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hemical equilibrium problems with simultan-

eous reactions can be solved by direct minimiza-
tion of the Gibbs free energy or by algebraic meth-
ods.™! Direct minimization using optimization tech-
niques such as steepest descent is slower but has the
advantage that the minimization can be carried out
adiabatically as well as isothermally.'?’ Algebraic cal-
culations are very fast but require elaborate pro-
gramming to ensure convergence."”!

Whatever solution method is used, chemical re-
actions are not required as input data. The input to
the program consists of temperature, pressure, and
a list of chemical compounds expected to be present
at equilibrium with their initial amounts.

The Turbo Pascal (MS DOS) program used
to solve the examples in this paper by alge-
braic methods may be obtained by mailing a
3.5-inch diskette with a self-addressed, stamped
return envelope to the author, or by E-mail
(myers@cheme.seas.upenn.edu). A minimization
program running under Microsoft Windows is avail-
able from O'Brien.?!

The Pascal program uses matrix algebra for the
atom balance. The list of chemical compounds is
converted to an atomic matrix A (see the Appendix)
by a subroutine that parses the chemical formulae of
compounds in terms of the number of atoms of each
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element. The amount of each compound is expressed
as a vector n. The atom balance is

m=An (1)
where m is determined by the starting concentra-
tionn .

The stoichiometric matrix N for the set of chemi-
cal reactions is obtained from the atomic matrix A
by solving the equation

ANT =0 (2)

for N (see the Appendix). An element of N is v,, the
stoichiometric coefficient of compound j in reaction i.

For C chemical compounds containing E
eiements, the number of independent chemical reac-
tions is R = C - p, where p is the rank of A. The
amount n, of compound j at equilibrium is expressed
in the terms of its starting amount n; ;

n, :n; B Zvij&’i (3)
1
where & is the extent of the i reaction. The Newton-
Raphson method is used to solve the R nonlinear
algebraic equations:

G p n.
mK, :_Zvij[R_’i‘]:[z_'vij]ZH[P_]+ZVij (n 2;1 (4)

for the unknown extent of each reaction §. K is the
equilibrium constant of the i** reaction. Possible di-
vergence of Newton's method is avoided by dividing
the compounds into two groups: primary and secon-
dary. Each secondary compound appears as a prod-
uct in one and only one reaction (see the Appendix).
The algorithm sequentially examines all possible
combinations of primary and secondary compounds
to find a set of reactions with equilibrium constants
less than unity. Then the starting concentration is
recalculated from Eq. (1) in terms of the selected set
of primary compounds. Convergence is assured be-
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cause each reaction must proceed to the right to
form a finite amount of secondary compound, but
not too far to the right because the equilibrium
constant K. < 1. The search for the convergent set of
reactions is accelerated by selecting the most stable
compounds as primary, and the least stable (highest
values of Gibbs free energy) as secondary compounds.

This program is limited to reactions of perfect
gases. Condensed phases (liquid or solid) may be
present if they are at unit activity. Under these
limitations, it is legitimate to view the software as a
black box to which the input is thermochemical data,
composition of feed, and state variables. The
output is the equilibrium composition. The details
of the algorithm are less important to the user
than the program's speed and the conditions
under which it fails, such as high pressure or simul-
taneous phase and chemical equilibria. Computer
output can always be checked by substituting the
equilibrium mole fractions into the chemical equilib-
rium constants.

COAL METHANATION

We will illustrate the procedure for coal metha-
nation using steam and hydrogen. Coal is simulated
by graphite. Gases present at equilibrium are H,,
H,0, CO, CO,, and CH,. In addition to the amount of
each compound and its state (solid, liquid, gas), the
program calls for the pressure, feed composition,
and dimensionless Gibbs free energy (G/RT) at the
temperature of interest. The feed is entered as the
amount of each compound, but the equilibrium com-
position depends only upon the atomic composition
(C,H,0) of the feed. In this example there are six
compounds and three elements, so the number of
chemical reactions R = C - p = 3. The program prints
a set of independent chemical reactions with their
associated equilibrium constants to facilitate check-

ing the results.

The thermochemical data may be calculated
either by thermodynamics or by statistical mechan-
ics. The thermodynamic expression for the dimen-
sionless Gibbs free energy obtained by integrating
the Gibbs-Helmholtz equation is

T
(i): GO pum. HO_I(TO) L_l ol I(T)dT (5)
RT)” RT, R T, T) JRr
TD
where G, and H_ are values of the molar Gibbs free
energy and molar enthalpy of formation at the refer-
ence temperature T and reference pressure P, and

I(T) is the indefinite integral of the molar heat ca-
pacity of the compound at the standard pressure P :

I(T):ICP(T)dT (6)
For example, for the commonly used polynomial
Cp=A+BT+CT?+DT® +ET > (7)
we have
» Bp2,Cp3,Dp¢_E
I(T)_AT+2T +3T e (8)
and
T
AL g ipn T B C (p2_p2
J' A=+ 5h(T T,)+ g (1% -5 )
T,

(9)
Heat capacity data!* for the compounds under con-
sideration are listed in Table 1.

The dimensionless free energies of formation
tabulated in Table 2 were calculated using Eq. (5).
The feed contains hydrogen and water in the ratio
H/H,0 = 2 with excess carbon.
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TABLE 1 TABLE 2
Free energies (G,) and enthalpies (H ) of formation at T_ = 298.15 K; Input to computer program
heat capacity coefficients (A,B,C,D,E) for Eq. (7). for finding equilibrium of coal
methanation reactions at 800K.
Com- G, H. A B G D E
pound State kJ/mol kJ/mol J/mol-K J/mol-K* J/mol-K3 J/mol-K*  J-K/mol Com-
pound State G/RT 12, mol
CO, (g -394.65 -393.77 19.795 7.344E-2 -5.602E-5 1.715E-8 0.0
CO, (g) -61.3410 0.0
HO (g -22877 -24200 32242 1.924FE-3 1.055E-5 -3.596E-9 0.0 HO @) Gl
€O — (g 13737 11062 30869 -1285E-2 2780E5 -1.272F8 0.0 Cé) © _28'6855 0'0
CH, (g -50.87 -7490 19.251 5.212E-2 1197E5 -1.132E8 0.0 CH, @ 34398 0.0
H, (g) 0.0 0.0 27143 9.274E-3 -1.381E-5 7.645E-9 0.0 H (® -1.2607 2.0
c (s) 0.0 0,0 16873 4.773E3 00 0.0 -8.541E5 G (s) -0.5925 2.0
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Additional data supplied to the program are the
pressure (P = 0.5 MPa) and the number of moles of
inert gas (zero in this case). Table 3 gives the equi-
librium state computed for the feed composition in
Table 2. Computation time for the equilibrium point
in Table 3 is 0.5 second on an 80386/80387 personal
computer rated at 0.075 MFLOPS (mega floating-
point operations per second). This includes the time
for reading and writing to a file. Therefore, enough
points for a graph can be generated in less than a
minute. For example, Figure 1 shows the effect of
the H/H,O feed ratio upon the equilibrium yield,
expressed as moles of methane per mole of carbon
consumed.

The program's output includes the chemical re-
actions with their equilibrium constants in Table 4.

Results of chemical equilibrium calculations for
coal methanation are given by Sandler'®' for the case
of no hydrogen in the feed stream. Helfferich'®' solved
for the amount of hydrogen feed required to produce
0.9 mole of methane per mole of carbon consumed.

Ethane can be added to the list of compounds in
Table 2 to find out if it is present in detectable
amounts at equilibrium (it is not). Or, iron and iron
oxide can be added to the list to find out if the
process conditions favor oxidation of the reactor ac-
cording to the reaction Fe + H,O = FeO + H, (the
result is no FeO at equilibrium).

COMBUSTION OF HYDRAZINE

Chemical equilibrium problems that require
1.0

Yield
ratio, 0.5
CH,/C
0.0 e 1 i 1

0 1 2 . 3
Feed ratio, HQ/HQO

Figure 1. Equilibrium yield of CH, per unit amount of carbon
consumed as a function of ratio H,/H,O in feed.
T=800K, P= 0.5 MPa
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computers for their solution arise in high-tempera-
ture chemistry. For example, combustion of hydra-
zine (NH,NH, + O, — N, + 2 H,0) generates OH,
NH, NO, H,, O,, N, H, and O as well as the principle
products N, and H,O. For this problem it is conven-
ient to use the formulae of statistical mechanics. For

TABLE 3
Chemical equilibrium for coal methanation reactions
at 800 K, 0.5 MPa.
No inert gases; amount in feed, n°; amount at equilibrium, n;;
mole fraction in gas phase at equilibrium, y.

Compound n?, mol n, mol M
Co, 0.0 0.13258 0.05808
H,0 1.0 0.70954 0.31080
Co 0.0 0.02530 0.01108
CH, 0.0 0.87494 0.38325
H, 2.0 0.54058 0.23679
G 2.0 0.96718 0.0
Total 5.0 3.25012 1.0
TABLE 4
Chemical equilibrium constants at 800 K
Reaction K
C(s)+CO, & 2CO 0.01043
2C(s)+2HO < CO,+CH, 0.23041
C(s)+2H,0 & CO,+2H, 0.16635

TABLE 5
Molecular constants

Molecule MW, g/rnol (-)r, K ev, K Du/k, K (e} ()

i 2.016 87.55 6332 51,970 2 1
0, 31.999 2.07 2274 59,360 2 3
N, 28.013 2.88 3374 113,350 2 1
NO 30.006 2.41 2740 75,390 1 2
NH 15:045 24.03 4722 39,460 i 3
OH 17.007 27.21 5378 50,970 1 2
13.40 2295
H,0 18.015 20.90 5254 110,360 2 1
40.10 5404
N 14.007 - - 0 - 4
H 1.008 = = 0 -
(0] 15.999 = = 0 - 5
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a diatomic molecule modeled as a rigid rotor, har-
monic oscillator in its electronic ground state, the
dimensionless Gibbs free energy is

G___ | KT —Zn[ T )+€n(1—e_x)—g—°—8nme
P,

m_ A3 O'er 4k
T T T

Translation Rotation Vibration Electronic
where A is the deBroglie wavelength of the molecule
| | (- (11)
2nmkT
and x = 6 /T = hv/kT. The rotational symmetry num-
ber is ¢ and the degeneracy of the electronic ground
state is .. The energy of the molecule in its elec-
tronic and vibrational ground states relative to the

isolated atoms at T =0 is D , and the characteristic
temperature for rotation is 6, = h%8n’lk.

TABLE 6
Chemical equilibrium for combustion of hydrazine at
3500 K, 1 MPa. Input to program, n°;
amount at equilibrium, n; mole fraction, y,

Compound G/NKT  n?°, mol n, mol M
HZO -61.2859 2.0 1.40718 0.40850
NZ -60.9791 1.0 0.96259 0.27944
NO -52.6323 0.0 0.07465 0.02167
O2 -47.4720 0.0 0.14014 0.04068
OH -41.3420 0.0 0.17333 0.05032
NH -38.4545 0.0 2.95E-5 8.57E-6
H2 -35.8107 0.0 0.39011 0.11325
O -22.5047 0.0 0.06456 0.01874
N -22.0821 0.0 1.29E-4 3.76E-5
H -17.4415 0.0 0.23205 0.06736
Total 3.0 3.44478  1.00000
TABLE 7

Chemical equilibriuum constants at 3500 K and
standard pressure P_ =1 atm.

_ Reaction X
0.5H,0 + 0250, & OH 0.31069
050, & O 0.29191
05H0 & 0250, + H 0.26357
05N, + 050, & NO 0.20326
HO & 050, + H, 0.17566
05N, & N 2.23E4
05H,0 + 05N, & 0250, + NH 2.02E-5
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Monatomic species (N, H, O) have no rotational
or vibrational terms. For nonlinear, polyatomic mole-
cules (H,0), there is a separate term for each vibra-
tional mode and the rotational term is replaced by

0.5
L] =—¢n Lot 12
[xi]... LZeaebec (12)

For NO another term must be added to account
for excitation from the ground electronic state (1) to
the first excited state (2)

:—fn{1+$—‘je_(s2_el)/k’r} (13)

[N
NKT Jejec

where ® = w, =2 and (¢, - €, )k =172 K. Constants
extracted from Herzberg!” and NBS®! are given in
Table 5.

Computation time for the equilibrium state re-
ported in Table 6 was 1.5 seconds on a computer
rated at 0.075 MFLOPS. The results are that the
equilibrium concentrations of N and NH are low
enough to be neglected under these conditions.
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NOTATION

A = atomic matrix

C = number of chemical compounds present
C, = heat capacity
D, = electronicenergy

E = number of elements present

G = Gibbs free energy at P,

H enthalpy at P,

h = Planck constant

I = function of heat capacity, Eq. (5); rotational

moment of inertia
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k = Bolzmann constant
K chemical equilibrium constant
m element vector
N = number of molecules
n compound vector
n amount, mol
P pressure
P reference pressure
R gas constant
ik absolute temperature
x = dimensionless frequency of vibration = hv/kT
y = mole fraction in gas phase
Greek Letters
6, = characteristic temperature of rotation
6, = characteristic temperature of vibration
A = deBroglie wavelength, Eq. (11)
v - frequency of vibration
£ - extentofreaction
p - rankofA
6 - rotational symmetry number (integer)
®, - degeneracy of electronic ground state (integer)
Superscript
o - refersto feed composition (initial state)
Subscript
o - referstostandard state at 298.15 K, 1 atm.
i - refersto i reaction
j - referstoj™ compound
( APPENDIX )

Matrix operations are illustrated for a reaction
system consisting of nine compounds (C = 9) and
four elements (E = 4). The E-by-C atomic matrix is:

cO SO HO 8. CO CO8 €S HS H

2 2 2 2 2 2 2

A T R ) R L Y, [ TR TR
o gl 2 2 1011 9 W00
“Bloe 1 0 20 1 2 1 0
HL0O o0 2 00 0 0 2 2

The rank of A is p = 4, so there are C - p =R =5 inde-
pendent chemical reactions. A particular set is found
by dividing the C compounds into p primary com-
pounds and R secondary compounds. The stoichiom-
etric matrix N is obtained from Eq. (2) as follows:
The atomic matrix is written with the p primary
compounds in the first p columns of A so that the E-
by-p atomic matrix A_for the primary compounds is
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at the left and the remainder of the A matrix con-
tains the E-by-R matrix for the secondary compounds

A=|A, A

For A as written above, the secondary compounds
are CO, COS, CS,, H,S, and H,. After selecting the
secondary compounds, a unit matrix as large as pos-
sible is formed in the upper left-hand corner of A
using elementary row operations, so that a new
matrix A is generated with the following reduced
row echelon form

P
0 0

A:

where I is a p-by-p identity matrix and B is a p-by-R
matrix. The number of rows of zeros is E - p. Zeros
are present when the rank of A is less than the
number of elements E. In this example E = p.

The stoichiometric matrix N is constructed by
appending an R-by-R identity matrix I to the R-by-p
negative transpose of B

T
N=}—B Sl

The result from A as written above is

CO SO HO S CO COS CS. HS H

2 2 2 2 2 2 2

-1 05 0-025 1 0 0 0 O

-1 05 0-07 0 1 0 0 O

N= -1 1 0 -15 0 0 1 0 O
0 06-1 -07 0 0 0 1 O

0 05-1 -025 0 0 0 O0 1

The rows of N are the chemical reactions
CO4 +(0.25)S5 =(0.5)SOy +CO
CO, +(0.7585) = (0.5)SO, + COS
COj3 +(1.5)Sg = S04 +CSy
H,0+(0.75)S, = (0.5)SO, + HyS
Hy0+(0.25)Sg =(0.5)SO4 + Hy

The secondary compounds (CO, COS, CS,, H,S, H,)
appear in one and only one reaction. There are
C!
RI(C-R)!
sets of reactions, each containing a different combi-
nation of R secondary compounds. In this example
the number of reaction sets is

9!
BT af T
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