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URING THE PAST three years we have provided
our graduate students with a third, optional,
course on the mathematics of nonlinear systems. The
course follows two required courses that formalize the
structures of linear, or vector, spaces and nonlinear
metric spaces leading to the solution of partial differ-
ential equations. These two courses have been de-
scribed by Lauffenburger, et al [1].

The nonlinear math course provides an opportu-
nity for the students to examine the complex solution
spaces that chemical engineers encounter in modeling
many chemical processes, especially those involving
reaction and diffusion, autocatalytic reactions, phase
equilibrium in the critical region, and multistaged op-
erations. Some of the simplest exothermic reactions
in CSTRs with heat transfer exhibit branches in their
solution diagrams that contain limit and bifurcation
points, both steady-state and periodic, and trace out
isolas as parameters are varied. For such systems,
solution diagrams are calculated to show the impor-
tance of characterizing the singular points and expres-
sing their normal forms and universal unfoldings so as
to determine the number of steady state solutions in
their vicinity. Examples are selected to demonstrate
steady-state foci that bifurcate to time-periodic limit
cycles which, in turn, undergo secondary bifurcations
that lead to chaotic behavior, and even intermittent
interchanges between periodic and chaotic modes of
operation. Experimental observations of these phe-
nomena are reviewed to drive home the importance of
developing models that have corresponding solutions.
In many cases, the models have complex solution dia-
grams that don’t correspond to the experimental mea-
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surements and which emphasize the importance of
locating the solution that most closely matches the
data.

Nonlinear phenomena, such as the formation of
spatial and temporal patterns and chaotic behavior,
arise naturally in many systems with fluid flow or
chemical reaction. Combustion, natural and forced
convection, biological systems with competing
species, and catalytic reactions can all require non-
linear analysis. Nonlinearities can also be generated
in the design of complex processes, such as those in-
tegrated to achieve a high thermodynamic efficiency,
and can introduce oscillatory and chaotic regimes that
can present pitfalls and obstacles to easy operation
and control. The design of these processes usually be-
gins with the analysis of simple structures using ap-
proximate models. Gradually, as the synthesis tree is
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pruned, more complex models can be justified to rep-
resent the real phenomena more accurately. How-
ever, the more complex models usually have a richer
solution space and the number, type (steady, periodic,
or chaotic) and stability of the solutions varies with
the specifications and the parameters of the model. In
design calculations, as in all mathematical modeling,
the student must learn to beware of algorithms that
converge to solutions that are not physically correct.
The seriousness of this problem in the design stage,
when experimental data are not available, is em-
phasized. Of course, when the solutions are observed
experimentally, it is important to recognize the possi-
ble existence of multiple solutions and to design con-
trol systems to achieve the desired performance. This
permits focusing on designs that have few regimes of
operation; that is, less complex solution diagrams.

EVOLUTION OF THE COURSE

The initial version of the course concentrated on
the general aspects of bifurcation and singularity
theories with examples of many applications that arise
in chemical processing. Emphasis was placed on the
use of analytical perturbation methods to analyze non-
linear systems. A variety of techniques were covered
for describing steady and oscillatory bifurcations and
how they change as parameters are altered [18]. No
computations were carried out, so complete solution
diagrams were obtained only for very simple prob-
lems. Continuum problems such as natural convection
were studied at the end of the course, but only the
onset of instability could be covered in the homework
exercises. This approach closely parallels that of Iooss
and Joseph [3] in their text, Elementary Stability and
Bifurcation Theory, which was the principal reference
in that initial offering. That text has several limita-
tions, the most severe being the lack of physical exam-
ples and the lack of coverage of chaotic phenomena. A
mixture of papers from the math, physics and en-
gineering literatures was therefore used as supple-
ments.

In the most recent version of the course (Spring,
1987), emphasis was shifted more toward the process
models and the methods of computing the singular
points and the branches that connect them in solution
diagrams. This was facilitated by improvements in
available texts and software. Kubicek and Marek’s [2]
text, Computational Methods in Bifurcation Theory
and Dissipative Structures, provides a unified ap-
proach to the analysis of solution diagrams. Several
process models are introduced in Chapter 1. Then, as
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the singular and bifurcation points are defined, exam-

ples are illustrated in the solution diagrams for these
process models. General methods are presented to
compute the singular and bifurcation points and the
branches that connect them. These are very helpful,
but unfortunately many of the definitions are stated
briefly and the figures and tables in which the results
are presented are explained insufficiently. Many ques-
tions arise which can only be answered by computa-
tional experiments. To accomplish this, we initially
introduced our own program for the continuation of
steady-state solutions [8] and placed some emphasis
on the logic that enables it to traverse turning-points
effectively. Midway through the semester we ob-
tained a copy of the AUTO program [29], and this
added immeasurably to the course. AUTO enabled us
to perform computational experiments with ease and
to answer many questions, especially those concerning
branches of periodic solutions. These will be consi-
dered in the next section, in which the syllabus for the
course is presented and the role of AUTO is described.

COURSE CONTENTS AND PHILOSOPHY

A central aspect of the course as it has evolved is
the integration of analytical and numerical techniques
and their application to physical problems. Analytical
techniques and theorems provide a general framework
for understanding how and when stability can change
and new solution branches can arise. Numerical calcu-
lations provide complete solution diagrams for specific
physical problems. Interpreting these solution dia-
grams in the contexts of both singularity theory and
the physical problem from which they arise gives stu-
dents a better understanding of nonlinear phenomena.

The core of the course concentrates on the methods
of analyzing what happens at and near different
steady and time-periodic bifurcations (see Table 1 for
a list of topics covered). To calculate bifurcations of
nontrivial solutions, one must generally turn to the
computer. Hence, major effort was devoted to numer-
ical techniques. All numerical techniques essentially
grow out of analytical perturbation techniques. When
using Newton’s method, the linearized equations are
present and so one can, for example, monitor the de-
terminant to find steady bifurcations and check for
changes in stability without calculating the eigen-
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values. The implicit function theorem guarantees that
stability can only change when the determinant van-
ishes; arc-length continuation around limit points [5]
naturally grows out of the classification of limit points
and steady bifurcation points, and Poincare maps pro-
vide the basis for calculating time-periodic solutions.
The latter can be difficult to compute, especially when
the branches of limit cycles are unstable. Hence, the
Newton-Fox procedure for locating a point on the
limit cycles is described, following the approach of
Aluko and Chang [27]. Stability analysis of the Monod-
romy matrix, according to the Floquet Theory, and
the methods of continuation to locate secondary bifur-
cations lead naturally to studies of the transitions to
chaos.

We have tried to integrate smoothly the three dif-
ferent aspects of the course: analytical methods, num-
erical methods, and physical insight. The general
theory is illustrated throughout with examples, and
relevant computational techniques such as homotopy
methods are covered as they are used.

For example, we have used the Belousov-
Zhabotinskii reaction system as an example of steady
and time-dependent bifurcations and of chaotic be-
havior. This relatively simple set of reactions has been

TABLE 1
Course Topics

BACKGROUND
® Implicit function theorem
e Stability theory

STEADY BIFURCATIONS
e Single and multiple limit points
® Continuation methods
® Liapunov-Schmidt reduction
o Effect of a second parameter
Perturbed and “broken” bifurcations
® Singularity theory
Normal forms, unfoldings
Representation of energy for conservative sytems

TIME DEPENDENT BIFURCATIONS
e Floquet theory
o Hopf bifurcations
@ Integration of stiff ODEs
® Secondary bifurcations

CHAOTIC BEHAVIOR

® Transitions to chaos
Period doubling
Incomensurate frequencies
Intermittency

® Characterization of chaos
Power spectra
Poincare sections and maps
Liapunov exponents
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observed to produce a bewildering variety of spatial
and temporal patterns, and has been widely studied
as a simple prototype for many reaction-diffusion sys-
tems. These have been summarized nicely in a review
article by Epstein [41] that illustrates the regimes of
periodic behavior with beautiful color photographs of
the oscillations in a stirred beaker and in a Petri dish
with diffusion effects. In our coverage, the initial
kinetic model of Field and Noyes [33] was presented
and mass balances were derived for the three principal
intermediates, HBrO,, Br- and Ce**:
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whose dimensionless concentrations are y;, y,, and
Vs, respectively. For this mechanism, which assumes
the autocatalytic formation of HBrO,, the rate con-
stant k is a key parameter. Steady-state continuation
calculations show that as k is decreased, the Lo-norm
of y increases, as illustrated in Figure 1. At k =
0.02394, a Hopf bifurcation point is encountered. The
steady-state branch becomes unstable and a new
branch is born. Early in the course, the students com-
puted Figure 1 using our continuation program and
located the Hopf bifurcation point by computing the
eigenvalues of the Jacobian along the steady-state

Hopf bifurcation
3 point

L,-NORM

FIGURE 1. Steady and time-periodic branches for the

Belousov reaction system (TP—time periodic, S5—
steady-state).
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branch. Then, with the LSODE program, they plotted
the limit eycles in the time-domain (see Figure 2), and
showed the decrease in the frequency of oscillation as
k decreases. Finally, the AUTO program performed
these calculations with much less preparation and
traced the periodic branch in more detail, showing the
variation of the frequency with k. This analysis led
naturally to several papers that show how chaotic be-
havior arises in CSTRs and introduces alterations in
the model to track these strange attractors [38, 39,
40]. As expected, computational experiments by the
students with the AUTO program were unable to
track the strange attractors, but success was achieved
with LSODE. These results are displayed in the
phase-plane of Figure 3, which closely resembles the
results illustrated by Epstein and others.

The AUTO program was a great aid in enabling
students to calculate solution structures and to get a
feel for how nonlinear systems behave. AUTO is a
collection of FORTRAN routines whose primary pur-
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FIGURE 2. Dynamic simulation of Belousov reaction sys-
tem with k=8.375 x 10

pose is to compute the branches of stable or unstable
periodic solutions of systems of ODEs that are func-
tions of a free (bifurcation) parameter. AUTO also de-
termines the branches of steady-state solutions, lo-
cates limit and real bifurcation points along solution
branches, and can switch branches at these points. It
can also locate limit points and curves of Hopf bifurca-
tion points using two-parameter, continuation
methods. A tape containing the AUTO routines was
installed on our VAX computer, under the VMS
operating system, in less than two hours. Of special
note is that AUTO is currently limited to small ODE

FALL 1987

Ll

107%

Lt tnnl

167

Ll

y2

1077

Lol

TTTTI T [RALLL R R AL I AR REL IHH"]_ T IIIIHT'

1" 1o ? 16T 1678 o 1070 -5

¥3

FIGURE 3. Phase-plane for Belousov reaction system.
Turner model with 7=0.2962.

systems (up to twelve state variables). Computations
of steady branches normally proceed very rapidly,
whereas time-periodic branches can be slow to com-
pute, especially when they are unstable.

At the end of the course, the students studied ar-
ticles on either analytical or numerical techniques or
on specific systems that exhibit interesting nonlinear
behavior and made presentations to the class. A list
of project areas and references is given in Table 2. In
the initial version of the course emphasis was placed
on classic papers describing the effect of container
shape on the onset of natural convection, pattern for-
mation due to competing biological species (predator-
prey systems with similarities to the Belousov-
Zhabotinskii system) and different transitions to tur-
bulence in forced convection. Several mechanical en-
gineering students enrolled in the course studied
bifurcation-based descriptions of buckling. In 1987,
the papers focused on chemical processes that exhibit
complex solution diagrams, usually with transitions to
chaos. Several of these papers present the latest re-
sults of studies of systems that naturally exhibit cha-
otic behavior or become chaotic under the influence of
forced oscillations.

CONCLUSIONS

Nonlinear phenomena are ubiquitous. They have
received little attention largely because the required
mathematics is less well-developed and harder to com-
prehend than for linear systems. Bifurcation and sing-
ularity theory provide a framework for classifying and
understanding nonlinear phenomena. They follow
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very easily from a linear operator approach and pro-
vide a dramatic demonstration of the constructive use
of Fredholm’s alternative. This has enabled us to suc-
cessfully touch on bifurcation theory in the last days
of the prior required portion of our graduate math
sequence. When bifurcation techniques are im-
plemented in a computer package such as AUTO, they
also provide a means of mapping out solution strue-
tures. Students can obtain an intuitive understanding
of nonlinear phenomena by examining the solutions to
physical problems. With the right software, they can
also generate these solutions themselves and prepare
an array of two- and three-dimensional drawings that
permit more thorough analysis and visualization than
is possible with the few drawings that typically accom-
pany technical articles and books.
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