| classroom

DISCRETE PROCESSES IN
UNDERGRADUATE PROCESS CONTROL COURSES

RICHARD H. LUECKE, HSIN-YING LIN
University of Missouri-Columbia
Columbia, MO 65201

LONG HELD criticism of academic instruction
and research in chemical process control concerns
the gulf that is so often perceived between what is
discussed in the classroom and university laboratory
compared with what is actually used in the field. This
problem extends to undergraduate courses in basie
process control. In a recent survey [1], chemical en-
gineers rated the teaching of Laplace transforms, for
example, as being among the least useful of under-
graduate topics. Nonetheless, most instructors in
chemical process control would probably agree that
the use of the Laplace transform is essential for the
understanding of dynamic processes.

However a dilemma has arrived at the process con-
trol classroom door—sampled data for digital process
control. Clearly, it is no longer adequate to give the
undergraduate a course involving only systems with
analog controllers. Almost all new process control is
installed as sampled data processing; the topic must
be included.

Discrete system analysis has raised a new spectre
for students in undergraduate control classes. Just
as the typical student is becoming comfortable with
Laplace transforms, a new and equally mysterious op-
eration called the Z-transform is introduced to deal
with discrete processes. This situation is exacerbated
by the fact that this topic usually appears near the
end of the semester when insufficient “acclimatizing”
time remains. It doesn’t help that the algebra and
arithmetic associated with Z-transforms is just as
complicated as that with Laplace transforms. And the
results are probably more opaque.

The final irony is that, in fact, not much chemical
process sampled data control system design is actually
performed via Z-transform methods. Particularly for
sampled data processes, even the control specialists
tend‘to think and work in the time domain rather than
the transform domain. This is because in the time do-
main sampled data methods are simpler, easier, and
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are intuitively more understandable. These seem to
be good reasons why it might be better, in under-
graduate control courses, to develop sampled data
processes in the time domain, leaving Z-transforms to
advanced courses (if at all).

In the following, we summarize and compare time
domain and Z-transform methods for sampled data
process control design and analysis. We show that all
of the results and concepts usually considered in un-
dergraduate exercises can be developed more quickly,
clearly, and intuitively in the time domain. In fact
there are only a few special situations where the Z-
transform could be considered to have advantages
over the time domain.

DISCUSSION

Although most chemical processes exhibit non-
linear dynamic behavior, a linear model that approxi-
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mates the dynamics over a specific operating range is
valid in most cases. Linearization allows the use of
Laplace or Fourier transforms. Operational caleulus
and transform techniques were adopted in the early
half of this century for analysis of system dynamics
and to assist in control system design.

Extensive research and development effort has
been devoted in the past two to three decades toward
a different approach—time domain analysis of dy-
namic systems. Despite this work, a survey of recent
texts indicates that methods which are taught in
standard texts for analysis of dynamic systems and
design of process control systems are still principally
concentrated on the transform domain. This is true
not only for continuous or analog control but also for
sampled-data processes. Popular textbooks for sam-
pled-data process control [2-6], and including a recent
chemical engineering text [7], all focus on transform
techniques.

Design for sampled-data process control systems
may be based on continuous system methods and Z-
transforms used to evaluate the resulting sampled
data response; or the design may be developed in the
Z-transform domain. In either case, Z-transforms usu-
ally require extensive and tedious algebraic computa-
tion. While this may be facilitated by a good library
of well documented computer programs [5], the exten-
sive computation that is required suggests that a di-
rect computation or simulation approach might be
preferable to transforms for sampled data processes.
Because we are dealing with linear systems, the inte-
gration is inherently simple.

To compare the two methods, let us first consider
analysis of a closed loop control system using the Z-
transform approach. We begin with an observable and
controllable dynamic process that may be described
by a set of linear, ordinary, differential equations.
While the theory and methods to be discussed are by
no means limited to single-input—single-output pro-
cesses (SISO), we shall restrict the discussion to this
class of systems for clarity of presentation. Actually,
multivariable control systems rarely get much atten-
tion in undergraduate instruction.

dx/dt = Ax + Qm(t - td) + Rd (M)
y = Cx

where x is the vector of state variables,
y is the observed output variable,
m is the control variable,
d is the disturbance,
tq is the delay in the control input,
A, Q, R, C are matrices.

We assume that the input control variable m is
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Extensive research and

development effort has been devoted

in the past two to three decades toward
a different approach—time domain
analysis of dynamic systems.

restricted to the commonly used zero-order hold func-
tions, i.e.

m(t) = constant
kKT <ts (k+1)T (2)

T is the sample period.

It can be shown that the stable discrete step re-
sponse model of the observed variable y is given in
the Z-transform space by [8]
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y(z) = 27" ] a1 - 27hn(z) + Bd(2) (3)
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In the classical approach for analysis in the Z-
transform domain, the process model is considered to
be available in terms of a single n*® order differential
equation. The Laplace transform of this equation
gives the transfer function of the continuous plant

=
n

- [1 - exp(AT)IA 1q

-3
]

y(s) = G(s)m(s) + G,(s)d(s) ‘_ (4)

The open loop Z-transform of the transfer function
is formed by multiplication of the Laplace transfer
function by the zero-order hold function and then by
use of the Z-transform tables. The Z-transform of the
open loop process response is the Z-transform of the
inputs multiplied by Z-transform of the open loop
transfer function.

y(z) = HG(z)m(z) + Bd(z) (5)

The Z-transform, Bd(z), must be found for the product
Bd(s), and not by multiplying the respective Z-trans-
forms, B(z) by d(z) [7].

The time domain response is found by inversion of
the Z-transform from Eq. (5). This might be ac-
complished analytically using partial fractions and the
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Z-transform tables. Alternately, a numerical solution
for the response at the sample intervals can be calcu-
lated by long division of the denominator of y(z) into
its numerator. The coefficients of the polynomial in z-*
that is obtained by the division would be the discrete
response sequence.

In the time domain, these same results may be
derived following a more direct and intuitive ap-
proach, as used for example, by Cutler and Ramaker
[9]. The coefficients, a; in Eq. (3) are the unit step
response model for the process. As illustrated in
Figure 1, the output or response at any sample inter-
val due to a step input of size m, at t = 0 is given by

y(nT) =y, +ma_ (6)

Because of superposition in linear processes, the
response after a series of n step inputs m; is given by

yini) = 3, + E ma_ _; (7)
1

The response after a series of n step inputs in both
the control variables m; and disturbances d; is calcu-
lated explicitly.

n

y(nT) =y + % (ma . +db ) (8)

in-1i i'n-1i
1

where b;.is the step response to a unit step input in
the disturbance.

This equation is equivalent to Eq. (3) except that
the dead time delay in Eq. (8) is carried in the a; vector
as depicted schematically in Figure 1. The dead time
need not be an integer multiple of the sample time.
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FIGURE 1. Unit step response of a second order process

with a dead time
G(S) = e>/[(S+1)(25+1)
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A restriction implied by Eq. (8) is that the distur-
bance occurs as a step input. In fact, many but not all
real disturbance variables do actually occur as steps.
For those real physical disturbances that do not occur
as steps, the resulting inaccuracy in the predicted out-
put is usually far smaller than error that can occur for
other reasons. The overwhelming simplicity of the for-
malism is adequate compensation for this minor prob-
lem.

It may be evident just from the above descriptions
that considerably less effort is required to derive the
time domain representation of the open loop response
than with Z-transforms. The actual computation of the
response using Eq. (8) is straightforward and may be
accomplished on a pocket calculator.

Of course the closed loop response is of greater
interest; from that we can determine if the controller
will perform adequately. The classical Z-transform
computation of closed loop response for a typical DDC
control system is given by

HE G(2)G_(z) 2{6,(s)d(s)}
¥(2) = T5HG 66 _(2)6 _(2) * T+ W6 ,G6_(2)6_(2)

(9)

This equation implies that the Z-transforms be
found for HG.G, HGGG,,, G., and G4(s)d(s). The out-
put which is the inverse of y(z) would then be found
by algebraic manipulations similar to those described
above for the open loop. The algebra required for
y(nT) via Eq. (9) is far from trivial even for a modest
problem.

The direct computation approach solves the closed
loop equations recursively rather than as a set of
simultaneous equations. Eq. (8) is unchanged for com-
putation of the response except that an equation is
added to compute the control input. For example, if
the controller is a PID, then the control or manipula-
tive variable may be computed as follows [7]

L Kc €n + (T/I) Z €y Bl (TD/T)(En - En—l) *ns

(10)

where €, = yset, -y,
ms = steady state value for input

Eq. (10) may be easily programmed and used along
with Eq. (8) to compute the response. Again pro-
grammable calculators or very modest computer
programs can develop the time response even for
rather complex processes. The equations are explicit
and the algorithm is simple:

(1) Knowing the initial conditions and inputs up to time
nT, y(nT) is computed with Eq. (8);
(2) The errors ¢, are computed, including the current one;
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FIGURE 2a. Closed loop response of sampled data pro-
cess. Third order system with dead time of Eq. 20. Con-
trol is Pl with K. = 0.60, 7, = 1.0
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FIGURE 2b. Same process as in Figure 2a but with K, =
0.95.

— Set Point
=-=== Control Variable
—-— Response
309 10 ™
- |_1 i | !
2.0 | L= r : :
o M P i o e ! .
@ ’ = s, } / = \ H
c 1.0 i A - ’ ; ':
2 / Le N A Y
. ~_ ! ¢ H N
o 0.0+ i po "1 i
2 -1 ! ] . i
o s d ! "
1.0 g b
0 T T T T T T ' . 2
3 6 9 12 15 18 21 24 27

Time/Sample Time

FIGURE 2¢c. Same process as in Figure 2a but with K, =
0.84.
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(3) The value for the manipulated variable for the next in-
terval is computed from the control law Eq. (10); this
calculation is exactly the same as would be made by the
actual process control computer.

(4) The input is applied to the process response function,
iterating this procedure through step (1).

These ideas can be illustrated by considering the
exampies and problems from the recent. under-
graduate text by Stephanopoulos [7]. All of the prob-
lems which involve finding the response, evaluation of
stability, or design of controllers for sampled data sys-
tems can be worked using the simulation approach. In
almost every case there is a considerable saving of
time and labor over the Z-transform. A typical exam-
ple would be Problem VII.28 in which the student is
asked to compute the ultimate gain for a third order
process with dead time

G = 2 exp(-tgs)/(0.1s + 1)(s + 1)(3s + 1) (11)

For the Z-transform solution, the open-loop Z-trans-
form of the transfer function must first be found. The
above Laplace transform is first multiplied by the
zero-order hold, and then factored into partial frac-
tions. The partial fractions are used with Z-transform
tables and additional algebra to obtain the pulse trans-
fer function

He(z) = 2 z7 PO (1 - 271)
1 1/2610 . 5/9 135/29

L 1=l jaglt 1=
(12)

1-2

This result is a rational function in z where the de-
nominator is third order and the numerator is of order
four plus tg.

To find the ultimate gain, we must find the roots
of the characteristic polynomial

1 + D(z) HGp(z) = 0 (13)

where D(z) is a proportional controller. Thus the
characteristic polynomial is also of order four plus t,.
The proportional gain in D(z) is varied repetitively
until one of the polynomial roots is on the unit circle.
While the roots may be found with a computer pro-
gram, extensive algebra is required before that point
is reached. The reader should visualize the amount of
“dog work” involved in clearing fractions and expand-
ing the characteristic polynomial using Egs. 12 and
13, and then finding the location of the roots as the
proportional gain changes. Even with the partial
simplification of ignoring the shortest time constant,

Continued on page 108.
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Continued from page 81.

and with a good polynomial rootfinder, this problem
will take hours to complete.

In the time domain, computations for this problem
are not only much simpler, but also direct and trans-
parent. The student can get a feeling of the system
dynamics as part of the solution. The third order re-
sponse can be found directly from the Laplace trans-
forms. The algebra is the same as leading to Eq. 12
for the Laplace transform which is easily inverted to

y(t + ty) = (1 - e710t/2610 + e7t/1.8
- 135 e71/3t/29)u(t) (14)

The step response coefficients, a;, for use in Eq. 8 are
calculated from this equation. Note that it doesn’t
complicate the calculation if the dead time is not an
integer multiple of the sample interval. The closed
loop response is then calculated as described above
using Eqs. 8 and 10. The calculations can be carried
out by hand, but the students quickly learn to imple-
ment these equations in a simple program on a hand
calculator, or on a computer.

Instead of searching for a root on the unit circle,
the ultimate gain is found as one would find it experi-
mentally: the gain is varied until oscillations are sus-
tained, neither waxing nor waning. This is shown in
Figure 2. Figure 2a, the closed loop response is seen
to be underdamped but stable when the gain is 0.60.
In Figure 2b, unstable response results when the pro-
cess gain has been increased to 0.95. The control vari-
able is a more sensitive indicator of stability than is
the output variable itself.

The decay ratio is the measure of the relative
amplitude of successive waves. In (a) the decay ratio
is 1.47; in (b) it is 0.902. Linear interpolation of these
values to 1.00 gives the ultimate process gain of 0.84.
In Figure 2¢, it is seen that with this gain, sustained
oscillations oceur, neither growing nor damping.

For additional information, it is a simple matter at
this point to modify the program to include the I and
D sections of Eq. 10 to evaluate a Ziegler-Nichols con-
troller designed using the ultimate gain and the ulti-
mate period.

Menu driven interactive programs have been de-
veloped which allow students to enter process
parameters and control constraints for first or second
order linear systems with dead time. These automat-
ically produce plots using graphics on the DEC PRO-
350 microcomputer similar to Figure 2 [10]. These
may be displayed in high resolution and in multicolor
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directly on the terminal screen, or they may be
printed, as shown here, on a dot-matrix printer.

We have also installed these programs on the main
frame computer at the University of Missouri. In that
case, the graphical output on the terminal screen or
on the line printer is of lower quality than that from
the microcomputer since the graphics are produced
using the modified line printer plot subroutine,
FPLOT. We can send listings of these programs upon
request.

CONCLUSIONS

Discrete process control systems can be simulated
using the Dynamic Matrix approach with relatively
simple computer programs. Problems that are very.
tedious using Z-transforms can be solved in a straight-
forward manner using iteration and direct computa-
tion. Simulation gives intuitively meaningful results
and is pedagogically far more useful for analysis of
sampled data systems than are the more elegant but
difficult transform methods. It is an additional benefit
for students in process control classes to see the vari-
ation in system responses as a function of change in
control parameters. Hopefully this approach will re-
ceive greater stress in future texts.
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