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OST CHEMICAL REACTORS are nonisothermal,
involve multiple reactions, have mole changes
due to reaction, or have reactions with complicated
rate expressions. In teaching reactor analysis, it is
important that the techniques we present can be
applied to these realistic situations; current ap-
proaches violate this principle.
In the textbooks on chemical reaction engineering,

Lee F. Brown is a staff member at Los Alamos National Laboratory.
He has degrees from the Universities of Notre Dame and Delaware
and has had experience (and a lot of fun) in chemical engineering
research, development, design, production, reservoir engineering, and
teaching. (L)

John L. Falconer is professor of chemical engineering at the Univer-
sity of Colorado. He has a BES from the Johns Hopkins University and
a PhD from Stanford University. His research interests are in
heterogeneous catalysis on supported metals and on model catalysts,
and the application of surface analysis techniques to the study of
catalytic and gas-solid reactions. (R)

*This work was performed under the auspices of the U. S. Depart-
ment of Energy.

24

TABLE 1
Chemical Reaction Engineering Texts Using
Fractional Conversion as the Dependent Variable

Butt, 1980 Chen, 1983

Cooper, Jeffreys, 1971 Denbigh, Turner, 1981
Fogler, 1974; 1986 Froment, Bischoff, 1979
Hill, 1977 Holland, Anthony, 1979
Levenspiel, 1962, 1972 Levenspiel, 1979

Peters, Timmerhaus, 1980 Rase, 1977

Smith, 1956, 1972, 1980 Tarhan, 1983

authors use a variety of dependent variables in reactor
mass balances (see Tables 1, 2). The tables show that
fractional conversion is employed by a significant
majority of authors. We argue here that using frac-
tional conversion in these mass balances is extremely
awkward and can lead to serious confusion. Molar
quantities as dependent variables in reactor-analysis
equations make instruction much easier and chemical
reactor design more straightforward. We show this
by comparing the use of molar quantities with using
fractional conversion for different situations. We also
discuss the advantages of using differential versions
of reactor mass balances rather than the integrated
forms.

GAS-PHASE SYSTEMS

We begin with the steady-state, gas-phase, plug-
flow reactor; extension of the principles to other situ-
ations is direct. Consider a gaseous reaction, A - prod-
ucts. The reaction rate r, is a function of the compo-
nent concentrations; carrying out a molar balance on
substance A over a differential control volume results
in

dF

W=rA=f(cA’CB"“’Ci"”) (])

in which F, is the molar flow rate of substance A at
a point in the tube, and the C;’s are concentrations at
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The tables show that fractional conversion is employed by a significant majority of authors. We

argue here that using fractional conversion in these mass balances is extremely awkward and can lead to
serious confusion. Molar quantities as dependent variables in reactor-analysis equations make

instruction much easier and chemical reactor design more straightforward.

this point. To solve this equation, both F, and r, (and
therefore the Cy’s) must be expressed in terms of a
common dependent variable. Tables 1 and 2 show that
the most common dependent variable is fractional con-
version. This is the fraction of a substance’s entering
molar flow rate which has been converted. For a sub-
stance A,

F
Fy = Faoll = X,) or X, =1- [F—A-] (2)
Substituting Eq. (2) into Eq. (1) yields
dX
FAo[dV_A] i

To solve Eq. (3), the C;’s must be expressed in terms
of the fractional conversion. It will be shown that
using fractional conversion in this way frequently
leads to extremely awkward formulations of Eq. (1).
In other situations, fractional conversion cannot be
used at all as a dependent variable in reactor mass
balances.

The molar flow rate of the principal component,
F, in Eq. (1), also can be used as the dependent vari-

f(CysCyae-vsCyser) (3)

TABLE 2
Chemical Reaction Engineering Texts Using
Dependent Variables Other Than Fractional Conversion
Text Variable Used
Aris, 1969 extent of reaction, e = (F;- F;o)/o;
Carberry, 1976 *

Denbigh, 1966;
Denbigh, Turner, 1971, 1981

Hougen, Watson, 1947
Hill, 1977**
Kramer, Westerterp, 1963

moles product/unit mass

moles converted/unit mass feed
extent of reaction

mass fraction formed or
converted

Petersen, 1965 moles/amt. mass numerically

equal to MW of feed

Walas, 1959 moles converted/unit mass feed

*A single dependent variable is not used. A variable is chosen ap-
propriate to the situation being considered.

**Fractional conversion is used in reactor equations (cf. Table 1),
but extent of reaction is used in other contexts.

able. In Eq. (1), the concentrations can be expressed
in terms of the molar flow rates and the ideal gas law,
i.e.,

ol - (A0

and the various Fy’s can be related to the dependent
variable, F,, by reaction stoichiometry. This ap-
proach offers a simple means for solving Eq. (1).

DIFFERENTIAL OR INTEGRAL FORMS OF EQUATIONS?

For most realistic cases, reactor-analysis equa-
tions cannot be solved to give analytic closed-form sol-
utions, and numerical techniques must be used. A
method such as a Runge-Kutta technique can be used
to solve the differential equation or equations directly.
In many cases, an alternative attack is possible; the
variables can be separated and the integrals evaluated
using Simpson’s rule or some other scheme.

We prefer the first approach, because separation
of variables merely adds an unnecessary step which
gives no advantage in solution technique. Moreover,
direct solution of the differential equations yields the
flow rates, concentrations, temperature, and pressure
as functions of location or time in the reactor. This
enables the analyst to establish the location or point
in time of hot spots, critical concentrations, or danger-
ous pressures. This is not possible when the separated
variables are integrated numerically; to obtain an
equivalent result, separate integrations would have
to be carried out for each location or time desired.

Most important, though, the approach involving
direct solution of the differential equations is better
because it can be extended to situations where the
variables are not separable, such as nonisothermal
reactors with heat exchange, many multiple-reaction
systems, and most unsteady-state flow systems. For
these reasons, we consider only the differential equa-
tions in our comparisons.

CONSTANT-DENSITY SYSTEMS

Constant mass-density reactor systems make a
significant class that merits consideration. For exam-
ple, most liquid-phase systems do not change density
much during a chemical reaction. Thus the volumetrie
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flow rate q in liquid-flow reactors is usually not altered
significantly, and the molar concentration C, can be
set equal to F,/q. For this reason, either concentra-
tions or molar flow rates are useful variables in a flow
reactor with a constant-density process. However, for
an unsteady-state flow system, the numbers of moles
of substances in the reactor are the only acceptable
dependent variables. This is shown below in the sec-
ond example.

EXAMPLES

Case 1: Isothermal multiple-reaction system

Reactor system: A gas-phase, steady-state, plug-flow
reactor.

ki kp
Reactions: A+ 2B — C — D + E

vk3
F+ 46
Rate laws: r, = - EPEP « pe T
ry = - 2,C,0C.P
o, ™ kch“CBB -kzcc6
ry = rp = kC8s = 2r = gty

Reactor design equations using molar flow rates:

A0 B E G I

|t o &

dFA : | o+ o 8
ke kl[[W:FT][ﬁ]J (F)" (Fy)

dF at+f
B 1 P a B
- | ] || 0 () (6)
d 1( FaotFatFetFotFo) (RT A B
4 P === (% (ry)®
@ " K| (F o ot (RT PUBILY
S
1 P §
- k| [t (R | (R (7
z[ FootFatFetFetFr) (RT c
2;2 g ;;g =k [?“"1?“1%73?1?TJ H%% 6 (F)® ®
AO B E G I
.
B 2E§¥ﬂ A o | o | I (9)
A0 B E G I

Reactor design equations using fractional conversions:
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dX
A _ at+B-1
v = KiFao

otf
[ ] J [P ]
FAOU_XA+ (FBO/FAO)-XAC+]'SXAF]+F1J RT

. [(1 . xA)"‘[ :%z . 2xAc]ﬁ}

¥
Aot 1 ][P ]
+ kK, F [ &l (1-X,)

3 A0 [ FAo[I-XA+(FBO/FAO)-XAC+1.SXAF]+FIJ RT A

(10)

o+B-1
1" A0

1 p o+B
[FAO['I —XA+(FBO/FAO)—XAC+1 .5XAF]+FIJ [RTJ]

a (Fpo B
. [[1 = xA] (m- zxAC] J
0
Y-1 1 }p_
- ka0 [[FAotl-xA+(FBO/FAO)-xAC+1.5xAF]+FIJ[RT](XAC)]
(1)

d AC
av

8

dX_AD-kFG—l 1 ][P_(x )
dv ~ “2'a0 FAo[l-xA+(FBO/FA0)-xAC+1.SXAF]+FIJ RT) ‘"ac
(12)
B
X5 Y-1 )(p

= 1 -
v = ko [{FAOU-XA+(FBO/FA0)-XAC+1.5XAF]+FIJ [RT]“ Xy)
(13)

Comments: Using the fractional conversion in mul-
tiple-reaction systems requires the definition and use
of several subsidiary fractional conversions. In this
example, X, is the fraction of A converted only to
C, not to D, E, F, or G; X,p is the fraction of A
converted only to D; X,y is the fraction of A con-
verted only to F, and X, = X,c+Xap+Xap. Not
only are the mass balances much simpler when molar
flow rates are used, but they do not require the tor-
tured mental convolutions necessary for implementa-
tion of the subsidiary fractional conversions. The de-
nominators in the mass balances are especially dif-
ficult for students to create correctly. As shown
above, the molar flow rates are straightforward to
define and use, even in complicated, multiple-reaction
systems.

Of the differential equations presented for each ap-
proach, only three are necessary, since only three in-
dependent reactions occur. Stoichiometric equiva-
lences can determine the other flow rates, e.g., Fp =
Fro—(Fs+Fc+Fp).

Case 2: Isothermal stirred tank with outflow

Reactor system: A tank reactor with a steady out-
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flow starting at t = 0. Initial charge contains reactant
A and inerts; the outflow volumetric flow rate is g
This might describe a leaking nuclear waste site.

k
Reaction: A -+ B

Rate law: Py = - kCA

Reactor design equations using molar quantities:

dN N
A _ A
o W - Y (14)

V= V0 - q.t (15)

Reactor design equation using fractional conversion:
None possible.

Comments: Using molar quantities, the mass bal-
ance can be integrated analytically; the solution is

Ny = Ny “CI1 - (agt/¥,)] (16)

This is one of the simplest unsteady-state reactor sys-
tems, yet it appears impossible to express the mass
balance in terms of fractional conversion without also
including at least one molar quantity as a variable.

Because A reacts, leaves, or remains in the reactor,
t

Ny(8) = Nygll = X, (8] - q [ DN, (8)/¥(8)1d8 an
0

and N, must also be included as a variable. Hill [11,
p. 301] has noted this difficulty. In contrast, the sub-
stance A in a bateh reactor is restricted to either
reacting or remaining in the reactor, and N, can be
expressed as No(1-X,). Similarly, in a steady-state,
stirred-tank flow reactor, A either reacts or leaves,
and F, can be expressed as F5o(1-X,). For unsteady-
state systems with an outflow stream, too many pos-
sibilities are present, and fractional conversions can-
not be used.

Case 3: Reactor with an entering side stream

Reactor system: Steady-state, isothermal, plug-
flow reactor with entering side stream F,;,. Feed
contains A and inerts; the side stream entering the
reactor at point V; is pure A. This configuration
avoids a high initial concentration of A in order to
reduce production of undesired product C.

kg kp
Reactions: A -~ B (desired); 2A ~+ C (undesired)

: = - - 2
Rate laws: ry kch 2k2CA

- . - 2
v leA, e kch
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Reactor design equations using molar flow rates:

Fy=Fuo- Fp- 2F (18)

A A c
dF
B 1 P
o[t (s
o l[ FATo Pt Frl (R[S
2
dF
c 1 £ ;
bt | ¢ @
o 2{ FATO Fc * FI Al .
B.C.: At V=0:F, =F, s Fory=Fao
e i i F 4 F (21)

1 Fare = Faao * Faod Faro ™ Fao * Faro

Reactor design equations using fractional conversions:

X, = Kyg + K (22)
dx
AB 1 P
Saw [ ] -—J(l - x,) (23)
V" MUF 0 - 1) + ) [RT A
dX 2 2
AC  _ 1 ) [P] 2
—AC o LR (T - X 24
v z[rm(l ") (K7 Fanoll - %)° (28)
B.C.:

At V = 0: FATU= FAU; XAd =0; XAc =0

A = B = . a 5
B Y FATO FAo + FAlO’ XABl+ (FAOXAbl—)/(FAU ¥ FAlO)’

Xacir = (FapXae M (Fyg + Fato) (25)

Comments: Here, use of fractional conversions not
only makes the mass balances more involved, but se-
verely complicates the boundary conditions.

Case 4: Energy balance for reactor with heat transfer.

Reactor system: Nonisothermal, gas-phase, plug-
flow reactor with heat transfer (catalytic oxidation of
o-xylene to produce phthalic anhydride).

k1
Reactions: A+ 3B -+ C + 3D (A is o-xylene,
B is oxygen,
C is phthalic anhydride,
D is water,

E is carbon dioxide)

kg
C+7.5B + 2D + 8E
k3
A+ 10.58 > 5D + 8E

Rate laws [11]:

r, == kch - k3CA [ki = Ai exp(-Ei/RT)]
r, =- 3leA - 7.5k2CC - 10.5k3CA

r, = leA = kZCC

-~
n

3leA + ZkZCC - 5k3CA
8k, C. + 8k,C,

-
n

Energy balance equation using molar flow rates:

27



Another benefit to using the differential equations occurs because students tend to memorize
the integrated forms for particular cases. They then use the integrated forms even when the variables
are not separable. This happens much less frequently when the differential-equation approach is taught.

o 1 J
[FACPA+FBCP1&+FCCPC+FDCPL+FhCPh R

Q.lﬁ.
<=|=

(FA+FB+FC+FD+FE+FI RT
-E1/RT -E/RT N
Ae (F)(-0H ) + Aje 20 (F ) (-aH )

] (26)
- (4U/D)(T-T_ )

-E4/RT N
+A3e 3 (FA)( AHr3)

Energy balance equation using fractional conversions:
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1
T P (=X, #ITF, 7F, )-(3X, +10.5X ]IC, ]

+XACCPC+(3X +5x )c +8XAI;CPE}+F C J

1 P )
Fro1-X, #X, +2.5X, )+F +F | (RT)

AO(

: -E1/RT 4 _ 3 -Eo/RT _
FuolA e (1 XA)( AHrl) +Ae (XAC)( AHrz)

+ A MR ) (oK )] - (4U/0)(T-T,)

(27)

Comments: Only the energy balance is presented
here; the superiority of the molar quantity approach
in multiple-reaction mass balances was illustrated in
Case 1. In energy balances as in mass balances, the
molar-quantity —approach is invariably more
straightforward for all but the simplest systems. If
fractional conversions are used, the denominators,
especially in energy balances, become extremely com-
plex and are difficult to derive and explain.

ADDITIONAL ADVANTAGES TO MOLAR QUANTITIES

When fractional conversion is used as a dependent
variable in mass and energy balances, additional
parameters are sometimes introduced to simplify the
forms of the equations. For example, parameters have
been defined for molar ratios of feeds and for volume
change upon reaction [15, 11, 8]. Introduction of these
parameters is not necessary when molar quantities
are used; rather, retention of the molar quantities in
the numerical algorithm makes these parameters un-
necessary.

Earlier, we presented several advantages of using
differential equations instead of using the integrated
forms. Another benefit to using the differential equa-

tions occurs because students tend to memorize the
integrated forms for particular cases. They then use
the integrated forms even when the variables are not
separable. This happens much less frequently when
the differential-equation approach is taught.

CONCLUDING REMARKS

Teaching of undergraduate reactor design can be
improved by using molar quantities as variables in the
differential equations for the mass and energy bal-
ances. This approach has several advantages over the
more common approach of using fractional conversion
in the integrated versions of the balances:

1) Most industrial reactor systems contain multi-
ple reactions, nonisothermal reactors, pressure drop,
complicated rate expressions, and reactions with mole
changes. The equations must be solved numerically,
and this approach can be directly applied to these sys-
tems. If students are taught other methods, they must
still learn this approach to do practical calculations
since fractional conversions are unsuitable as a design
variable for complicated systems.

2) For semibatch reactors, unsteady-state
CSTR’s, and systems with side streams, fractional
conversion cannot be defined easily. The use of molar
quantities in these systems is straightforward.

3) Separate parameters are not needed to handle
mole changes in gas-phase reactions.

4) By solving the differential equations instead of
separating the variables and integrating the balances,
the flow rates and temperatures are obtained at points
along the reactor length (or molar amounts are ob-
tained as functions of time in a batch reactor) instead
of only at the end point.

5) Molar quantities are physically more interpret-
able variables in many cases. For example, the molar
flow rate does not change when the temperature or
pressure changes, or when inerts are added. On the
other hand, the concentration changes when tempera-
ture, pressure, or amount of inerts is changed, and
the parameter accounting for volume variation
changes when inerts are added. The molar flow rate
will change only due to chemical reaction when no
material is removed or added before the reactor exit.
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NOMENCLATURE

Roman

A pre-exponential factor in Arrhenius expression
for reaction-rate “constant,” various units
concentration, mol/m?

molar heat capacity, J/(mol)(K)

diameter of tubular reactor, m

activation energy of reaction, J/mol

molar flow rate, mol/s

change in enthalpy upon reaction, J/mol
reaction-rate “constant,” various units
number of moles in reactor, mol

total pressure in reactor, Pa

volumetric flow rate, m®/s

universal gas constant, (Pa)(m?)/(mol)(K) or
J/(mol)(K)

-
e iz EWHUQO

r reaction rate, mol created/(m?)(s)

T temperature, K; without subscript, the temper-
ature of the reacting fluid, K

t time, s

U overall heat transfer coefficient between react-
ing fluid and external heating or -cooling
medium, J/(s)(m2)(K)

A% reactor volume or volume of reacting mixture,
m3

X fractional conversion, dimensionless

y mole fraction, dimensionless

Greek

a stoichiometric coefficient, dimensionless
B dummy variable in Eq. (17), s
€ extent of reaction, mol/s

Subscripts

A,B,C,D,E,F,G of substances A,B,C,D,E,F, or G
ex  of external heating or cooling medium

f final value or relating to the effluent stream

I of inert components

i of the i'th component or of the input stream

0 at the entrance to the reactor or at time zero
T total amount
1 referring to point 1 in reactor
1,2,3 referring to Reaction 1,2, or 3

Superscripts

Superscripts indicate order of reaction with respect to
the superscripted term. [J
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