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PROBLEM ST A TEMENT 

In a proposed new chemical engineering labora­
tory experiment, students are to determine the 
thermal conductivity of a hotdog. The procedure 
consists of inserting a thermistor into the center 
axis of the hotdog, about midway between its ends, 
and then totally immersing the hotdog in an agi­
tated tub of boiling water. The thermistor is then 
used to measure the temperature increase of the 
hotdog with time. A sketch of this experiment is 
shown in Fig. 1. 

The results of one such experiment are shown 
in Fig. 2. In this experiment the initial hotdog 
temperature was 70°F, and the boiling water 
temperature was 212°F. The density of the hot­
dog ( diameter = 1 inch) may be taken as 50 
lbs / ft3, and its heat capacity as 1.0 BTU / lb•°F. 
From these data and those of Fig. 2, determine 
the thermal conductivity of this hotdog. It may be 
assumed that the surface temperature of the hot­
dog is the same as the boiling water temperature 
(that is, the convective heat transfer coefficient at 
this surface is very large) . 

FIGURE 1. Sketch of experimental apparatus. 
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FIGURE 2. Center-line temperature (t) as a function of 
time (0). 

SOLUTION 

The partial differential equation for unsteady­
state heating (or cooling) by conduction in one 
direction (radial) with cylindrical geometry is 
well known [1] 

P~P [ ( ~;; ) + +( ~; ) ] = 
at 
~ (1) 

If one makes the following conventional definitions 
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Eq. (1) becomes 

0 T = a 1!T + _ 1_ • _Q!_ (G) 
QZ oX2 X oX 

The boundary conditions for this problem, in terms 
of the new variables, are 

(i) 

(ii) 

(iii) 

T (1,z) = 0 for z > 0 

~ ; (0,z) =0forz > 0 

T(x,0) = lfor0~x < l 

(7) 

(8) 

(9) 
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Note that end effects were neglected in the deriva­
tion of Eq. (1). 

Eq. (6) with its associated boundary conditions 
is a standard Sturm-Louiville system [2] and its 
solution is given by 

m 2 exp ( - An 2z) 
T(x,z} = 

0
~

1 
AuJ i (An} J 0 (A0 X} (10} 

where An is the n th root resulting from solution of 
the following equation 

(11) 

From Eq. ( 10) , the expression for the center-line 
temperature (at x 0) is 

T(0 z) = '£ 2 exp(-An2z) (12) 
' n;1 AnJ 1(Au} 

In many practical calculations, it is necessary to 
consider only the first term in the infinite series 
summation of Eq. (12). 

Choosing a value of 0 = 5 min ( = 1/ 12 hr), we 
read from Fig. 2 a value for the center-line 
temperature of 166°F. Hence 

212-166 
T (0,z) = 

212 
_ 

70 
= 0.324 

As a first approximation, we consider only the 
first term on the right-hand side of Eq. (12). The 
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first root of Eq. (11) is A1 = 2.405 and J 1 (A1) = 
0.5191 [3]. Equating this first term to T(0,z) and 
solving for z, we find that z = 0.276. Hence 

a .... r~z = (l /
2~i;

1
~/76 ) = 0.00576 ft2/hr 

and k = apcp = (0.00576) (50) (1.0) 
= 0.288 BTU / hr·ft• 0.F 

Let us evaluate the second term in the summation 
of Eq. (12) to ·determine its significance. Here, 
A2 = 5.520 and J 1 (A2) = -0.3403 [3]. Using the 
value of z determined above, we find the value of 
this second term to be equal to -0.000234, which 
is less than 0.1 % of the first term. 

Graphical solutions to Eq. (10) or (12) also 
exist in the form of the Gurney-Lurie charts. Here, 
m = k /roh = 0 because his infinite, in accordance 
with the earlier assumption regarding the surface 
temperature. Again using the same center-line 
data point at 0 = 5 min, we find from the Gurney­
Lurie chart for long cylinders [4] that z = 0.28. 
Hence, a = 0.058 ft2 / hr and k = 0.29 BTU/ 
hr•ft• °F. D 
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NOMENCLATURE 

Cp heat capacity of cylinder, BTU / lb• °F 
h surface heat transfer coefficient, 

BTU /hr-ft2•°F 
J o Bessel function of the first kind and of order 

zero 
J 1 Bessel function of the first kind and of order 

one 
k thermal conductivity of cylinder, 

BTU /hr·ft• °F 
m k / roh 
r variable radius, ft 
r 0 radius of cylinder, ft 
T dimensionless temperature = (tw - t) / 

(tw - to} 
t variable temperature of cylinder, °F 
t 0 initial temperature of cylinder, °F 
t w water temperature, °F 
x dimensionless radius = r / ro 
z dimensionless time = a0 / r0

2 

a thermal diffusivity of cylinder, ft2 /hr 
= k / pc1, 

An n-th root of the equation J0 (A) = 0 
p density of cylinder, lbs /ft3 

0 time, hrs 
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