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THE NATURE OF ADJOINT VARIABLES
AND THEIR ROLE IN OPTIMAL PROBLEMS
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DJOINT VARIABLES ARE frequently arbitrarily

introduced into the textbook discussion of op-
timal or extremal theory. For example, Bryson
and Ho [1] “adjoin” them to the optimization prob-
lem, Denn [2] introduces them as a “convenience,”
and Leitman [11] regards them as a transforma-
tion to a “useful” vector space basis. Only Jackson
[10] has shown that they are desirable as a general
transformation from one set of variables which
appear naturally during the formulation of the
problem to the set of interest in the solution
search problems. Adjoint variables are the
sensitivity coefficients in optimal search problems.
Adjoint variables exist because the coefficient
matrix of every system (of describing equations)
has a transpose, and there are, therefore, two
independent solutions to the homogeneous form
of the system.

However, it was the late Professor F. M. J.
Horn who in 1958 most directly presented the
fundamental nature of the adjoint variables and
their role in optimal reactors in chemical engi-
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neering [5]. The original papers [6, 7, 8] and the
more complete elaboration in his thesis were in
German, with results published in English [9] by
1967. Publications about Pontryagin’s Principle
[8, 10] became the standard literature reference,
and the directness of Horn’s approach became less
available for the beginning student to appreciate.
Furthermore, this appreciation or understanding
of adjoint variables makes much of Horn’s later
work in optimal chemical reactors—effect of by-
passing, cyclical operation of non-linear process-
es—much easier to follow.

This demonstration makes use of the example
presented in detail in appendix I.11 of his Thesis
[6]. One asks for the optimal temperature profile
for a plug flow reactor with several independent
chemical reactions. The set of independent chemi-
cal reactions is any set of the smallest number of
time dependent stoichiometric equations sufficient
to define all reaction compositions uniquely in
time. The proper interpretation of independent
is also clearly discussed in this thesis, although a
more formidable presentation is now available
[12]. We suppose a tubular plug flow reactor with
several chemical reactions and arbitrary kinetics
(Arrhenius)

—
Xo Xe
0 Z Ze

dx /dz = VG, a® D, (= leom) (D)

and presume that the objective function has the
form

2e

M= M(xle,x ,...xme) = M(xe) (2)

M depends only upon the exit composition (ex-
tents) x, and a straightforward solution to the
problem would be to assume a temperature pro-
file, calculate the exit composition vector to give
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M, then presume another temperature profile and
continue to adapt the profile in some beneficial
way until an extreme in M was obtained. Suppose
we had two such solutions (we use x for the vector
of extents of the independent reactions and V for
the vector of reaction rates, and the super dot to
imply differentiation with respect to z)

A il = V(x,T)  and  x, > iz = V(x,,T,) (3)
so that for sufficiently small differences between
T, and T, a first difference (perturbation) is
sufficient. Then

;2 = ;‘1 = [3V,/8x,1(xy = %)) + 3V, /4T)(T, = T)
or .

y = (av,/ax,ly + (av,/3T) T (4a)

where y stands for the perturbation in x caused

by the perturbation 7 in T. We will also have
the perturbed response

- ’f M
M= M, ) - M, ) = = ¥.(2, )
2e le K=l Bxke k*“e

[}

(oM/0ox; )"y (z,) (4b)

Since both x, and x, are zero at z equal zero, y ( 0)
is zero. Note that the matrix, [V, / 9x;] and vector,
(9Vi/oT) are functions of z only, so that the
system of Eqs. (4a,b) is a set of linear differential
equations in which the coefficients are functions
only of the independent variable z. y is the re-

sponse of the system to T . What we desire is to
solve Egs. (4a,b) subject to the restriction that M
be an extreme, so that it is necessary that

dM = (3M/3xie)' dx = 0 (5)

(oM/9x;,)’ is the transpose of the vector of
partial derivatives of M with respect to x;,, that
is, x at the end of the reactor. A system like (4)
is usually solved by Variation of Parameters
(Boyce & DePrima [3] or Hochstadt [4]), finding
first the homogeneous (complementary) solutions.
The form of these solutions is more conveniently
manipulated if we use the solution matrix rather
than the solution vector (in contrast with usual
forms for systems with constant coefficients) .
Therefore

;C = [B] 8 where Bij = avi/axj (6)
has the homogeneous solution matrix [Y] such
that
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[¥] = [B][Y] )

and we take [Y (z.)] to be [I] the identity matrix.
Any other boundary condition on [Y] may be ob-
tained directly from this one. Using the Variation
of Parameters we suppose y = [Y]c and hope to
find the vector c¢ to fit the inhomogeneous part,
which is the second term of Eq. (4)

y = {[xfe} = [Ylc + [Y]e = [B][Y]c + (3v,/3D)T  (8)

Substituting from Eq. (6) we have

[Yle = (3V,/0m) T > ¢ = [Y]'l(avi/ar) T (9)

and we see that the vector of the particular solu-
tions c is directly related to the temperature pro-
file, 7 . Now, these functions depend only on z,
and we intend to keep the same inlet temperature
but to alter the shape of the profile. Therefore any
one of the particular solutions ¢ must have the
property

Z
e
e (z,) = J f:k(z)dz with ¢ (0) =0

0
and since

y = [Y]c and [Y] = [I] at z

n
N

then
y(z) = c(z,) (10)

Then from Eq. 4b, using t as a dummy variable
and recalling that (M/9x;,) does not depend on z

e
" m
M= J Mde = [ (M/3x e, (2,)
k=1

¥4

e
m
J kzl (BM/Bxke)ck(t) dt
0

L}

then

. m : :
M= kgl (3M/3Xke)ck(ze) = (BM/axie) c (11)

(Note that % is the derivative, with respect to

the independent variable of the response ¥ to the
perturbation 7 .)

We now have to solve simultaneously m + 1
linear equations involving ; . There are m inde-
pendent chemical reactions, and Eq. (11) for

i . Since these equations must be linearly de-
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Thus, the differential equations for the adjoint variables and their corresponding

conditions at the end of the reactor show that the influence of the exit extents upon the value of
the objective function can be obtained for any entering conditions to the reactor by integrating their
adjoint variable differential equations from the end of the reactor to the entrance.

pendent, their determinant must be zero

M (BM/Bxie)'

(avi/ar)i [Y] w o [Y]

using vectors u and w for notational convenience,
then

ul

M Y| + , (12)

w [Y)

As we expand the numerator determinant of Eq.
(12) first about w, the first column (deleting the
ith row in Y) and then about u’ in the first row
(deleting the jth column in Y), we will obtain
the cofactors of the elements Y;;, in Y, which we
label a;; and Eq. (12) can be written

IO u'
2 gyl w’[aij]u ) w[Adj (Y')]u .
M= ,YI = |Y| = IYI =w'A (13)

because [a;;] is the adjoint matrix of the transpose
of [Y], (a sign change occurs as the i + 1 index
in the determinant decreases to the i index for w).
The adjoint variables, A\, are defined by Eq. (13)
and

A= (Y e
Since
= (3M/3x; ) = 0
(for the extreme in M)
{[y'In}

But

0= [Y'IA+ [Y'IA + A = - (¥ e A

(Y] = (BI[¥] ~ [¥']A = {[BI[Y]}' = [¥'](B']
then

A== [¥')7'Y')B'] and A= - (B'IA

These are the differential equations for the
adjoint variables. The boundary conditions of

[Y] = [I] at z = z, imply (for m = 2 for clarity)
because I;; is the unit ij cofactor from the identity
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BMlaxl aM/3x2
0 1
A(z)=s ——M——
17e III
aM/Bxi 8M/3x2
1 0
A(z)=- —8 ———
2 %e III
Hence
ul
)\(ze) = s =u= (3M/3xie)
ij
matrix.

Thus, the differential equations for the adjoint
variables and their corresponding conditions at
the end of the reactor show that the influence of
the exit extents upon the wvalue of the ob-
jective function can be obtained for any enter-
ing conditions to the reactor by integrating their
adjoint variable differential equations from the
end of the reactor to the entrance. These
functions, therefore, explain how the optimal re-
sult is affected by changing the values of the ex-
tents of reaction at any point along the reactor
such as the entrance. Since there is a direct cor-
respondence between length in a plug flow re-
actor and time, it is equally clear how the adjoint
variables apply to time optimization as well.

The adjoint variables are therefore nothing
more than the additional homogeneous solution
for the linear perturbation. Had the problem been
cast in the form of time optimal control, they
would have indicated the switching functions; in-
troduced with an Hamiltonian or Lagrange multi-
plier problem, they would have been the cor-
responding multipliers [13].

The thing to see is that all of these structures
rely essentially only on a Cramer’s rule for solving
a dependent set of linear equations and that the
adjoint variables appear naturally as the added
homogeneous solutions to the transpose of the
system coefficient matrix, and they show how
temperature changes along the reactor affect the
objective function, which depends on the con-
version at the exit from the reactor.
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NOMENCLATURE

Determinant

Matrix (square)

Vector (column)

Transposed vector (row)

Length of plug flow reactor

Extent of reaction

Vector of reaction rates

Perturbation in x

Temperature

Objective function to be optimized

Number of independent chemical reactions

Coefficient matrix from partial derivatives
of rates V

Matrix of homogeneous solutions to Eq. 4a

Identity matrix

Vector of particular solutions for Eq. 4a

Row vector (M /X))’

Column vector (avi/ar)i
Vector of adjoint variables

—
N
-
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Subscripts

0] Entrance to reactor
e Exit from reactor
i,jk  Row column indexes

Superscripts

i Index to independent chemical reactions
(1tom)

. Differentiation with respect to length

-1 Inverse matrix

) Transpose

— Indicates perturbation value
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