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DEGREES OF FREEDOM AND PRECEDENCE
ORDERS IN ENGINEERING CALCULATIONS

JUDE T. SOMMERFELD
Georgia Institute of Technology
Atlanta, GA 30332

TRIAL-AND-ERROR calculations occur routinely in
chemical engineering design computations, and
chemical engineers are generally quite facile in per-
forming such calculations. Trial-and-error methods
may be necessary for the solution of a single equation
for a single variable, or for the solution of a system of
equations for many variables. To be sure, systems of
linear equations can be easily solved by straightfor-
ward matrix methods and do not require the iterative
methods associated with trial-and-error calculations.
However, most design relationships in chemical en-
gineering are not linear and, in addition, may not even
be represented by equations, but rather by graphs,
tables, heuristic rules, ete.

Little material has been published in the practice
literature on the organization of calculations so as
to eliminate or minimize trial-and-error effort. This
article summarizes a simple design variable selection
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algorithm which: 1) identifies nested loops of equa-
tions which must be solved by trial-and-error
methods, 2) seeks to minimize such loops, 3) provides
guidance to the selection of design or decision vari-
ables, and 4) delineates the order in which systems of
equations are to be solved.

Readers interested in further technical details of
this methodology are referred to some of the early
papers by Rudd and co-workers [1,2]. In turn, the
basic theory of information flow structure underlying
these applied works was given by Steward [5,6]. A
more recent discussion of this topie, including presen-
tation of an algorithm entitled SWS (Structural
Analysis with Substitutions), is provided by Soylemez
and Seider [4].

DEGREES OF FREEDOM

Central to the organization of design calculations
for a given system is the determination of the number
of degrees of freedom that the system possesses.
Quite simply, the number of degrees of freedom (F)
is equal to the difference between the number of sys-
tem variables (M) and the number of independent re-
lationships involving these variables (N). That is

F=M-N (1)

Then, F of the M variables of the system may be cho-
sen as design or decision variables by the designer;
the remaining (N) variables are called state variables.
This concept is identical to the Gibbs phase rule of
classical thermodynamics. It is, of course, the de-
signer’s responsibility to ensure that 1) no design re-
lationships are overlooked, and 2) the purported N
design relationships are indeed independent of one
another.

In their excellent text, Rudd and Watson [3] iden-
tify three calculational cases, depending upon the
value of F. These three cases will be illustrated with
the aid of their simple mixing example, depicted in
Figure 1.
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CASE I: Contradiction F < 0
Let us assume that the following design relation-
ships (equations) are postulated for this mixing exam-
ple

A+B=C¢C (2)
K = B/A (3)
A = 1,000 (4)
C = 2,000 (5)
K= 4.0 (6)

Thus, there are five independent design relationships
(N = 5) and four variables (A,B,C,K; M = 4) post-
ulated for this system. In this case, F = -I.
Mathematically, this problem is not solvable. There is
no set of values of the four variables which will simul-
taneously satisfy the five design relationships post-
ulated, and hence the name contradictory for this
case. This situation generally results from an incorrect
formulation of the design problem, and is of no practi-
cal interest.

CASE II: No Freedom F = 0

Suppose we now relax Eq. (5) in the above set of
five equations; that is, Eq. (5) need no longer be satis-
fied. In this case, the number of design relationships
(N) reduces to four, and the number of degrees of
freedom (F') becomes exactly equal to zero. There is
then a single unique solution to the remaining system
of four equations, and one is not free to arbitrarily
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c

FIGURE 1. Simple mixing process

SUMMER 1986

Having determined the number of

degrees of freedom in a given design problem,

the next step is to determine: 1) which of the problem
variables are to be selected as design variables,

and 2) the order in which the system

equations are to be solved.

assign values to any of the four system variables.
Specifically, the unique system solution is: A = 1,000,
B = 4,000, C = 5,000, K = 4.0.

This case is common to students in their basic sci-
ence courses (chemistry, mathematics, physies), as
well as in many of their engineering courses. How-
ever, while useful from a pedagogical viewpoint, this
case does not represent the open-ended design prob-
lems encountered by engineers in practice.

CASE III: Degrees of Freedom F > 0

In addition to the relaxation of Eq. (5), suppose we
now also relax Eq. (6) in the above system. In this
case, the number of design relationships (N) reduces
to three. Still with four system variables (M = 4), the
number of degrees of freedom becomes equal to one.
There is an infinite number of values for the variables
B, C and K which will satisfy the three equations for
this case. Thus, some freedom exists. Specifically, one
would have to assign a value to one of the above three
variables (B, C, K) before this system could be solved.

This case corresponds to the typical open-ended
design problem. That is, the designer must first make
some choices regarding the values of one or more of
the system variables. Clearly, experience in the selec-
tion of such design variables is a valuable aid. Also,
this case is the only one of the three which presents
any optimization possibilities. Thus, some objective
function of the design and state variables of the sys-
tem may be defined, and it may then be the objective
of the designer to maximize, minimize or otherwise
optimize this function as part of the design procedure.

The remainder of this article is concerned only
with this Case III.

DESIGN VARIABLE SELECTION ALGORITHM

Having determined the number of degrees of free-
dom in a given design problem, the next step is to
determine: 1) which of the problem variables are to be
selected as design variables, and 2) the order in which
the system equations are to be solved. Often, one or
more of the problem variables have their values dic-
tated by the environment, e.g., available cooling
water temperature, size of an available piece of equip-
ment, etc. This per force elevation of some problem
variables to design variables obviously reduces the de-
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grees of freedom remaining to the designer. It will be
assumed here that the number of these remaining de-
grees of freedom is still non-negative. The objective
of the second task is to determine a calculation prece-
dence order which eliminates or at least minimizes the
need for simultaneous solution of two or more equa-
tions. Ideally, we would like a calculation precedence
order in which equations are solved in sequential
order, one at a time, with no recourse to iterative
methods.

For these purposes we first construct a structural
array or table representing the presence of the prob-
lem variables in the design relationships, using the
methods presented in Rudd and Watson [3]. The col-
umns of this array correspond to the problem vari-
ables, and the rows correspond to the design relation-
ships. The presence of a variable in a given relation-
ship is represented by some symbol, e.g., x, in the
appropriate location of this array. The actual nature
of this symbol is arbitrary; it could just as well be a
one or a dot or a T, denoting true. That is, this symbol
denotes that it is true that a certain variable appears
in a given relationship; the absence of such a symbol
or a blank denotes the absence of that variable in the
relationship. Thus, this array is Boolean or logical in
nature; graph theory tools associated with Boolean
logic will be used in the processing of this array to
determine the preferred design variables and the cal-
culation precedence order.

This procedure begins by locating a column which
contains only one true symbol, e.g., X, and then delet-
ing that column variable and corresponding row re-
lationship. The physical significance of this action re-
lates to the fact that, since this variable appears in
-only one design relationship, its value may be readily
calculated if values of all of the other problem vari-
ables (more specifically, the other ones appearing in
this design relationship) are known. Thus, this vari-
able deleted will not be chosen as a design variable.
Rather, it will be a state variable and, as will be seen
shortly, will be the very last state variable to be com-
puted.

The above deletion step is repeated until, hope-
fully, all of the design relationships have been elimi-
nated. At each variable deletion step, the same think-
ing as above (only a single true entry in a given col-
umn) applies to the ability to solve directly for that
variable. The variables in the columns left over after
all of the design relationships have been eliminated
are chosen as the design variables in the system (cor-
responding to the number of degrees of freedom). Of
course, if the original number of degrees of freedom
was equal to zero, then there would be no columns left
over either. In any event, the calculation precedence
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order in which the design relationships are to be
solved is the reverse of the order in which these re-
lationships were deleted. That is, given values for all
of the design variables, the first state variable is com-
puted from the last design relationship eliminated, the
second state variable from the second last, and so on.

What happens if this selection algorithm fails?
That is, at some point in the algorithm, a situation is
reached wherein there is no column with only a single
true entry. Recall that multiple true entries in the
same column correspond to the simultaneous appear-
ance of that column variable in two or more design
relationships. In this situation, a calculation recycle
loop has been detected, and this means that some of
the design relationships will have to be solved simul-
taneously. A method for handling this situation is dis-
cussed in Example 3 below.

Before proceeding to the examples, however, let
us summarize some useful rules of thumb in the im-
plementation of this algorithm. These are

1. If a variable can assume only a finite number of discrete
values (e.g., number of reactors in parallel, type of heat
exchanger, column packing size, etc), then that variable
should be first elevated to the role of a design variable
before proceeding with the algorithm. Otherwise, if it
serves as a state variable, the value computed for it will
rarely match one of the discrete values it can assume.

2. If two or more variables are initially chosen as design
variables from environmental considerations, care must
be taken to ensure that no design relationships have been
inadvertently destroyed. Thus, if in a given relationship
only two variables appear, selection of these two variables
as design variables destroys that relationship, thus creat-
ing one additional degree of freedom. This comment re-
mains valid even if the values of these design variables
were to satisfy the affected relationship, since the latter
was probably consciously or unconsciously employed in
the assignment of values. This point is returned to in
Example 2 below.

3. During implementation of this procedure, as many true
values as possible should be eliminated at each deletion
step. One will often have a choice at each step as to which
column variable is to be deleted (there will be more than
one column with only a single true entry). In this case,
that column should be deleted which results in the
maximum amount of true entries eliminated in the corres-
ponding row relationship deleted. Adherence to this pol-
icy will generally promote success of this algorithm,
thereby preventing the need to solve two or more re-
lationships simultaneously.

4. Implicit solutions for state variables should be minimized.
That is, if one again has a choice at any step in the deletion
of column variables, the corresponding row relationships
should be checked to see that the column variable is not
implicitly defined therein. Thus, even a simple relation-
ship such as z + e* = 10 represents an implicit definition
for z, and trial-and-error methods would have to be em-
ployed to solve for z. In summary, explicit relationships
(solvable in straightforward fashion) should usually be
chosen over implicit relationships for deletion.

CHEMICAL ENGINEERING EDUCATION



EXAMPLE 1. Two Heat Exchangers in Series

As a first simple example of application of this de-
sign variable selection algorithm, consider the scheme
of two heat exchangers in series, as shown in Figure
2. A hot process stream with a constant mass flow
rate of my, constant heat capacity of ¢, and a temper-
ature of t;, enters the first heat exchanger, where it
is contacted with a first cold stream entering with a
constant mass flow rate of m;, constant heat capacity
of ¢, and a temperature of t;; this cold stream leaves
the first heat exchanger at a temperature of t. The
hot stream exits the first heat exchanger at a temper-
ature of t;;, enters the second heat exchanger at the
same temperature, and exits this latter exchanger at
a temperature of t,;. The second cold stream to this
exchanger enters with a constant mass flow rate of
m,, a constant heat capacity of ¢y, and a temperature
of tg, and leaves at a temperature of ty.. The types of
the two heat exchangers (e.g., finned tube, double-
pipe, etc) are as yet undefined, and are denoted by
the discrete variables K; and K,, respectively.

The design relationships postulated for this system
are summarized below

Q = me(ty, - tyy)

Q = mpe;(t, - t) (8)
Q, = UA At (9)
Up = Up(mst ot oty ooty 60Ky (10)
At & (thi - t10) B (tho - t1f) (1)
1 t. -t
on i 10
Yo ~ Yi
Q, = mc,(t; -t (12)
Q, = myc,(t,e - t,) (13)
Q, = U,A,At, (14)
Uy = Uy(m ot oty comontyonty oK,) (15)
Fri (the = tpp) = (tyy = tye) (16)
2 t_ -t
nf ~ ‘20
an T —
hi ~ C2f

Egs. (7) and (8) represent the heat balance equa-
tions for the first heat exchanger; Eqgs. (12) and (13)
do the same thing for the second heat exchanger.
Similarly, the heat transfer relationships for the first
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FIGURE 2. Two heat exchangers in series

and second heat exchangers are given by Egs. (9)-(11)
and (14)-(16), respectively. The total number of design
relationships (N) is thus equal to ten. Note that the
design relationships for the two heat transfer coeffi-
cients—U; and U,, Eqgs. (10) and (15)—are very gen-
eral in nature. They conceivably could be of tabular
or graphical form, and not necessarily analytical equa-
tions.

The total number of problem variables (N) is equal
to 20

Q Q, M Yo By
bie to my Uy A
! Ky By My Y
§ o U, A, At, K,

We thus have 20 — 10 = 10 degrees of freedom
initially. Note that we have included the two heat
transfer areas (A;, Ay) as problem variables, but not
the three heat capacities, which are treated as con-
stants. These latter could conceivably be defined as
some functions of the corresponding fluid’s terminal
temperatures. But since we would thereby be adding
four new variables and four new relationships, the
number of degrees of freedom would remain un-
changed at 10.

Suppose now that we assume that the following
five variables

are fixed by the environment. The first three of these
obviously specify the overall duty or job to be per-
formed. The last two specifications could conceivably
be related to coolant fluids temperature constraints.
At this point then, there remain five degrees of free-
dom. In line with Rule 1 above, we now choose to
elect the two discrete variables K; and K, as design
variables, leaving three degrees of freedom. We then
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Step 1. Deletion of A, and Eqn. (14) Step 2. Deletion of Uy and Eqn. (15)
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Step 3. Deletion of At, and Eqgn. (16) Step 4. Deletion of t5¢ and Eqn. (13)
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Step 5. Deletion of Q; and Eqn. (12) Step 6. Deletion of A; and Eqn. (9)  Sfep 7. Deletion of U; andEqn.(10)
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EqniQ, [ty It At
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Step 8. Deletion of At; and Eqn. (11)  Step 9. Deletion of t;¢ and Eqn. (8)  Step 10. Deletion of Q; and Eqn.(7)

Variablesvlef’r over to be elected as design variables are: ty; My, mo

FIGURE 3. Application of the design variable selection algorithm to the two heat exchanger problem
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wish to determine which three of the remaining thir-
teen problem variables should be elected as design
variables, so that the ten design relationships can be
solved sequentially.

The application of the design variable selection al-
gorithm to this problem is illustrated in Figure 3.

From Figure 3, the first variable eliminated is A,
along with Eq. (14); alternately, the variable A, could
have been eliminated first, along with Eq. (9). With
our original choice, A, will certainly not be chosen as
a design variable, but rather will be the last state
variable to be computed. The next variable deleted is
U,, along with Eq. (15) and so on. The sequence of
deletion steps is summarized in Table 1. Note here, in

TABLE 1
Summary of Deletion Steps for the Two Heat Exchanger
Problem
Step Variable Equation
No. Eliminated Eliminated
1 A, (14)
2 U, (15)
3 Aty (16)
4 tor 13)
5 Q2 (12)
6 A, ©)
7 U, (10)
8 At, (11)
9 tie ®)
10 Q: )

Variables remaining to be elevated to design variables are: ty; m;,
ms.

accordance with Rule 4 above, that one would not
want to have to calculate any of the fluid temperatures
from the two expressions for the log mean tempera-
ture differences—Eqs. (11) and (16). The algorithm is
successful in this case, and terminates with the col-
umns corresponding to ty;, m; and m, undeleted.
Thus, this set of three variables (which is not neces-
sarily unique) can be chosen to satisfy the remaining
three degrees of freedom and construct a calculation
precedence order in which each of the ten design re-
lationships is solved in sequential fashion.

As indicated earlier, the calculation precedence
order is formed as the reverse of the deletion se-
quence, i.e., by reading Table 1 from bottom to top.
Thus, with given values of the environmentally
specified variables (my, ty, the tio, teo), the preferred
discrete design variables (K;, K5) and the above-de-
termined design variables (t;;, m;, m,), the first state
variable computed is Q; from Eq. (7). Next, t;;is com-
puted from Eq. (8). The calculations proceed until the
last state variable, A,, is computed from Eq. (14).
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EXAMPLE 2. Isothermal Binary VLE

As a second example of this procedure, consider
the problem of an isothermal binary vapor-liquid
equilibrium (VLE) calculation. We will assume here
that the liquid phase is non-ideal and can be rep-
resented by activity coefficient expressions, and that
the vapor phase is ideal. Hence, there will be no
vapor-phase fugacity coefficients entering into the de-
sign relationships and, correspondingly, no expres-
sions for these coefficients.

The ten design relationships for this problem are
as follows

Xt %y =1 (17)
I=p +p, (18)

P° =P °(t) (19)

P," = P2°(t) (20)

Yy = Y1 (X)Xyt) (21)

Yy = Yp(xpsxyst) (22)

Py = Y1%P;° (23)

Py = Y%pP)° (24)

Yy = byl (25)

Y, = P,/ (26)

Note here that Egs. (19) and (20) above are general
expressions for the pure component vapor pressures
(P,° and Py°) as functions of the temperature (t). These
could be Antoine equations or vapor pressure curves,
for example. Similarly, Egs. (21) and (22) are general
expressions for the liquid-phase activity coefficients
(v, and vs,) as functions of the liquid-phase mole frac-
tions (x; and X,) and system temperature. Again,
these expressions could be represented by Wilson,
Van Laar, UNIFAC or other similar equations.

The 12 variables of this problem are summarized
below

% ) Yy Yy
o o

e P, Y1 Y2

t II pl p2

We thus have 12 — 10 = 2 degrees of freedom in
this problem. Let us suppose that we choose to elect
Continued on page 154.
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PRECEDENCE ORDERS

Continued from page 143.

x; and t as our preferred design variables; that is, it
is assumed that values have been assigned to these
two variables. Note that, in accordance with Rule 2
above, one would not want to select x; and x, as the
design variables for, in so doing, Eq. (17) above would
be destroyed, resulting in an additional degree of free-
dom. Actually, this equation represents a subset of
one relationship and two variables, thus having only
one degree of freedom.

The initial structural array for this problem ap-
pears as is shown in Figure 4. The column-row dele-
tion procedure described above begins with the dele-
tion of variable y, (or y;) and Eq. (26) [or (25)]. The

VARIABLE

Ean]D] | %o [ v1 [ y2 [Py [P |70 72| [0 [Py [Py
a)| X

(18) X X X
19) X
o) X
(&)
@)
@3
@4 X X X X
(25) X X

(26 X X

X X X X

x| X X

D Design variables specified by the environment

FIGURE 4. Initial structural array for isothermal VLE
problem

procedure is successful in this case and terminates
with the complete removal of all ten variables and
equations. Thus, this system can be solved sequen-
tially, with no trial-and-error calculations. The calcu-
lation precedence order for this problem, as derived
from the inverse of the deletion steps, is depicted in
Figure 5.

EXAMPLE 3. Isobaric Binary VLE

This last example is a variation of the preceding
Example 2, and illustrates what has to be done when
this algorithm fails to terminate. We choose, in this
case, x; and Il as our preferred design variables.
Chemical engineers will readily recognize this prob-
lem as an isobaric bubble-point calculation—a classic
example of a trial-and-error calculation.
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O Equation Number

D Design Variables Specified by the Environment

FIGURE 5. Calculation precedence order for isothermal
VLE problem

The initial structural array for this problem is the
same as in Figure 4, except for the present selection
of x; and IT as the preferred design variables. The
algorithm again begins with the deletion of variable
v» and Eq. (26), followed by the deletion of variable
v1 and Eq. (25). At this point, the structural array for
this problem appears as shown in Figure 6 (the col-
umns for the preferred design variables x; and II are
not shown). It is clear from this figure that there are
no columns remaining with only a single true entry
(x), and thus the algorithm cannot proceed.

The situation represented in Figure 6 is that of
persistent recycle, and dictates that trial-and-error
methods must be employed in the solution of this prob-
lem. Rudd and Watson [3] present a simple method
for organizing such trial-and-error calculations, con-
sisting of the following steps

1. Apply the above algorithm and if it fails to terminate with
the deletion of all equations (as in Figure 6), go to Step 2.

VARIABLE
Ean |% [P} [P |9y 9p It [Py P,
) [ x
(18) X | X
(19) X X
(20) X X
@) | x X X
2| x X | X
29 X X X
@) | x X X X

FIGURE 6. Detection of persistent recycle in the isobaric
VLE problem
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2. Define k = min p(z;) -1, where p(z) is the number of
equations in which the variable z; appears.

3. Identify sets of k equations which have the property that
when the set is deleted there remains an array containing
at least one variable which appears in only one equation.

4. Delete one such equation set.

5. Apply the design variable selection algorithm to the array
which remains.

6. If no precedence order is obtained in Step 5, try another
set of k equations.

7. If the deletion of no set of k equations results in an array
that can be precedence-ordered, increase k by one and
return to Step 3.

Returning to the situation of Figure 6 and applying
Step 2 above, we determine that p(z;) = 4 for the
variables X, and t, and that is equal to two for each of
the remaining six variables. Thus, k = min p(z;) -1 =
1, which means that one of the remaining eight equa-
tions is to be temporarily deleted. Specifically, follow-
ing Step 3 above, equations which qualify are Egs.
(18) through (24). Proceeding to Step 4, let us choose
Eq. (18) to be temporarily deleted or relaxed. This
temporary deletion has the effect of temporarily pro-
viding one more degree of freedom. This, in turn, al-
lows the temporary election of one more problem vari-
able as a design variable. The proper variable to so
elect is determined in Step 5; the algorithm is success-
ful in this case and results in the selection of the tem-
perature (t) as the temporary design variable. Thus,
these calculations are to be performed with initially
assigned values for the two design variables x; and II,
and some initial estimate for the temporary design
variable t. The calculations are then to be repeated
with successively refined values of t until the relaxed
Eq. (18) is satisfied. This calculation precedence
order, with the recycle calculation loop, is illustrated
in Figure 7. Chemical engineers will again readily rec-

O Equation Number

[:I Design Variables Specified by the Environment

ﬂ_) Temporarily Selected Design Variable

FIGURE 7. Calculation precedence order for isobaric VLE
problem
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ognize this sequence as the customary one in which
they perform bubble-point calculations.

SUMMARY

Methods have been presented for 1) determining
the number of degrees of freedom in engineering cal-
culations, 2) identifying information recycle loops in
such calculations, and 3) developing calculation prece-
dence orders to minimize or eliminate such loops.
These methods have been illustrated manually with
several simple examples. For more complex, realistic
systems of engineering calculations, these methods
are easily programmed on a digital computer, particu-
larly in view of the Boolean logic nature of these
methods.
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is essentially over because changes in the course are
now coming from the students themselves as they
develop new computer packages. Recent contribu-
tions by students are listed in Table 2. There have
been no controlled experiments on the effectiveness
of the course, but with very few exceptions students
have rated the course highly and praise the computer
assignments.
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