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ALTHOUGH APPLIED MATHEMATICS has become 
increasingly important in chemical engineer­

ing research over the past three decades, it is still 
eyed with great trepidation by the typical first­
year graduate student. The nature of mathematics 
is viewed as something alien to real engineering, 
having little or no substance nor, curiously, logic. 
A prevailing opinion among first-year students 
is that mathematics is more closely related to 
magic than it is to science. It has been presented 
to them during their undergraduate years mainly 
as a mere assortment of techniques, a "bag of 
tricks," from which the right method for the spe­
cific problem at hand must be plucked. Because the 
"why" of mathematics has not been learned, 
students lack confidence in the "how" as well. 

At Penn we believe that this situation must be 
corrected if our graduate students are to be able 
to productively use applied mathematics in their 
research careers. Therefore, our set of six core 
graduate courses includes a two-semester sequence 
("Applied Mathematics in Chemical Engineer­
ing") which is required of every first-year student. 
In addition, we now offer a strongly recommended 
elective course as a third semester in that se­
quence. However, it is not only the formal empha­
sis on mathematics, but also the content and es­
pecially the approach of the courses that convey 
our message to the students. 

In order to gain confidence in using mathe­
matics in research, a student needs to know not 
only how to apply some technique to solve a prob­
lem, but also when that technique is guaranteed to 
work and why, what other alternatives exist, and 
what methods are certain to be futile. Thus, our 
courses are taught with what might be termed a 
rather fundamental approach. That is, we empha­
size the internal logic and structure of mathe-
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In order to gain confidence in 
using mathematics in research, a student 
needs to know not only how to apply some technique 
to solve a problem, but also when that technique 
is guaranteed to work and why, what other 
alternatives exist, and what methods 
are certain to be futile. 

matics, showing that equations can possess in­
trinsic, inviolable properties in themselves, by 
providing rigorous definitions and stating and pro­
viding relevant theorems. It is these theorems 
which guarantee that certain techniques will pro­
vide solutions for particular problems and that 
others will not. Further, we show how the in­
trinsic properties of equations correspond inti­
mately with the natural behavior of the physical, 
chemical, or biological system being modeled 
mathematically by the equations. Once these 
properties are understood, it becomes a straight­
forward matter to derive a large number of solu­
tion techniques, both familiar and new, to the 
students' satisfaction. It is at this point that the 
students finally appreciate the power of the ab­
stract approach, for they now have learned why 
the tricks in their bag sometimes worked and 
sometimes did not. And they realize that they are 
now capable of reading applied mathematics re­
search literature to learn new techniques, since 
they have a grasp of the necessary underlying 
theoretical foundations. This is, of course, the 
ultimate aim of a graduate course in any subject­
not to pretend to teach the entirety of knowledge 
in the area but to enable the students to learn 
whatever is of interest to them. 

So, what at first may appear to be a rather im­
practical approach to engineering applied mathe­
matics turns out, in fact, to be of great utility. We 
make the analogy to mastery of a musical instru­
ment; it might seem much more practical to 
memorize a few songs that can readily be played 
at parties instead of learning to read music and 
practicing scales and arpeggios, but which ap­
proach will allow a new concerto to be faced with 
confidence? 
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CONTENT 

The basis of our approach consists of teaching 
as much as possible from a linear operator point 
of view. The first semester course concentrates on 
establishing the formal structure of linear, or 
vector, spaces, with an emphasis on spaces of 
finite dimension. This allows development of 
solution procedures for systems of linear algebraic 
equations and systems of linear ordinary differ­
ential equations. We also establish the formal 
structure of nonlinear metric spaces, which leads 
to techniques for approximate solution of non­
linear equations of both algebraic and ordinary 
differential types. The second semester course 
then focuses on linear spaces of infinite dimension. 
Understanding of these spaces permits develop­
ment of solution procedures for partial differential 
equations. Finally, the third (elective) semester 
deals exclusively with nonlinear systems of 
ordinary and partial differential equations, utiliz­
ing perturbation methods and bifurcation theory. 

The underlying theme running throughout all 
three semesters is one of considering problems 
from within an operator framework. We stress 
linear theory because, simply, only linear problems 
can really be solved ( excepting special cases) . 
Even approximate solution techniques for non­
linear problems, whether analytical or numerical 
can be shown to be based on transforming the non~ 
linear problem into a system of linear sub­
problems. (It might be noted that this point helps 
to disabuse the notion that the computer has made 
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the understanding of mathematics less important 
to the engineer.) Thus, if a student has a firm 
grasp of the theory of linear problems, he or she 
will be able to understand how nonlinear problems 
may be approached. When this lesson is taken to 
heart, the student acquires confidence from the 
fact that he or she possesses sufficient mathe­
matical skill to attack theoretical or computa­
tional research problems without anxiety. 

In the next few paragraphs we will attempt 
to provide a brief summary of the course content. 
The first lecture is devoted to defining linear 
spaces rigorously, with a vector being simply an 
element in such a space. It is pointed out that 
these spaces are of importance essentially because 
the desired solutions to systems of equations will . ' m fact, be vectors in appropriately defined spaces. 
We then show how spaces may be comprised of 
linear subspaces, yielding the possibility of ob­
t aining solution vectors as a combination of 
vectors from different subspaces, using the con­
cept of direct sums. Convenient ways of develop­
ing such combinations are allowed by introducing 
the idea of linear independence of vectors. The 
number of terms needed for such a combination 
is specified, using the notion of the dimension of 
a space, leading to the crucial definition of a basis 
for a linear space with finite dimension. Linear 
transformations are then defined, and it is shown 
that all systems of linear equations, no matter 
what type, can be cast as a linear transformation 
of a vector in one space to a vector in another. 
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The first lecture is devoted to defining linear spaces rigorously with a 
vector being simply an element in such a space. It is pointed out that these spaces are 
of importance essentially because the desired solutions to systems of equations 
will, in fact, be vectors in appropriately defined spaces. 

Thus, the solution to any linear problem can be 
understood in terms of solution of the general 
linear transformation equation 

Lx = y 

where y is the "data" vector in the range space, 
x is the "solution" vector in the domain space, and 
L is the linear transformation. Regardless of 
whether the problem is of algebraic, differential, 
or integral type, the vectors and the transforma­
tion can be written in component form in terms 
of basis vectors for the range and domain spaces, 
so that all problems involving finite-dimensional 
spaces are equivalent to matrix equations. In­
verse transformations are now defined, fore­
shadowing a number of solution techniques for 
specific problems. This permits the uniqueness of 
solutions, if they exist, to be determined. 

Norms and inner products are introduced 
next in order to add geometric structure to the 
already present algebraic structure of linear 
spaces. This allows formulation of orthogonal 
basis vectors, which will be useful for generating 
the most convenient solution combinations. Ad­
joints can now also be discussed, leading to the 
Fredholm Alternative Theorem and the determina­
tion of existence of solutions. Finally, the concept 
of eigenvalues and eigenvectors is presented, and 
a Spectral Theorem is proved to demonstrate how 
orthogonal basis solution expansions can be ob­
tained using the eigenvectors of a self-adjoint 
operator. At this point, it is helpful to pull back 
from abstract theory and apply the principles 
learned so far to the solution of matrix equations. 
As mentioned earlier, it is stressed that such 
equations are actually involved in all finite­
dimensional problems. Given the theoretical back­
ground, a large number of alternative solution 
techniques can be derived very quickly and easily, 
and the student now understands the justification 
for, as well as the limits of, these techniques. 

We then step back into the realm of theory 
and, in fact, temporarily remove all the algebraic 
structure we have learned about linear spaces. 
This leaves us with only geometric structure; that 
is, the notions of size and distance generated by 
the presence of norms in linear spaces. In non-
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linear spaces, the function that measures the size 
of an element, or the distance of it from another, is 
called a metric. Thus, we present an introduction 
to metric spaces, of which solutions to nonlinear 
problems may be elements. We can rigorously de­
termine whether a sequence of elements converges 
to a distinct element, a property crucial to the de­
velopment of approximate solution techniques (as 
well as analytical solution methods for infinite­
dimensional space problems). It takes relatively 
little time to move to the surprisingly powerful 
Fixed Point Theorem. This can be used to delineate 
circumstances under which an iterative approach 
will converge to a solution, leading to development 
of numerical methods for systems of nonlinear as 
well as linear algebraic equations. It also can be 
used to find regions of uniqueness and multi­
plicity of solutions to nonlinear equations. Finally, 
we can use it as a bridge to ordinary differential 
equations, since it is required in a simple and 
direct proof of Picard's Theorem for existence 
and uniqueness of solutions to initial-value prob­
lems. Iterative schemes for obtaining approxi­
mate solutions to nonlinear ordinary differential 
equations can also be developed from the Fixed 
Point Theorem at this time. 

With the reintroduction of linear spaces, the 
theory of linear ordinary differential equations 
follows directly, because all the necessary back­
ground is in place. The general solution to a system 
of such equations can quickly be developed in 
terms of the fundamental matrix for the differ­
ential transformation. Students are pleased to see 
the apparently disparate variety of solution 
techniques they might have encountered previous­
ly fall out very easily from the general solution 
expression and development. Methods for de­
termining the form of the fundamental matrix 
are discussed next, primarily utilizing eigenvector 
basis expansions for constant-coefficient problems 
(thus explaining the "sum of exponentials" type 
solutions commonly seen) and for variable-co­
efficient problems as well. The mystery is thus 
taken out of the use of special functions (Bessel 
functions, Legendre functions, etc.) for the latter 
types of equations, as their forms are seen to be 
derived in a consistent and rigorous way. The last 
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few days of the first semester are used to intro­
duce the ideas of asymptotic expansions and per­
turbation theory as means to solve nonlinear 
problems by turning them into a sequence of 
linear ones. Linearized stability theory and a quick 
preview of bifurcation theory are also accessible 
at this point. 

The second semester begins with linear ordin­
ary differential equations of boundary-value type. 
The solution procedure for these follows directly 
from the fundamental matrix approach previously 
developed for initial value problems. The fact that 
solution properties are not completely specified at 
one value of the independent variable (providing 
"initial" conditions) but rather some are specified 
at another value (yielding "boundary" conditions) 
causes no breakdown of the approach. Unspecified 
initial conditions can be assumed to be constants 
as yet unknown, and the fundamental matrix pro­
cedure can be followed. The unknown constants 
can then be determined by requiring the remain­
ing boundary conditions to be satisfied. At this 
point it is useful to show how common solution 
techniques are related to this approach. Of prime 
interest is a presentation of Green's function 
techniques, with the Green's function for a linear 
differential operator demonstrated to be analogous 
to the fundamental matrix. 

We then move on to an extension of linear 
operator theory to linear spaces of infinite dimen­
sion. The most significant change is in the defini­
tion of a basis for an infinite-dimensional space. 
An infinite number of vectors is now required for 
expansion of a solution vector, and the determina­
tion of the coefficients is greatly complicated. It 
is here that the property of self-adjointness of a 
linear operator becomes crucially important. For 
such operators the expansion coefficients can be 
determined individually in a straightforward 
manner. Thus, it is worth taking some time at this 
point to show how problems of unusual form can 
sometimes be cast as self-adjoint problems by ap­
propriate definition of the inner product. 

Linear partial differential equations can now 
be approached as linear operator equations on in­
finite dimensional spaces. Thus, solutions to these 
can be obtained as series expansions in terms of 
the infinite set of basis vectors, which will be 
orthogonal if the differential operator is self-ad­
joint. For non-self adjoint operators the eigen­
vectors will form a biorthogonal set with the 
eigenvectors of the adjoint operators, although in 
this case the eigenvalues will be more difficult to 
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find because they can be complex. The well-known 
Sturm-Liouville problem is seen to be a special 
case of a linear self-adjoint differential eigenvalue 
equation, which allows eigenfunction expansion 
solution. 

Now that a foundation for series expansion 
techniques for solution of linear partial differential 
equations has been laid, we can go on to examine 
a series of problems of increasing complexity and 
subtlety. Examples include the Laplace and 
Poisson equations, and the diffusion and wave 
equations, in rectangular Cartesian, cylindrical, 
and spherical coordinate systems on finite and 
semi-infinite domains, with a variety of boundary 
conditions. Problems involving non-self-adjoint 
operators are also investigated, since the essential 
concepts have previously been established. 

.. . it is useful to show how 
common solution techniques are related to 

this approach. Of prime interest is a presentation 
of Green's function techniques ... 

Examples of these include combined convection­
diffusion equations and the biharmonic equation. 
Again, we stress the development of the solution 
procedures from the linear operator theory frame­
work, emphasizing the unifying logic present 
despite the apparent variety of problems found. 

The second semester is, in a sense, more of a 
"techniques" oriented course than the first semest­
er in that there is a great emphasis on how to 
solve problems from a general linear operator 
point of view rather than primarily proving· 
theorems. For example, proof of theorems relevant 
to infinite dimensional vector spaces such as the 
Spectral Theorem are neglected in favor of a de­
tailed discussion of the subtle differences between 
finite and infinite dimensional spaces. We revisit 
many of the topics developed during the first se­
mester with an almost exclusive focus on differ­
ential operators. We look at adjoint operators 
and examine how their form intimately depends 
on the choice of the inner product. We apply, 
Fredholm's Alternative to examine the conditions 
under which solutions exist to Lx = y, where L 
is a Fredholm operator. The students are sur­
prised to see that the existence of a solution to a 
particular problem is very sensitive to the form 
of the boundary conditions, and that the initial­
value problem can be thought of as a specific 
type of boundary-value problem. The students 
Continued on page 214. 

163 



APPLIE-D MATHEMATICS 
Continued from page 163. 
also enjoy seeing the connection between the non­
existence of a solution determined by the applica­
tion of a mathematical theorem to a physically 
generated problem to be equivalent to a violation 
of a basic conservation principle such as mass; 
energy, or momentum. This helps them develop a 
further appreciation for the practical importance 
and usefulness of mathematical theorems. When 
we present partial differential equations, we begin 
by emphasizing the characteristics of the "typical'; 
problem which can readily be solved by pointing 
out the restrictions that must be placed on the 
shape of the domain, the boundary conditions, and 
the form of the operator. This brings togetheri 
many of the concepts developed over the first two 
semesters. Then we proceed to analyze a numbe~ 
of specific problems which violate in one form or 
another these restrictions and show that the 
manipulations that must be performed to make 
these problems solvable, which might have ap­
peared as "tricks," can be rationalized and under­
stood based upon their in-depth knowledge of the 
structure and properties of vector spaces. Thus, 
the students have developed a deeper appreciation 
for the key role played by mathematical theory in 
being a creative applied mathematician. 

The third semester covers the solution struc­
tures of nonlinear equations and the perturbation 
methods used to analyze them. Three different 
areas of perturbation analysis are studied : bound­
ary layer theory, bifurcation theory, and finite ele­
ment-based numerical methods. The semester 
starts with a general introduction to perturba­
tion techniques. Following a rigorous definition 
of order and asymptotic series, a variety of ex­
pansion techniques can be seen to be different 
formalisms for singular perturbation. 

The bulk of the course covers bifurcation 
theory: a set of perturbation techniques for de­
termining the multiple solutions to nonlinear 
algebraic, ordinary differential, and partial differ­
ential equations, their stability, and their de­
pendence on parameters. Theoretical concepts de­
veloped in the first two semesters, such as Fred­
holm's Alternative and the Implicit Mapping 
Theorem, are central to bifurcation analysis. Spe­
cific examples from fluid mechanics and reactor 
design show how the theory may be used to 
analyze transitions between the multiple steady 
states which frequently arise. 

The course concludes by covering computer 
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implementation of perturbation techniques using 
the Finite Element Method. Computer-aided 
analysis relies heavily on the same local ex­
pansions covered earlier in the course. Any ana­
lytical technique can be implemented on a com­
puter, but the ability to trade off more steps and 
unknowns for simpler calculations at each step en: 
courages the use of lower order expansions and 
local basis functions rather than, for example, 
eigenfunction expansions. Using linear operator 
notation highlights the similarities between com­
puter-based techniques for analyzing the ordinary 
differential equations that arise upon discretizing 
partial differential equations and analytical per­
turbation techniques for studying the original 
partial differential equations. 

TEXTS 

Though it is difficult to find a text that presents 
the necessary concepts in the manner we have just 
described, it is important for the students to learn 
to read applied mathematics literature. Therefore, 
we do require a few texts and assign correspond­
ing sections from them. For the first semester 
course, we have used either Mathematical Founda­
tions in Engineering and Science by Michel and 
Herget or Linear Operator Theory in Engineering 
and Science by Naylor and Sell as the major text. 
We make up our own homework problems, how­
ever, which include extending theoretical concepts 
and proving theorems as well as solving problems 
arising from chemical engineering applications. 
For the section on matrices, readings from Mathe­
matical Methods in Chemical Engineering, Vol. I: 
Matrices and Their Application by Amundson and 
Linear Algebra and its Application by Strang are 
assigned. For the section on metric spaces, we find 
helpful supplemental reading in Green's Funetions 
and Boundary Value Problems by Stakgold and 
Introductory Functional Analysis with Applica­
tions by Kreysig. In the second semester, the 
aforementioned book by Stakgold is the major 
text. Other references include Principles and 
Techniques of Applied Mathematics by Friedman, 
and the text by Naylor and Sell mentioned pre­
viously. For the third semester, the principal 
texts are Perturbation Methods in Applied Mathe­
matics by Cole and Elementary Stability and Bi­
furcation Theory by Ioos and Joseph. 

CONCLUSION 

We are convinced that our approach to teach­
ing applied mathematics for chemical engineer­
ing graduate students has been very successful. 
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Despite the rigorous and initially abstract per­
spective, student reaction has been overwhelming­
ly favorable. Probably the primary reason for this 
is that we try very har d to stress the "why" of 
applied mathematics, so that the "how" of solving 
problems is seen to follow logically and naturally 
from an understandable conceptual framework. 
The major criticism of our approach might be that 
fewer specific techniques can be included because 
of the time devoted to the underlying theory. How­
ever, we strongly believe that this is no real short­
coming because the students are now equipped to 
learn a wider assortment of new techniques on 
their own because they have the background 
necessary to comprehend the basis of unfamiliar 
methods. And this, after all, is the objective of 
graduate education. • 

GRADUATE PLANT DESIGN 
Continued from page 165. 

theory and its limitations and those of the 
numerical procedure utilized to reach a solution. 
The proliferation of engineering software houses 
is alarming. Are they becoming the de facto engi­
neering companies of the future? 

It appears that in the headlong rush to utilize 
the computer, the art of creating a reasonable and 
useful model of physical reality may be declining. 
The measure of the sophistication of a mathemati­
cal model is not what you include but, rather, 
what you leave out. However, the capability of 
computers to crunch complicated differential 
equations and systems of equations encourages 
overly complex models that can conceal the sig­
nificant variables and their relationship. 

Often, simple models and simple procedures 
are all that are required for the problem at hand. 
With the bewildering array of software being 
marketed and the significant use of computer 
design in industry, it is extremely important that 
the student appreciate the roles of the various 
levels of analysis in his work. Using a sledge 
hammer when a tack hammer would suffice is a 
cardinal sin which demonstrates a serious lack of 
judgment and /or knowledge. Students are en­
couraged to keep it as simple as possible, con­
sistent with the results desired. 

Concerning analysis itself, all too often the 
student is faced with papers and texts that pre­
sent skimpy discussions of the physical aspects of 
the model, and pages and pages devoted to solving 
the resulting equations. They are both important, 
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especially when the model is not correct. 
A good example of a meager discussion about 

the physical basis of a model is the no slip 
boundary condition of fluid mechanics. Consult a 
modern text on fluid mechanics and it is probable 
that this boundary condition is stated with no dis­
cussion, as if it were a self-evident truth. Consider 
the student who has seen mercury flow in a glass 
thermometer; would he not question the validity 
of this statement? If Coulomb, Poisson, Navier, 
and Stokes and others of similar scientific stature 
debated this point during the 19th century [7], 
does it not deserve some textbook discussion so 
that the student can appreciate the turmoil that 
is often encountered in creating a good physical 
model? 

In addition to the current information ex­
plosion problem, misinformation is also trouble­
some. For example, in one year, in just one journal, 
at least three authors [8, 9, 10] discussed the mis­
application of Le Chatelier's Principle, while 
Pauling [5] describes some recent textbook errors 
he has detected. 

To help the students develop confidence in 
their understanding of the literature and their 
creative and analytical abilities, they are required 
to rigorously justify the rationales for their de­
signs, the bases for their design calculations, and 
the expected accuracies of their results. 

If our students achieve these three primary 
goals, then I have no doubt that they will be able 
to design the bioengineering and materials pro­
cesses of the future as well as the innovative petro­
chemical processes required to retain the vitality 
of the chemical process industries. • 
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