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A SIMPLE ALGORITHM 

FOR CALCULATION OF PHASE SEPARATION 

PHILIP T. EUBANK, MARIA A. BARRUFET 
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SYMMETRIC SOLUTIONS 

Most undergraduate [1, 2] and graduate [3, 4] texts 
in chemical engineering thermodynamics illustrate the 
separation of a single liquid phase into two liquid 
phases for a binary system by graphs of the change of 
the Gibbs energy upon mixing, LimG, versus composi­
tion, x1, at constant temperature, T, and pressure, P. 
The first graph, Figure 1, is often for a symmetric, 
non-ideal liquid solution obeying the one-constant 
Margules model [1] 

(i\nG/RT) = ~ = ~ - x1G1 - X2G2 
= X1 tn X1 + X2 tn X2 + AX1X2 (1) 

where G1 and G2 are the pure component molar Gibbs 
energies, Gm the molar Gibbs energy of the liquid mix­
ture taken as a single phase, and A, which depends 
only on temperature, indicates the deviation from an 
ideal solution (where A=O). In terms of the excess 
Gibbs energy, GE, and activity coefficients, 'Y;, Eq. (1) 
is 

(2) 

where 

tn y = Ax2 
1 2 and 

Single-phase stability [5] is observed as long as 

(a2Grn/ax1
2

)P,T ~ 0 or [a2(6rnG/RT)/ax1
2

JP,T ~ O 

For our symmetric binary solution 

and 

~" = [a2(6 G/RT)/ax 2] = (x x )-1 - 2A (4) rn 1 P,T 2 1 

Thus, Figure 1 provides single-phase stability over 
the entire composition range for A :S 2 because 
(x2x1) - 1 reaches its minimum value of four at x1 = 1/2, 
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FIGURE 1. The dimensionless change in _the Gibbs 
energy upon mixing, Lim GIRT, versus composition x 1 at 
a constant temperature and pressure for a symmetric 
solution. IP = inflection point. 

the vertical line of symmetry. However, when A> 2, 
we observe a pair of symmetric inflection points (IP) 
at(x2x1) - 1 = 2A plus a pair of symmetric minima at 

tn (x1/x2 ) = A(x1 - x2 ) 

Between the minima and inflection points the solution 
(as a single phase) is termed metastable whereas be­
tween the inflection points it violates material stabil­
ity [5] and so is termed unstable. Physically, a single­
phase liquid is stable between the pure-component 
end points and the minima (labeled a and 13) whereas 
two liquid phases of composition 

CHEMICAL ENGINEERING EDUCATION 



and 

are stable for any overall system composition z1 falling 
between the minima. 

Numerical determination of 

x~ (= 0.5 - £) and xf (= 0.5 + £) 

is a simple task for symmetric solutions because by 
Eq. (3) 

in ((0.5 + £)/(0.5 - £)] = 2£A (5) 

Given a value of A, Eq. (5) should be solved for Eby 
trial; a useful first approximation is 

(6) 

based upon the series expansion of 

in (l - y) = - l (yn/n) 
n=l 

which is exact as E approaches zero. At A = 2.3, Eq. 
(6) provides E within 2.5%. However, when A = 3.0, 
E by Eq. (6) is 13.8% too high and the limiting value 
of E = 0.5 is reached by Eq. (6) for A = 3.067. 

For the symmetric solution, upper and lower crit­
ical solution temperatures (CST) occur at A = 2. If 

(dA/dT) > 0 at A = 2 

then we have a lower CST; conversely when 
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FIGURE 2. Similar to Figure 1 but for an unsymmetric 
solution showing two minima. The intercepts I; equal 
(G; - G;)IRT, the difference between the chemical poten­
tial in the solution of component i and that of pure i. 

(dA/dT} < 0 

we have an upper CST. 

TANGENT LINE METHOD 

at A = 2 

The equilibrium tie-line between the coexisting liq­
uid phases a and 13 of Figure 1 is horizontal because 
the solution is symmetric. Figure 2 illustrates the tie­
line for the general case of an unsymmetric solution. 
This tie-line must be tangent to the curve at both a 
and 13 in order to have equality of the chemical poten­
tial of species i, 

The method of tangent intercepts [3] provides the in­
tercepts I 1 and 12 (Figure 2) in terms of partial molar 
properties 

and 

For a tangent common to points a and 13, 

Oa =Ga= Gs= 08 
1 1 1 1 

and likewise for the second component. A minimiza-
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... it makes little difference whether we are 
examining liquid-liquid ... or gas-liquid phase 
separation such as dew and bubble points ... the 
"inside-out" algorithm remains efficient for 
determination of the equilibrium states for any 
type of phase transition for a binary system. 

tion of Gm (or maximization of system entropy) pro­
vides the number of phases that are stable for a given 
overall composition z1• A single phase rich in compo­
nent 2 is thus stable from 

to 

two phases are stable for z1 between 

and XS 
1 

and a single phase rich in component 1 is stable from 

XS 
1 

to 

The curve of Figure 2 represents the single-phase Gm 
whereas the tangent line represents the two-phase 
system. 

Use of the tangent plane criterion for stability in 
phase equilibria has enjoyed considerable interest in 
the past decade [6, 7, 8, 9]. Most of the algorithms are 
based upon Newton's method and are different from 
that of the next section. 

Because the "curvature," 

[a2 (t:.rnG/RT)/ax12JP ,T 

is positive infinite at both pure-component end points, 
it is obvious that the inflection points of the curve 
come in pairs. For general, unsymmetric solutions, it 
is further obvious that the equilibrium points (o., 13) 
do not occur at minima and, indeed as in Figure 3, 
there may be phase separation with only one 
minimum. In conclusion, the presence of one or more 
pairs of inflection points are a necessary and sufficient 
condition for phase separation for an overall composi­
tion z1 bounded by 

and x8 
1 

Each pair of IP provides a tangent line, which is an 
equilibrium tie line so long as it does not intersect the 
curve at a composition outside the two tangent compo­
sitions (as in Figure 3). The tangent line for each IP 
pair has tangent compositions outside the composi­
tions at the IP. However, these tangent compositions 
do not represent stable equilibrium points when their 
tangent line cuts the curve at another point as in Fi-
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gure 4. Here the interior IP pair is "wasted" and 
meaningless as far as real fluid behavior is concerned. 

ALGORITHM FOR CALCULATION OF PHASE EQUILIBRIA 

Assume that we have an equation, 

for the curve representing the single-phase system. 
We first set 

and solve for the location of the IP pairs. Imagine for 
simplicity that only one pair occurs as in Figure 2. To 
find the tangent line, 

and x8 
1 

we recognize that the tangent line: 

l­
a: 

----E 
(.!) 
<l 

1) Must pass through the points o. and 13. 

Mole Fraction X1 

FIGURE 3. An unsymmetric solution exhibiting four in­
flection points (IP} which produce double phase separa­
tion, al/3 and 8/y, but only a single minimum. Note that 
the tangent lines a and b do not cross the curve. 
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2) Must be tangent to the <I> curve at a and at 13 
so that 

the slope of the tangent line. 
3) Cannot cut the <I> curve at any x1-that is, must 

lie entirely below the <I> curve. 

The equation of the tangent line is thus 

lj,TL = 12 + mxl = 11 - m(l - xl) (8) 

Our new algorithm is based upon the observations 
that (1) the equilibrium points a and 13 must lie outside 
the IP pair and (2) a straight line drawn through the 
IP pair will have a slope very near to that of the cor­
responding tangent line. Rather than seeking 

and x8 
1 

by approaching from the pure end-points, this al­
o 

~ 
E 

t, 
<] 

0 

Mole Fraction X1 

FIGURE 4. An unsymmetric solution exhibiting four in­
flection points (IP) which produce only a single phase 
separation, a/{3, but three local minima. Note that the 
tangent lines b and c cross the curve and so are disal­
lowed in determination of phase equilibria. 
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gorithm is an "inside-out approach." The general nu­
merical procedure for this algorithm follows (see Fi­
gure 2): 

1) Set 4> 11 (x
1

) = O and solve for the IP pairs, 

and 

2) Approximate m by 

m = [ij,(xao)- ij,(xbo)J/(xao - xbo) 
0 1 1 1 1 

3) Solve the equation 

4>' (xl) = mo 

for the roots 
and 

4) Approximate m by 

m = [~(xai) - 4>{xb1)]/{xa1 1 ~ 1 1 1 

5) Repeat step (3) to provide 

and 

and continue to repeat steps (2) and (3) until 

(x;1 - x:n-1) $ 10-4 ~ (x:n - x:n-1) 

for example, as a convergence criterion. Then 

and 

with 

NUMERICAL EXAMPLES FOR 
UNSYMMETRIC SOLUTIONS 

We now show two numerical examples of the above 
algorithm as applied to liquid solutions qualitatively 
similar to Figures 2 and 3, respectively. All the calcu­
lations in this article were performed with a simple 
hand calculator. 

The qualitative nature of both Figures 2 and 3 is 
captured by the simple mathematical model 

lj, = x1 in x1 + x2 in X
6 

+ Bx1x2(1 + x1) (10) 

where Bis only a function of T. This empirical equa­
tion, which is of the two-constant Margules form 
(A12 = B, A21 = 2B), may be differentiated to yield 

( 11 ) 

and 
4> 11 =(xx )-1 - 6Bx 

1 2 1 
{ 12) 

39 



When set to zero, Eq. (11) provides the location of 
extrema of <I> whereas Eq. (12) provides the location 
of IP pairs. It can be shown that no IP pairs exist for 
B ::; (9/8) whereas only a single pair exists for B > 
(9/8). For (9/8) < B < 1.484774 only a single minimum 
of <I> exists as in Figure 3. However, when B > 
1.484774, two minima and one maximum occurs as in 
Figure 2. 

Case I: Let B = (7/4) to correspond qualitatively 
to Figure 2. Eq. (11) provides a minima at x1 = 0.1676 
and at 0.9537 whereas Eq. (12) yields IP at x1 = 
0.3976 and 0.8758. Following the steps of the new al­
gorithm at the end of the previous section 

ao 
x

1 
= 0.3976 

bo 
x

1 
= 0.8758 and 

so that 

m = [-8.6223 - (-1.8142~]10-2 
= 0 14237 o (0.3976 - 0.8758 . 

the first estimate of the slope of the tangent line. Eq. 
(11) is now solved for <I>' = m0 to obtain the roots 

and 

Then 

m = [-16.4800 - t3.5874~]10-2 
= 0 16835 1 (0.1973 - 0.9631 . 

the second estimate of the slope of the tangent line. 
Eq. (11) now provides the roots 

and 

Then 

l-16.3820 - (-3.5657))10-2 
_ 

0 16844 (0.2036 - 0.9645) - · 

Eq. (11) yields 

x~ 3 = 0.2036 and x~ 3 = 0.9645 

so that our convergence criterion has been met. Thus 

x~ = 0.2036 and x~ = 0.9645 

are the equilibrium points. Note their position relative 
to the minima. 

Case II: Let B = (4/3) to correspond qualitatively 
to Figure 3 on the right side of the minimum. Now 
there is but one minimum at x1 = 0.2546 plus the IP 
pair at x1 = 0.5000 and 0.8090 where <I> = -0.193147 
and -0.114967, respectively. The first approximation 
of the tangent slope is thus 

m = -0.114967 + 0.193147 = 0_25299 o 0.8090 - 0.5000 
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From Eq. (11), 

xa 1 = 0 3696 and 1 . X~
1 

= 0.8891 

where 

<P = - 0.233290 and 

respectively. Then, 

m
1 

= 0.25645 

where 

and 

with 

<P = - 0.232600 and 

respectively. Then, 

m
2 

= 0.25646 

where 

and 

are our equilibrium values of 

and 

respectively. 

SUMMARY 

- 0.10040 

b2 
x

1 
= 0.8902 

- 0.099756 

i 
1 

The new algorithm also provides more rapid con­
vergence for more complicated forms of <I> requiring 
the use of a digital computer. Examples are where <I> 

is given by the van Laar equation, general two-con­
stant forms of the Margules equation, or from equa­
tions of state (EOS) with mixture combining rules 
(MCR). Further, it makes little difference as to 
whether we are examining liquid-liquid phase separa­
tion or gas-liquid phase separation such as dew and 
bubble points (with <I> from EOS/MCR). This "inside­
out" algorithm remains efficient for determination of 
the equilibrium states for any type of phase transition 
for a binary system. 

Cases of more than one pair of inflection points, 
Figures 3 and 4, are solved easily by the present al­
gorithm provided an overide computer program is 
used to first calculate the slope of line through the 
paired inflection points. In the case of Figure 3, these 
slopes are of opposite sign so two separate regions of 
liquid immiscibility exist. The equilibrium points (a, 
~)and (3, -y) may then be found by double application 
of the present algorithm as illustrated by Case II for 
(3, -y) on the right side of Figure 3. With Figure 4, the 
overide program would see that the slopes of lines 
through the paired IP are the same. It would "then 
check the slope from the two outermost IP. Knowing 
this slope to be between the original two in magnitude 
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is a strong indication that the final equilibrium tangent 
is a rather than b or c of Figure 4. These comments 
are only guidelines for Figures 3 and 4-see [6], Fi­
gure 5, for a different case involving double pairs of 
IP. The only rule is that no true equilibrium tangent 
may cut the Gibbs' curve at any composition. 

We are presently working on procedures to extend 
this algorithum to ternary and higher component sys­
tems. 
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REVIEW: Reactor Engineering 
Continued from page 7. 

California Professional Engineers exam. Some involve 
new technologies (semiconductor processing, biotech­
nology) and some require numerical solutions. In sev­
eral chapters excellent problems on critiques of jour­
nal articles are given. 

A series of accompanying interactive programs for 
personal computers is available on floppy disks, 
though they must be purchased separately from the 
University of Michigan. These are interesting prob­
lems that can be used as homework assignments since 
they provide the student a coded grade. Students find 
the programs to be both fun and helpful for learning 
reactor design. 
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A few aspects of the book could be improved. As 
done in essentially all reactor design texts, fractional 
conversion is used as a dependent variable and' solu­
tions start with an integrated form of the design equa­
tion. A more general approach, which is more easily 
extended to multiple reactions and complicated reac­
tors, would be to use flow rates and number of moles 
as dependent variables and start with the differential 
form of the design equation. The energy balances in 
Chapter 8 are complicated by using variable heat 
capacities and symbols for several types of heat 
capacities, In Chapter 6, the rate of reaction is incor­
rectly shown as being proportional to the square of 
the total site concentration on the catalyst surface. 
Also, as done in many texts, more significant figures 
are given in the solutions to the example problems 
than are justified by the data presented. 

In summary, this is an excellent undergraduate 
text for reactor design and it will likely be adopted by 
a large number of departments. It could also be used 
as a graduate text if supplemented. D 

u.s. ,001.1s..,,;u 

STATEMENT OF OWNE~,~~J!jb~ f',tt~.~.~~1, 1
NT AND CIRCULATION 

lA. TIT LE OF PUBLICATION 18. PUBLICATION NO. 2. DATE OF FILI NG 

Cli£Ml.CAL. ENGlNEl:.iUNG l::LlllCATION 11 °1 1! •I 01 °1 I I ,,.,., 
4ua r terly 

JA. NO. OF ISSUES PUBLISHEO,JB, ANNUAL SUBSCRIPTION 
ANNUALLY PRI CE 

4 See At t acnl!d K.i t ea 

4. COMPLETE MAILIN G AOORESS OF KNOWN OFFICE OF PUBLICATION (S1rr~1. Clly, Co11nty, Sr• rt ond 'i:, /p...4 Cod~ //,'Vor prl11t.,.J 

Uu.nlCAJ.. c.~c.a:u.t:RJ:~G .IU}Ui.:ATl UH, i<cuJ111 Jl7, Chem.ical t:agioeri=.ring Depart1aomt, 
Uulvera:1ty of J/lorioa, Galnri=.avllle , Alac1111a, Flo r ida.. J l6ll 

S. COMPLETE MA Ii.iNG ADDRESS OF THE HEADQUARTERS OF GENERAi. BUSINESS OFFICE'S OF THE PUBLISHER {No l pri,omJ 

L:neaical t.ni.L.u~<lring Oiv1B1ou, /t.1110!. r lcan So,:10!.ty fo r l::og.l.ueeriog EJucatioo, 
11 Ou.Pout Ci rcl O!., liolihio¥ton , DC 2i>0)t) 

6. FULL NAMES ANO CO MPLETE MAILI NG ADDRESS OF PUBLISHER, EDITOR, ANO MANAGING EDITOR fTll islllm MUSTNOTbt b/• ,.-1 

.-.St.I:: - 1,;,1cmical Eugiu0!.er1a& llivision , 11 UaPout Circ l l!, Wa,rnlngton, I.IC 200JV 

EDITOR {Na m,r a,od Comp/tit MaU/111 Addr•uJ 

K.cay .,._ 1-·:111.l.e,1. Cm:illli.cal t.,1gioeerin" Lle.partm.::nt, ko0111 319 , 
Univ O!. rs ity of norida , Gainesville , FL ]2611 

MANAGING ED ITOR {N•mt •ndCamp/,rr,r Mail/111 Add,,,uJ 

C:.1 r ol<! 'rocum, t.:110!.udcal K11&.l.1.1eer l 11s Uo!parcmie.n t , ko\la 317, 
Un i versi t y of Flo r ie.la, 1.oaineavllle , FL 32611 

1 . OWNER fffo- rd b1• n,,po,.rion. ifJ "'"'" and addrtu ,,...,, l),r1101Nl a,odaba imm•diutty rlotrewnd,rr ,,,.,..,,.,1.,,d•dd•-u of11,..,0oldtn 
0"flin1 a , loold/111 I p,r,.,-,rM O<ma,.. aflOf"'•"'"""' afltad , Jf,001 o,...,rd b )' a co,po,,al/on, 111,r ,..,,.U•ndaddru.rnaf rlo,r l,wli"fdw•lu...,,n mMJ/ 
b11f~u . /fa-rd b1ap,, ,f11tnlolp or o rlorr11nlnto,PO,a1tdflrm, /u...,m,r and addru,, U _,,.., lloal ofnclo /11dlvidw•I mw11 h p,,tn. If l~tpwl,/lr• 
lion is pMl,//slord t y • nonp,afl1 arp11/,.flan, /rs ,..m, •nd -,Jdnu "'"'' i,,r 1t•lrd./ (lr,rm nrwJ/ br complttrd. / 

FUI.LNAME 

u!ficial ublleat1ou of 
l.l.steu ;innv,.-

B KNOWN BONOHOLOERS, MORTGAGEES, ANO OTHER SECURITY HOLDERS OWN ING OR HOLDING 1 PERCENT OR MORE OF T OTAL 
AMOUNT OF BON OS, MORTGAGES OR OTHER SECURITIES /lfrfltn •n 110M, soU•rrJ 

9 FOR COMPLETION BV NONPROFIT ORGAN IZATIONS AUTHOR IZED Tl"J MA IL AT SPECIAi. RATES (Stellar, ,21.12 DMM011ly/ 
Th• P,.,tP<>t•. luncl lon, and nonproli1 1111u, of 1h i1 or111ni1atlon and th t tumpt 11•1u1 ro, Ftdtrtl l,ocome tu P11•11Du,, (0,uA un,; 

"' • ~~g~~:g~~ ~~=~i 
EK TENT ANO NATURE OF CIRCULAT ION 

/S<r iJUI..U-lfa,uon,..ut1rtidr/ 

A. TOTAi. NO. COf'IES {N., ,.,,s, Ru"/ 

B- PAID ANO/OR REOUESTEO CIRCULATION 
1. S.ln th•OUO" cie,1,,. .,,d c,,,.,,., n•Ht vendon ,,.d coun ,.- win 

2 Ml•I S.,t,,.cr,puon 
/P••d•nd/o• rl<111Urtd/ 

C- TOTAi. PAI D ANO/OR REQUESTED CIRCULATION 
/S,.maf!QB/•nd/081/ 

D. FREE OISTRIBUTION BY MAIL, CARRIER OR OTHER MEANS 
SAMPI.E.S. COMPLIMENTARY, ANO O THER FREE COPIES 

E. TOTa.L DISTRIBUTION /So,m afC•"" 0/ 

F. COf'IES NOT DISTRIBUTED 
1. Otl,uuu, 1,1,.,..,,unacooun1ed.1PO•led•h••P""''"0 

G_ TOTAi. {Su m "ff:. Fl ""d _• ''"'"'d r<10,•I "'' p,,ru nm ,1, ,,,. ,. '" ,I / 

2193 

dO 

1405 

{ff r M,rztd.pM/>l/slr,,,,....,, .. ,,nr1, upi.,..11on of 
t ht,rzt "'"~ lhlrsl•ltmtfll / 

ACTUAi. NO. COP IES OF S INGLE 
ISSUE PUBl.tSHEO NEAREST TO 

FIi.iNG DATE 

HbU 

-u-

1UU9 

lbU~ 

" 
l'JbU 

I e11 rt1 fy that the statements made by , 
11 . . !! ~SIGNATURE ANO TIT LE o , E01TOR, PUBLISHER , 8US.INESS MANA OER, l) R OWN fR 

me above are correct and complete :.ll Lto r I 

PSForrnl526, Ju,, 1!:~ 

41 


