful, formal techniques
for deriving logical results. Several excellent
problems involving just one group are available
for practice. They include the frequency produced
by a guitar string, the drag force on an automobile,
the height of the bow wave on a ship, the power
required to stir a liquid, the pressure generated
by a pitot tube, the speed of descent of a parachute,
and centrifugal force.

REYNOLDS’ SIMILARITY PRINCIPLE

If a physical situation can be completely de-
fined by n variables, or (n-m) dimensionless
groups, it follows logically that in order for two
situations to be identical, the simplest condition
we need invoke is that the dimensionless groups
must have the same values in the two situations.
This important principle is the basis of both physi-
cal modelling and its inverse process, scale-up.
While it is easy to state, it is difficult for students
to grasp. The idea that, for example, lead shot
falling through water is somehow ‘“identical” to a
tennis ball falling through air is very strange at
first; the size, velocity and fluid properties are,
after all, different in the two cases.

This is a situation where “one in the eye is

114

worth three in the ear.” Films showing model
parachutes opening underwater, or Reynolds ex-
periment done with various fluids and pipe
diameters, are more convincing than hours of ex-
planation. Old war movies are also good teaching
aids. The physical situation (the bow wave, wave-
induced oscillations, etc.) of the model ships that
are “torpedoed” in these movies is always observ-
ably different from that of a real ship, in spite of
the best efforts of the special effects men of that
era. (In fact, given the number of variables, it is
impossible to make all the relevant dimensionless
groups the same on the two scales.) In The Dam
Busters, the story of the destruction of the Ruhr
dams by bombs that bounced along the surface of
the impounded lakes, Barnes-Wallace, the engi-
neer-hero (a fine role model for any engineering
student), is seen testing his ideas by bouncing
ping-pong balls across a swimming pool.

WHY DOES IT WORK?

Experience shows that, even with the best
teaching techniques, dimensional analysis makes
students uneasy. The difficult question inevitably
arises: “How can we learn so much about pendu-
lums while saying so little about the laws of dy-
namics?”’ The answer is outside engineering in
metaphysics. Dimensions are human inventions
that we impose on nature in order to understand it
scientifically. Einstein’s description of scientific
theories as ‘““free creations of the human mind”
applies equally well to the dimensions that under-
lie the theories. Mass, length, and time are funda-
mental only in the sense that they were defined
very early in human history in response to very
fundamental questions: “How much grain should
I store for the winter?” How far from my house
does my neighbor’s land start?”’ “How long will
it take to reach the next waterhole?”’

To those who doubt this view, it can be pointed
out that other beings (with other senses, on other
planets) may have invented a completely different
set of dimensions. A race of scientific dogs, for
example, may well believe ‘“smell intensity” to be
extremely fundamental. Intelligent deep sea fish,
in their naturally-buoyant, constant-temperature
environment, would never have defined the con-
cepts of weight and temperature in the same way
that early man did. Or consider a planet with no
moon and no tilt to its axis, that revolved on its
axis once for every rotation of the planet around
its star. The inhabitants would still grow old and
die, but their lifetimes could not be divided into
days, months and years because these units, which
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imposed the concept of time on our ancestors,
would not exist. Time may well appear to them not
as a fundamental dimension, but as a esoteric
consequence of the second law of thermodynamics.

Uneasiness about dimensional analysis arises
because subconsciously we hold a different view of
dimensions. Mass, length, and time were defined
so long ago and appear so early in our education
that we think of them as self-evident “things” and
not as human inventions. Deep down we cling to
Newton’s view of ‘“‘absolute space’” and ‘“absolute,
true mathematical time of itself and by its own
nature flowing uniformly without regard to any-
thing external.” We forget that Newton’s basis for
these views was not scientific but theological. To
him they were perfect ideas in the mind of God.
Even the theory of relativity, which destroyed the
idea of mass, length, and time as ‘‘absolute,”
could not change their status as “fundamental.”

Dimensional analysis is nature’s way of re-
minding us that it is universal and can hardly be
affected by the particular set of dimensions our
species happens to choose and label ‘“fundamental.”
It follows that if we wish to describe nature we
must use variables from which all our concepts
have been cancelled, i.e. dimensionless groups. If
the dimensionless groups describing two physical
situations are the same, then the “nature” of the
situations must be identical, irrespective of
whether we are dealing with lead shot or tennis
balls. Imposing our own concepts onto our de-
scriptions of nature only increases their com-
plexity (by increasing the number of variables)
and reduces their universality. If we wished to
communicate our knowledge of fluid mechanics
to engineers on the timeless planet mentioned
above, we could send diagrams of Reynolds’ ex-
periment with the laminar/turbulent transition
marked with the binary equivalent of 2300. This
would be understood. The markings v = 1¢S,d =
1 cem, V = 2.3 cm/s would be incomprehensible,
even in binary.

Is it worthwhile trying to explain this to a
group of freshmen? Perhaps it is. Mankind’s
search for wisdom has always been slowed by our
arrogance, our illusion that we occupy a uniquely
privileged position in the universe. Assigning a
special position to our planet hindered acceptance
of Copernican astronomy. Assigning a special
position to our species hindered acceptance of the
theory of evolution. Similarly, assigning a special
position to our concepts of mass, length, time, etc.
hinders acceptance of the similarity principle
(and, incidentally, relativity). If the next genera-
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tion of engineers understands this, they will be a
little wiser for it.

CONCLUSIONS

Dimensional considerations are central to
chemical engineering. They are the basis of scale-
up, they allow us to use just one chart for j-factors
ete. for all fluids and scales of operation, and some-
times they enable us to derive quite detailed results
just from the form of differential equations. Given
this importance, the conventional way of teaching
dimensional analysis is unsatisfactory. Routine
procedures for deriving dimensionless groups are
often stressed over questions of why and how it
works, and the student gets the distinct impression
that the entire subject is a branch of transport
phenomena.

Since dimensional analysis is applicable to all
branches of engineering, it should be introduced
in freshman or sophomore general engineering
courses. Junior transport phenomena students can
then appreciate that they are seeing a particular
example of a general truth. The subject is best
taught by writing known equations as relations
between dimensionless groups. A comparison of
the dimensional and dimensionless forms then
shows Buckingham’s theorem as a direct conse-
quence of the dimensional homogeneity of equa-
tions.

Mankind invented mass, length, time, etc., and
then recombined them into more complex concepts
(velocity, energy, etc.). Science got underway by
describing nature as the relationship between
those concepts. But since nature cannot be bound
by human inventions, all these relationships (even
the most profound) are necessarily of such a form
that our concepts, the dimensions, cancel out. They
are most simply written as relations between
dimensionless groups, and it is only in this form
that we could communicate our knowledge to other
species whose science may have developed from a
completely different set of dimensions. Nature
itself is dimensionless. O

LITERATURE

1. H. A. Becker, Dimensionless Parameters: Theory and
Methodology, Applied, Science Publishers, London
1976.

2. R. Bird, W. Stewart, E. Lightfoot, Transport Phe-
nomena, Wiley, p. 330, 1960.

3. C. O. Bennett, J. E. Myers, Momentum, Heat and
Mass Transfer, Chap. 13, McGraw Hill, 1982.

4. R. Mayne, S. Margolis, Introduction to Engineering,
McGraw Hill, New York 1982,

115



