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GENERATION OF A TERNARY PHASE
DIAGRAM FOR VLLE

RAY E. DESROSIERS,
Texas Tech University
Lubbock, TX 79,09

RAPHICAL REPRESENTATION OF thermody-
G namic concepts is of invaluable assistance in an-
ticipating the effect on a process of changing condi-
tions of temperature and pressure. This is particularly
true in the phase behavior of multicomponent sys-
tems. Estimates of this behavior can usually be made
knowing only the general features of such a diagram,
even if a quantitatively accurate plot is not available.
An arsenal of such figures for binary systems is usu-
ally imparted in a course on solution thermodynamics.
The generation and use of a ternary phase diagram
for a system exhibiting vapor-liquid-liquid equilbrium
is presented here.

THE SYSTEM

Consider a system consisting of two hydrocarbons
and water at 50 kPa. Each hydrocarbon is immiscible
with water but miscible in all proportions with the
other hydrocarbon. At this low pressure, no serious
error will be introduced if the vapor phase is assumed
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to behave ideally. We therefore set all vapor phase
fugacity coefficients to unity. At a sufficiently low
temperature (to be determined), there will be no
vapor phase. The system then consists of a hydrocar-
bon binary and pure water. We will neglect the small
mutual solubility of the organic and aqueous phases.
At higher temperatures, three phases are possible: a
vapor containing all three components, a liquid or-
ganic phase containing only a mixture of hydrocar-
bons, and liquid water. Let us further assume that
the liquid hydrocarbon binary behaves ideally; that is,
the fugacity of each hydrocarbon in the liquid phase
depends linearly on its composition. The principles of
mapping the phase boundaries are best illustrated
with the simple system described above. The exten-
sion to more realistic liquid phase behavior is dis-
cussed later.

We number the components as follows: (1)—HCI
(least volatile hydrocarbon), (2)—HC2, (3)—H,0, and
define the following composition variables

X

mol fraction of HCI in the liquid organic
phase

Y = yilly: + y2)

y3 = mol fraction of H,O in the vapor phase
There is no need to consider a composition variable
for the water phase since it is pure. The liquid organic
phase is a binary and its composition is completely
specified by X. The vapor is a ternary phase and re-
quires two specifications. We could use two of the
three mol fractions, y;, but it will be more convenient
to locate points in the ternary diagram using the set
Y, ys. They are related by

¥y = {1 =y ¥ Y, = (1 -yy)(0-Y) (1

The only property data required are expressions
for the temperature dependence of the component
vapor pressures, P;°. Defining

K,(T,P) = P,3(T)/P

the only phase equilibrium relations which may apply
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At higher temperatures, three

phases are possible: a vapor containing all

three components, a liquid organic phase containing
“only a mixture of hydrocarbons, and liquid water.

to the vapor liquid boundaries are the Raoultian ex-
pressions:

(1 - yy)¥ = KX (2)
(1-y3)(0-Y¥) = K -X) (3)
¥y = Ky (4)

The first two apply if a liquid organic phase is present
and the third if the vapor is saturated with respect to
liquid water.

The vapor pressures of ethylbenzene and benzene
at several temperatures were fit to the Riedel equa-
tion and the resulting expressions were used to illus-
trate the calculation of the phase boundaries.

THE COMPOSITION-TEMPERATURE PRISM

If compositions are indicated on a triangular plane
and temperature is plotted vertically, then the ter-
nary phase diagram will consist of surfaces within a

> 380 K

H,0

FIGURE 1. A point in the prism is located by specifying
three coordinates: the HC ratio (Y), the steam mol frac-
tion (y3), and the temperature (T).
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FIGURE 2. Bubble and dew point surfaces.

triangular prism. Points in the prism are located with
three coordinates (Y,ys,T) as illustrated in Figure 1.
The coordinate Y fixes the hydrocarbon ratio. A line
of constant HC ratio extends to the H,O apex. The
coordinate y; is measured along this line.

The Component Binary Diagrams

Before exploring the interior of the prism, let us
consider the phase boundaries lying in the faces of the
prism. These will be bubble and dew point curves of
the component binaries. For the hydrocarbon face,
these are obtained by summing (2) and (3) with y; =
0, and solving for X or Y.

X=(1-K)/(K - K) (5)
- S s
Y = Kl(1 - Kz)/(Kl - K2) T2 <T< Tl (6)
sy -

K (T,7) =1 (7)

The HCI-HC2 binary bubble-point line is the set of
points (X,0,T) and is drawn as the dotted line ab in
Figure 2. The dew point line is given by (Y,0,T) and

is the solid line joining ab. The saturation tempera-
tures of ethylbenzene and benzene at 50 kPa are 379.5
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K and 332 K and are obtained by solving (7).

The HCi-H,0 binary displays an invariant point
at E;. At fixed pressure, a binary can exhibit three
phases at only one temperature. This eutectic temper-
ature Ty, is determined by summing (2) or (3) with (4)
and setting X = Y = 1 (or zero for i = 2).

Ki(TEi) + K3(TEi) -1=0 i=1,2 (8)

Solving (8) for temperature gives Ty, = 345 K. The
same procedure applied to the HC2-H,0 binary yields
Tg, = 324 K. The eutectic compositions are

(9)

The eutectic points are E;:(1, 0.675, 345) and E,:(0,
0.255, 324). Below these points the system consists of
two liquid phases only. Hence the lines de and fg are
edges of the bubble-point surface for the ternary.

The water-rich branches of the dew point curves
are obtained from (4) since only a liquid water phase
is present.

Ejct ¥y = Ky(T) TEi <T< 135 i=1,2 (10)
The branches E;c are the loci of points (1,y3,T) and
(0,y3,T) for the indicated ranges of T. The left
branches Ej;a and Eyb are similarly obtained from (2)
and (3) by setting both X and Y to unity or zero,
respectively.

_ = S
Yy =1 - K (T) T, o<T<T, (1)

i
The Invariant Line

We have just seen how the eutectic points of the
HCi-H,0 binaries dominate their phase boundaries.
The interior of the prism is similarly dominated by an
invariant line E,E,. Again using the phase rule, a sys-
tem of three components appearing in three phases at
fixed pressure has but a single degree of freedom. We
will need two representations of this line

All three of the phase equilibrium relations apply.
Let the invariant line be parameterized by tempera-
ture Tg. Then it is the locus of points (Y(Tg), y5(Tx),
Tg). Substituting (4) in (2) and (3) and eliminating X,
we obtain

y3" = Ky(Tg) (12)

K (T - K, - Ky)
1 2 3 T

L B | GO %) I

2 T, & TEl (13)

It will also be useful to have this line characterized
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= 380 K

EBZ

BZN

FIGURE 3. The 330 K isothermal plane cuts the phase
boundaries of the bubble and dew point surfaces. The
348 K plane intersects only the dew point surfaces.

by the hydrocarbon ratio; i.e., as the set of points (YE,
y3(YE), T(YE)). Again summing (2) and (3) and
eliminating X, we obtain

(1= KWK + (1 - Y)/Ky) =1 =0 (14)

0<Y<l

For given Y, (14) can be solved numerically for Tg.
Then (12) is used to determine y3®.
The Dew Point Surfaces

Given a vapor of composition (z,,2,,23) we wish to
determine the temperature at which a liquid phase
first forms and the composition of that phase. The HC
ratio is

¥ =200z * 2,) (15)

If
z, > K3[TE(Y)]

then a liquid water phase is formed and the dew point
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Tp is found using Eq. (4) in the form
K3(TD) =z, %0
Tie lines then extend from (Y,z;,Tp) on the surface

E,cE, to (*,1,Tp) at the water apex.
If

z, < K [TR(Y)]
a liquid HC phase is formed. An objective function for
Tp is found by summing (2) and (3) using (1)
2, /K (Ty) + 2y/Ky(Ty) - 1 =0 (16)

Tie lines extend from (Y,z3,Tp) on the surface E;abE,
of Figure 2 to (z;/K;,0,Tp) on the hydrocarbon face.
These tie lines will be illustrated more clearly when
we discuss isotherms.

The Bubble-Point Surface

For this system, a liquid of overall composition
(24,22,23) would in general be a two-phase mixture. If
the aqueous and organic phases were suitably dis-
persed, then at the bubble point, Ty, a vapor phase
containing all three components will form. The HC
ratio is

X = zll(z1 + Zz)

All three of the equilibrium relations (2)-(4) apply and,
when summed with elimination of Y, they yield

- = 17
KX+ Ky(1 = X) +Ky=1=0 (17)

This equation is easily solved for Tg. Once this tem-

EBZ

H20

T(K>=330

P (kPa) =50

FIGURE 4. The 330 K isotherm. The dashed lines are tie
lines.
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EBZ
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BZN
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FIGURE 5. The 343 K isotherm is above the saturation
temperature of benzene.

perature is known

Y = le/ le + Kz(] - X)

and y; = K. Tie lines extend from the HC face to the
invariant line and then to the water apex at Tg.
Explicitly:
(X,0,T,) (Ysy35Ty) (*,1,7,)

These tie lines generate the surface fE;gdEje. It
should be noted that all of the lines and surfaces in
Figure 2 have been generated using only phase rule,
Raoult’s law, and pure component vapor pressures.

Isotherms

The specification of the curves generated by the
intersection of an isothermal plane cutting the phase
boundary surfaces is an instructive exercise to test
our understanding of the ternary phase diagram. The
330 and 348 K planes are illustrated in Figure 3.

The intersections of the 330 K plane with the phase
boundaries and several tie lines appear in the plane of
Figure 4. The dot-dashed line from E; to E, is the
projection of the invariant line onto this plane. The
point E is on the invariant line and is located by set-
ting Ty, = 330 K in (12) and (13). The line EB, is a line
of constant y; = ys* since the vapor mol fraction of
water is fixed by temperature as long as a liquid water
phase is present. Tie lines in the triangular region
formed by E, B, and the water apex extend from
(Y,ys,Tg) to (*,1,Tg) for O < Y < YE. In the quad-
rilateral region formed by E,A;, the benzene apex,

97



and A,, a liquid HC phase is in equilibrium with a
vapor phase. The line EA, is the set of points
(Y,ys,Tg) where

yy= 1= DK+ (1= )7k T (18)
0<Y<yYE

Tie lines extend from (X,0,Tg) to (Y,ys,Tg). The lig-
uid HC composition is

X= (V- y)Y/K = K YT (1= Y) + kYT (19)

While the 330 K plane cuts the prism between the
eutectic points, it was below all three saturation tem-
peratures. The 343 K plane, illustrated in Figure 5, is
above Ty®, the saturation temperation of the light hy-
drocarbon, in this case benzene. Eqgs. (18) and (19)
still apply with T = 343 K but only over the range
Y42 > Y < Y® where Y22 is obtained from (6) with
T = Tg.

COOLING CURVES

Following the progress of condensing the overhead
vapor from a steam distillation is a practical example

FIGURE 6. Cooling path DEB for a steam-rich vapor. Tp
= 349.1, T = 340.2, Ty = 332.5 K at 50 kPa.
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FIGURE 7. Projection of the cooling path DEB for a vapor
of initial composition (.1,.1,.8). The dashed lines are tie
lines. Points D,B show the compositions of the vapor
phase at the dew and bubble points.

of the use of the ternary phase diagram. Given a vapor
of known composition at a fixed pressure, we wish to
calculate the compositions and amounts of the phases
in equilibrium as the system is cooled. The equations
already developed for the determination of the phase
compositions must be augmented by the appropriate
mass balances. Each point on the cooling curve repre-
sents a flash calculation. The composition of the enter-
ing vapor relative to the invariant line determines the
phenomena which occur on cooling. We must therefore
consider two cases: steam-rich vapors and HC-rich
vapors. As before, pressure will be fixed at 50 kPa for
this discussion.

Case I: Steam-rich vapor

A vapor of composition (zq,25,2z3) is defined as

TABLE 1
Characteristic Temperatures of the Cooling Path
for a Steam-Rich Vapor

Temperature Objective Function
T K3(TD) £2550
Ty Y = le(zl + 22)

u
o

L1 - Ky (TR IDY/K (T ) + (1= Y)/K(T)] -1
T X = zl/(zl + 22)

K (Tg) X+ Ky(To)(1 = X) # Ky(Tg) - 1 =

1
o
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steam-rich if

2, & y3E = K3[TE(Y)] (20)

where Y = z,/(z; + z,) and Tg is found using (14). A
typical cooling path is represented by the heavy solid
line in Figure 6. The projection of this path in the
composition plane appears in Figure 7. (Note that this
is not an isotherm.) As the vapor is cooled, the path
encounters the vapor/water boundary surface at Tp.
Since only water condenses, the cooling path must de-
scend on this surface along a line of constant Y until
the invariant line is reached at Tg. At this point, HC
begins to condense. Since three phases are present,
the remainder of the cooling path coincides with the

1.0
/
.8f
.8}
.4t
.2t
00 / 1 " A \ . . A
335 340 345 350
TEMP (K>

FIGURE 8. Phase compositions and extents resulting
from cooling a steam-rich vapor of initial composition
(.1,.1,.8) at 50 kPa.

invariant line until Ty is reached. Note in Figure 7
that the HC liquid in equilibrium with the final point
of the cooling path has the same HC ratio as the enter-
ing vapor. The objective functions required to deter-
mine the characteristic points of the path are sum-
marized in Table 1.

For one mol of entering vapor, let us designate the
phase extents by V, H, W. These are the fractions,
respectively, of vapor, liquid HC, and liquid water.
For temperatures above Ty, a balance on water is
sufficient to determine the phase extents

23=N+y3(1-W)

This equation is easily solved for W, then V =1-W,

SPRING 1986

TABLE 2
Compositions and Extents while Cooling a Steam-Rich

Vapor
TB<T<TE TE<T<TD
Phases V, H, W V, W
Compo- X = (1 - K, - K;)/(K, - K,) X=0
sitions . i l .
Y o= K X/IK X+ Ky (1 - X)] Y = z,/(z, +2,)
¥3 = K3
yp= (1 -y3) Y
y2 = (1 -y3)(0 -Y)
Extents i 2, (1 - y3) -y, (0 - 2)) o
x(W-y5) -y,
V=(zl—HX)/yl V=1-W
W=1-H-V W=

(z5-y5)/(1-y,)

and H = 0. Below Ty, two component balances in
addition to the overall mol balance are required.

z, = Vy, +HX z3=Vy3+(]-H-V) (21)
The relations in (21) can be solved for V, H. A sum-
mary of the calculations required to fix the phase com-
positions and extents is listed in Table 2 and typical
results for an entering vapor of composition (.1,.1,.8)
are plotted in Figure 8.

Case II. Hydrocarbon-rich vapor

If the inequality in (20) is reversed, the vapor is
considered HC-rich. The cooling path for a vapor of

Continued on page 104.
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FIGURE 9. Projection of the cooling path DEB for a HC-
rich vapor of initial composition (.4,.2,.4). T, = 353.9,
Te = 340.5, Ty = 336.1 K.
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PHASE DIAGRAM FOR VLLE

Continued from page 99.

initial composition (.4,.2,.4) is projected onto the com-
position plane in Figure 9. The path encounters the
HC-vapor boundary surface at Tp, but unlike the pre-
vious case, the HC ratio changes as the path ap-
proaches the invariant line. The point at which the
cooling path meets this line is again designated as Ty
but if
W= zdlzy ® 22), Iy # TE(Y)

Whereas the equilibrium relations and mass balances
could be solved consecutively in Case I, here they
must be solved simultaneously for that portion of the
path between Tp, and Ty. The objective function for
Ty is conveniently expressed as

W=1T-H-V=20 (22)

When the expressions for H,V in Table 2 are substi-
tuted in (22) and all quantities are expressed in terms
of Z; and K;, the expression listed in Table 3 for Ty is
obtained. The objective functions for T and Ty have
already been discussed.

For
TE < T< TD

there is no water phase and the phase extents are
determined using component balances on the hydro-
carbons.

z, = _ylV + X(1 - V) = X1+ V(K1 - 1)]

z, =y, V+ (1-X)0-V) = -X[+ V(K -1)]
(23)

The vapor fraction, V, is found by eliminating X in (23)

2
oz 0 # UK -1 - 1=D (24)

i=1

TABLE 3
Characteristic Temperatures of the Cooling Path
for a Hydrocarbon-Rich Vapor

Temperature Objective Function

Ty Cz/K(Tp) + 2p/Ky(Tp) -1 =0
Te 201 = KKy = Ky) + (1= Ky = Kgdlzg(1 - Kp) - Ky = 0
Ty Kl(TB) X + KZ(TD)“ - X) + K3(TB) -1=0

X = z9/(z1 + z5)
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Once V is found using (24), H=1-V and W = 0.
The liquid HC composition, X, can then be calculated
using (23) and

3= K X, ¥y = K2(1 - X), Yy # 23/V

Once the cooling path encounters the invariant line, it
is restricted to this line as discussed in Case I. Then
for

TB<T<TE

the calculations of the phase compositions and extents
are as outlined in Table 2.

SUMMARY AND EXTENSIONS

An understanding of the phase diagram for the ter-
nary system consisting of two hydrocarbons and water
is useful in anticipating the phenomena which occur
when a vapor of this type is cooled. These are rela-
tively complex even for this idealized system in which
the small mutual solubilities of the HC’s with water
were ignored. It is also astonishing to recall that Fig-
ure 2 was generated using only Raoult’s law and phase
rule.

If the mutual HC;-H,0 solubilities are not ignored,
considerably more thermodynamic data are required.
This would be in the form of expressions for the excess
Gibbs energy

E(T.x P.x P.x P
G (T,xl 2X,P Xy )

where p identifies a particular liquid phase. The neces-
sary calculations are described by Prausnitz [2]. The
pairs of points (c,e), (b,d), (f,c) and (a,g) of Figure 2
would coalesce and the edges of the bubble-point sur-
face would become smooth curves all terminating at
the pure component saturation temperatures. Exam-
ples of such figures are available [1].

A BASIC program to perform all the calculations
outlined in this article is available from the author.
The program can generate the two-dimensional
isotherms and cooling curves illustrated in Figures 3,
7, 8. Machine requirements are modest: 32K and a
graphics package.
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