
l;lb§I class and home problems 

The object of this column is to enhance our readers' collection of interesting and novel problems in chemical 
engineering. Problems of the type that can be used to motivate the student by presenting a particular principle 
in class, or in a new light, or that can be assigned as a novel home problem, are requested as well as those that 
are more traditional in nature, which elucidate difficult concepts. Please submit them to Professor H. Scott 
Fogler, ChE Department, University of Michigan, Ann Arbor, MI 48109. 

A CONTRIBUTION TO THE 
TEACHING OF THERMODYNAMICS 

A PROBLEM BASED ON THE GIBBS-DUHEM EQUATION 
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PROBLEM 

A question can be set up in the form of a paradox, 
based on a commonly-used form of the Gibbs­

Duhem equation. I have used this problem in an ad­
vanced thermodynamics class and as a question in an 
oral examination for admission to candidacy for the 
degree of PhD. 

Consider a system consisting of two phases, a and 
[3, and two components, 1 and 2. The condition for 
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chemical equilibrium with respect to mass distribution 
is 

a S µ, = µ, = µ , 
l. l. l. 

( l ) 

whereµ; is chemical potential. Differentiating Eq. (1), 
we obtain 

dµ <;1 =di= dµ . 
l. l. l. 

(2) 

We write the Gibbs-Duhem equation in the form 

(3a) 

(3b) 

where x is mole fraction. 
We now use Eq. (2) to eliminate dµ 1 from Eqs. 

(3a) and (3b). Thus 

XS 
- -2 dµ 

XS 2 
1 

(4a) 

(4b) 

Equating the coefficients of dµ2, and rearranging, we 
obtain 

a a 
x2 xl 

XS = XS ( 5) 
2 1 

This can be true only if the compositions of the two 
phases are the same. A little algebraic manipulation 
yields 
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(6a) 

(6b) 

Hence the phases have the same composition, and 
there can be only one phase. But we had postulated 
that there are two phases. 

The question is, ''Where did we go wrong?" 
It is worth noting, before giving the solution to 

this problem, that less than half the teachers of ther­
modynamics to whom this problem has been posed 
have given the correct answer at once. Also, at least 
one very eminent thermodynamicist (now deceased) 
has made precisely the mistake that is the basis for 
the problem, and persisted in repeating it in several 
editions of his book on thermodynamics. 
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FIGURE 1 a. Free energy of mixing vs mole fraction, for 
a two-component system with a miscibility gap: - - - -, 
free energy in unstable region; .... , free energy in cen­
tral region of gap, for two crystalline solids having un­
like crystal structures. 

FIGURE 1 b. Chemical potential of component 1 in sys­
tem described by Fig. (la). 
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... less than half the teachers of thermodynamics 
to whom this problem has been posed have given the 

correct answer at once. Also, at least one very 
eminent thermodynamicist (now deceased) has made 

precisely the mistake that is the basis for 
the problem, and persisted in repeating it ... 

SOLUTION 
The problem has a solution which can be drawn 

from a paper by Ibl and Dodge [1]. 
The Gibbs-Duhem equation, in the form that was 

employed in the posing of the problem, namely Eq. 
(3a) and Eq. (3b), was written for constant tempera­
ture and pressure. But a binary, 2-phase system at 
constant temperature and pressure is invariant, ac­
cording to the Phase Rule. So, although the condition 
of equal chemical potentials holds, for each component 
in all phases, e.g., Eq. (1), this equation is mathemat­
ically "pathological." It cannot be differentiated with 
respect to composition, for a binary system. Such a 
differentiation would mean, physically, that the con­
centration of a component was being varied. But that 
would be impossible in view of the zero variance of the 
system. 

So, the differential form, Eq. (2), is not valid when 
dµi is not identically zero. The term, dµi (if not equal 
to zero) has more than an exclusively mathematical 
existence only when there is but one phase. Hence the 
"x" terms on the left in Eq. (3) have zero as their 
multipliers, and this limits Eq. (3) to the trivial case 
of O = 0. 

We can demonstrate the invalidity ofEq. (2) by an 
alternative method. Consider the functional depen­
dence of the free energy of the equilibrium system on 
composition. This function is a smooth curve when 
only one phase is present. When there are two phases 
in equilibrium, the free energy in the two phase region 
is a linear function of mole fraction in the overall com­
position. 

Figure 1 shows schematically (a) the dependence 
of free energy on composition at fixed temperature 
and pressure, and (b) the dependence of chemical po­
tential of component 1 upon composition. Compare 
Ref. [2], p. 278. In Figure la, the dashed line that 
crosses the central region smoothly, describes the 
nonequilibrium condition for systems in which the 
phases are fluid. Systems in which both phases are 
crystalline may have miscibility gaps caused by influ­
ences such as differences in crystal structure. For 
these, the extrapolated free energy curves for the 
phases ex and ~ in the unstable region will not join 
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smoothly. (This argument is the basis for one of the 
Hume-Rothery rules regarding the existence of solid 
solutions in alloys [3].) 

In general, the regions around the minima in the 
free energy curves for phases a and 13, Figure la, will 
not have exactly the same shape. So while 

the slopes at the saturation compositions 

(~) 
1 x0 sat 

1 

and 

will, in general, have two different values. 
Therefore, in general 

(7) 

(8) 

(9) 

Thus, if the values of the differentials dµ; and dµj, in 
Eq. (2), are not zero, their values are not unique. 
Hence Eq. (3) is not a physically relevant set of equa­
tions. 

Removing the constraint of constant T and P, we 
write the valid, general form 

( l Oa) 

( l Ob) 

where the subscript, m, denotes, per mole of (1 + 2). 
lbl and Dodge have discussed how the Gibbs­

Duhem equation may be applied correctly to a binary 
liquid-vapor system. Their result, at constant temper­
ature and with neglect of gas imperfections, can be 
put in the form 

Va 
x~dµ1 + (1 - x~)dµ 2 = - vB RTd in P (11) 

m 

where a refers to the liquid and 13 to the gas phase. 
The right side of Eq. (11) is approximately zero if 

( 12) 

which is generally true at ordinary pressures, though 
not at high pressure. 

For the gas phase 
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xsdµ + [1 - xs)dµ = - vS dP = - RTd in P (13) 
1 1 1/ 2 m 

At constant pressure, the result given in Ref. (1) 
can easily be put in the form 

( 14) 

where LlH is the enthalpy of the phase change. The 
term on the right cannot be neglected. 

If we include the constraint on the number of com­
ponents for the constant-temperature-constant-pres­
sure form for a 2-phase system to be valid, we may 
write 

n a l X. dµ, 
i=l l. l. 

= o, n > 2 ( 15a) 

n S l X. dµ , 
i=l l. l. 

= o, n > 2 ( 15b) 

A corresponding form can be written for a system 
with three phases, with the constraint that n > 3. If 
the number of phases is v, the constraint is n > v. If 
the constraint condition in Eq. (15) is not met, then 
the general form, i .e. Eq. (10), must of course be used. 

DISCUSSION 

The precise form of the constraints on the form of 
the Gibbs-Duhem equation, given above, is directly 
implicit in the complete Gibbs-Duhem equation itself, 
and in the Phase Rule. The rigorous Gibbs-Duhem 
form is presented in practically all modern chemical 
engineering thermodynamics textbooks. But I have 
not seen the constraints (as in Eq. (15)) spelled out 
explicitly. Indeed, authors of some textbooks apply 
the Gibbs-Duhem equation to a single-phase, e.g. 
using Eq. (3a) by itself, without pointing out that this 
form is useable only in single-phase systems. 

E. A. Guggenheim fell into this trap some 30 years 
ago, and he persisted in using the form, Eq. (3), for 
binary, two-phase systems, through five editions [4]. 
Thus, he wrote 

ai ai 
(l - xs) _l + XS _2 = 0 

ai axs 
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This is a verbatim transcription of Guggenheim's Eqs. 
5.60.6 and 6.60. 7. 

Guggenheim's explicit purpose in his Section 5.60 
was to derive rigorous, general formulae in regard to 
the effect of pressure and temperature on interfacial 
tension, in two-phase systems, that were "applicable 
to any interface in any system of two components." 
He noted, however, "We warn the reader that these 
formulae are too complicated to be of any use." Com­
pare Ref. [5], for a rigorous treatment of the pressure 
coefficient of interfacial tension. 

In view of the adoption of the error that I have 
noted, by so eminent a thermodynamicist as Gug­
genheim, surely a student who, un-warned, makes 
this mistake should not be cast into outer darkness. 
Thus, there is an obligation for teachers of chemical 
thermodynamics to caution against this error. And it 
would be, to say the least, desirable for workers in 
phase equilibria to be reminded of the Ibl and Dodge 
treatment in connection with testing vapor pressure 
data for self-consistency, via the Duhem-Margules 
equation. 
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REVIEW: Automatic Process Control 
Continued from page 89. 

Example problems are typical of the chemical process 
industries. Chapter 3 contains an excellent com­
prehensive introduction to block diagrams. However, 
this section seems out of place and disrupts the 
dynamic response presentation. Chapter 4 is primarily 
limited to non-interacting and interacting series of 
first order systems with just a brief mention of other 
higher order systems. 

Chapter 5 is a discussion of control system compo­
nents including the sensors and transmitters, the con­
trol valve, and the controller. The section on control 
valves includes design and selection procedures from 
two major valve manufacturers, a discussion of the 
control valve types, and the importance of including 
both the valve and piping system characteristics when 
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selecting control valves. Appendix C provides a dis­
cussion of specific equipment and is a welcome addi­
tion to the text. The section on controllers includes a 
discussion of the major control modes along with pic­
tures of different classical controllers. A major omis­
sion in this section is the absence of a discussion about 
programmable controllers. 

Chapter 6 introduces the reader to closed loop con­
trol system response, control system stability, control 
system tuning, and control system synthesis. This sec­
tion will be especially valuable to those practicing in 
plants with standard analog controllers. 

Chapter 7 contains the classical single loop feed­
back control design procedures, including both the 
root locus and frequency response techniques. The 
root locus procedures are presented through the use 
of examples. The open loop frequency response 
techniques at times were confusing because of the 
symbology which is different than that often used in 
the literature. Closed loop response from the open 
loop response and the Nyquist procedures are briefly 
discussed. The chapter contains a section on pulse 
testing which should be expanded if it is to be of use 
to the reader. A rearrangement of material in Chap­
ters 6 and 7 would improve readability of this major 
section. 

Chapter 8 covers additional topics in control in­
cluding ratio control, cascade control, a brief introduc­
tion to multivariable control and de-coupling, and an 
introduction to feed forward control. The coverage is 
sufficient to introduce the reader to the topic but is 
not sufficient for design purposes. A further limitation 
is the few references provided for further reading. 

Chapter 9 is a brief introduction to the modeling 
of complex processes. It provides an overview of pro­
cedures to develop and solve the model and provides 
simple examples. As with Chapter 8, additional back­
ground will be required for use in design. 

Appendix A contains the standard control sheet 
notation. Appendix B contains a series of case studies 
in control which are valuable for the student. Appen­
dix D contains root finding programs written in FOR­
TRAN. These are a valuable addition to the text. 

The text contains numerous solved examples and 
has abundant problems at the end of each chapter. 
The problems are closely related to the topics pre­
sented. 

The use of the first person was at times distracting 
to this reader. There were sections which could have 
benefitted significantly from a tightening of the pre­
sentation. Additional references for each chapter 
would be valuable for those wishing a more com­
prehensive discussion in specific areas. D 
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