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onventional wisdom holds that lower-year
Ccourses in mathematics for engineers should be
taught by mathematicians, who can supply the nec-
essary depth and rigor that engineering instructors,
however adept in applying the subject, may lack.
Reality, however, tells us otherwise. Excessive insis-
tence upon uniqueness, existence properties and proof
of theorems, and unfamiliarity with engineering-
flavored problems, coupled with a reluctance to blend
lectures with practical examples, is counterproduc-
tive in lower-year courses. A large proportion of the
students lose interest in the subject; their indiffer-
ence, often mingled with hostility toward anything
mathematical, can make the instruction of higher-
year engineering mathematics and process control a
difficult task.

There is much to be said, as a consequence, for
the teaching of mathematics to undergraduate engi-
neering students by engineering instructors who
possess the required mathematical background and
motivation. Having taught third-year (compulsory)
and fourth-year (elective) courses (including process
control) over the years, I have often been frustrated
by the varying and unpredictable mathematics back-
ground of chemical engineering students entering
their third year. Depending on the whim of the mathe-
matician who taught the second-year course in ap-
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existence properties and proof of theorems, and
unfamiliarity with engineering-flavored
problems, . . . is counterproductive

in lower-year courses.
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plied differential equations, one stream of students
may have been given a healthy dose of certain topics
(notably Laplace transformation) while the next
group would have received little or no instruction in
the same subject. Recently, when an opportunity of
putting my thoughts of what this course should con-
tain into practice, I seized it with alacrity.

The framework and "infrastructure" was given to
me: 1) the course was to be administered by the
mathematics faculty (including the assignment of a
teaching assistant), 2) the traditionally-used text!
was designated, and 3) the course designation code
and title was assigned. All this suited me fine. I was
eager to set about my goal of putting a strong em-
phasis on the solution of chemical engineering prob-
lems via ordinary differential equations (ODE) which
could be handled in the second year. The strategy
was to discuss the theory behind each technique
in a concise manner but without a formal proof
(except where the procedure was short and straight-
forward) and to supply a goodly number of numeri-
cal illustrations.

Homework assignments, normally consisting of
four to six non-elementary problems per set, were to
be handed out and graded every week. A two-hour
open-book midterm and a three-hour open-book fi-
nal examination would serve as formal measures of
student performance.

COURSE FRAMEWORK

The course structure is summarized in Table 1.
The seven major topics follow a similar sequence in
the textbook."' In Part 1, the definitions, the gen-
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eral, particular, and singular solutions, and the ques-
tion of uniqueness are briefly covered, followed by a
more-detailed discussion of direction fields and
isoclines (in anticipation of nonlinear analysis in
future years). In Part 2 the separable-variables tech-
nique, transformation methods, homogeneous equa-
tions, exact differential equations, the integrating-
factor method, and Clairaut-type equations are
treated. This portion of the course is heavily dosed
with (elementary) numerical examples taken from
chemical kinetics, reaction engineering, applied bio-
chemistry, and heat-transfer theory.

Particular attention is paid to linear equations in
Part 3, where Laplace transformation techniques
are introduced and treated by anticipating later use
in fourth-year process control courses in terms of
transfer functions. Since the transfer function is the
bridge in transform space between the input and
output function in a linear system, its concept is in-
troduced early to emphasize its usefulness in solving
differential equations. The basic tools for handling
transform inversion (e.g., reduction to simpler forms
via partial fractioning, convolution theorem, trans-
form tables) are treated in detail, but contour inte-
gration is omitted due to the students' lack of knowl-
edge of complex calculus in the second year.

The treatment of series solutions deviates from
the conventional approach in that various classical
methods (e.g., the method of Frobenius) are covered
briefy— but sufficiently for the introduction of Bessel

functions as an important technique for solving a
class of second-order linear differential equations of
practical importance. Due to time limitations, only
the Bessel equation of the first kind is discussed,
with appropriate applications; emphasis is laid
particularly on the handling of the zeroes of
Bessel functions in view of physical considerations
(see Example 1).

In the next section, on orthogonal functions
and Sturm-Liouville theory, the motivation for the
orthogonality concept is emphasized and the general
technique for the expansion of functions into or-
thogonal series is briefly shown (the discussion of
Fourier series in solving partial differential equa-
tions in a subsequent third-year course is an exten-
sion of this topic).

Part 6 concerns a subject of growing importance
at lower-year levels but which is not traditionally
taught in this course: numerical techniques. I am
convinced that the numerical handling of all mathe-
matical problems of engineering importance should
be introduced as early as possible and that an undue
weighting of analytical techniques is outdated. The
obsolete philosophy of neglecting numerical solutions
at a lower-year level is also manifested in the text-
book, which deals only with the Euler techniques
and the Runge-Kutta method (in a surprisingly short
chapter). To remedy this, I added the handling of
second-order ODE's with two-point boundary value
problems (see Example 2) and initial value problems

SUBJECT

TABLE 1
Structure of Second-Year Course in Applied Differential Equations
# OF

ONE-HOUR
LECTURES

ILLUSTRATIVE EXAMPLES OF ChE NATURE

1. General concepts and philosophy of ODE's 3
2. First-order and simple ODE's 8

3. Linear differential equations and Laplace transformation | 12

4. Series solutions and Bessel functions 3
5. Orthogonal functions and Sturm-Liouville theory 2
6. The numerical solution of ODE's E
7. System of ODE's and linear ODE's. Linearized systems 6

None

First-order irreversible batch reactors; mixing in a well-stirred
tank at equal and unequal inflow and outflow rates; second-
order irreversible batch reactions; radial heat conduction in a
cylindrical solid; flow through containers of various geometries;
growth and decay in simple biochemical reaction systems;
production of isotopes in a nuclear reactor

Countercurrent heater-cooler problems; second-order under-
damped control systems; two-element mixer cascades; elemen-
tary transfer function analysis

Flux distribution in a cylindrical nuclear reactor; radial temp-
erature distribution in a cylindrical conductor; buckling of a
vertical column (in an ecumenical spirit!)

None
None

Consecutive irreversible first-order batch reactions; mixer
cascades; flow through mixers equipped with valves
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as a step in (what I conceive to be) the right direc-
tion. (I would be happy to see a strong component of
numerical approaches in earlier calculus courses.)

Finally, Part 7 puts emphasis on the structural
properties of linear systems, e.g., eigenvalues and
eigenvectors. It introduces the state-variable and
state transition matrix concept, the decoupling of
state variables via canonical transformation, and
the solution of nonlinear systems for small excur-
sions about their steady states via linearization
(see Example 3). For obvious reasons, first- and
second-order systems only serve for the purpose of
illustration.

TYPICAL CLASS ILLUSTRATION EXAMPLES

EXAMPLE 1
Physical Importance of the Zeroes of Bessel Functions

The energy flux distribution in an upright cylin-
drical nuclear reactor of radius R is given by the
ODE[2] 9

r2M+rgq—)+yzr2q)=0 (1)

dr? dr

where yis a known physical parameter. At r = R, the
flux ¢ is zero and the maximum energy flux, called
the design power level of the reactor, exists at the
axis: ¢ = ¢(0). Since ¢__ is finite, the Y -function
(Bessel function of the second kind order zero) term
must be suppressed in the general solution. Hence

¢(r) = ¢maxJ0(Yr) (2)
where J is the Bessel function of the first kind order
zero. It follows that

Jo(YR)=0 (3)
There are, in principle, an infinite number of roots

which satisfy Eq. (3), but which one should be taken
here?

This is where the physics of the problem must be
considered. We know that the flux decreases from its
maximum value at r = 0 to zero at r = R: so does
J (yr) on [0,c,], o being the first zero of J (x). Since
J (x) is negative between o, and the second zero o,
and negative energy flux is physically meaningless,
the correct solution of Eq. (3) is

YR =04 =2.4048
and the final solution to the problem is given by
o(r) = AJ,(2.4048 r /R) (4)
The suppression of successive roots of Bessel
functions past the first one due to physical con-

straints is an often-encountered requirement. An-
other instructive example, albeit not in chemical
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engineering, is the stability of a vertical wire prob-
lem™! involving a fractional Bessel function of the
first kind (good for a homework problem?).

EXAMPLE 2
A Simple Two-Point Boundary Value Problem

Given the linear ODE

d2 /
g =-en|-y'") (5)
dx

with boundary conditions x = 0, y = 1, and x = 2,

y =1, the problem is to estimate the values of y in
the interior of the [0,2] domain. Using the conven-
tional central difference approximation for the
second-order derivative, a grid structure with ele-
ments

2 1/2
yn+1_2yn+yn—1 =-h exp(_yn ) (6)

can be constructed, where n is an arbitrary node (or
mesh point) position in the grid. This is a very good
problem for illustrating at the same time the useful-
ness of linear algebra as well as finite-difference
calculus and iteration strategies. In the simplest
case we take a single interior point at x =1, and thus
n = 0 and n = 2 become boundary points. Conse-
quently, Eq. (2) reduces to the finding of y, via the
iteration scheme

vy 214(1/2) exp[— ygk)j (7)

starting with an arbitrary extimate y,. If we choose
¥, =1, then y,® = 1.16954 and y,*® = 1.16955
are obtained; with y,® =1, y.“ = 1.16955. If
we choose two interval nodes 2/3 units apart,
we obtain the 2 x 2 matrix A with elements
a, =a, = 2/3 and a, = a, = 1/3, connecting the
vector with elements y V), y,**! to the vector with
elements 1 + (2/3)%exp(-y,*); 1 + (2/3)%exp(-y,"). It-
eration quickly yields the values of y, =y, =1.15193.
Smaller grid sizes can be assigned for a homework
problem, calling upon the students' computer skills.
The approach is an adaptation of Hamming's treat-
ment of two-point boundary value problems.'*

EXAMPLE 3
Linearization of Flow Through a Tank With a Valve in
the Effluent Line

This problem is often discussed in process control
texts'®! and in the author's opinion it serves as an
excellent and simple example to illustrate the con-
cept of linearization and the usefulness of deviation
variables in lower-level courses. The starting point
is the mass balance.

dh _
AS =Q;-k'h (8)
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where A is the uniform cross-sectional area of the
tank, h is the instantaneous liquid level in the tank,
Q, is the liquid inflow rate, and k is the valve con-
stant. At steady-state conditions

Q =kVh"

Hence, in terms of deviation variables y =h - h" and
x=Q, - Q’, Eq. (8)is rewritten as
A%:X(t):k(\/ﬁ—\/f) (9)
For sufficiently small magnitudes of x, the nonlin-
earity is removed by the truncated Taylor expansion

VB - =L
2

and the linear approximation

T ) (10)
2\Vh

is obtained. The constraints on the validity of lin-
earization are illustrated numerically under a spe-
cific set of conditions as shown in Table 2. Having
discussed this problem in class, we then take up flow
through two tanks in series and solve by elimination
or elementary state variable theory, emphasizing
the stability of the linearized system with negative

real eigenvalues
k;/2As\h]  and  —ky/2A5\h)

STUDENT RESPONSE

By and large, student response was what could
be expected in any course in engineering mathemat-
ics; those with a grasp of fundamental mathematical
principles were receptive to the application flavor,

TABLE 2
Comparison of True and Approximate Solutions
in Example 3
for Step Inputs X(t) = X H(t) [H(t): unit step function]
A =0.28m* Q=0.39m*min; k =0.408 m*/min-m"*

H
(m)
time x,=0.01 x,= 0.1
(min) (m3/min) (m?®/ min)
Eq. 9* Eq.10 Eq. 9* Eq. 10
0.1 0.9174 0.9174 0.9483 0.9484
0.5 0.9288 0.9288 1.0632 1.0626
1.0 0.9390 0.9390 1.1678 1.1641
20 0.9508 0.9507 1.2963 1.2808
3.0 0.9564 0.9561 1.3638 1.3353
5.0 0.9603 0.9599 1.4195 1.3726
10.0 0.9614 0.9609 1.4416 1.3828
oo 0.9614 0.9610 1.4423 1.3830

* Solved by an arbitrary numerical technique, covered in Section 6 (Table 1)
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while those with a weak mathematical background
were too bogged down in operational details to worry
about the physical nature of the topics and problems
discussed. There was, at any rate, not a single com-
plaint about the application side of the course, and
one of the two written comments supplied with a
computerized course evaluation by students states,
"Nice having some semi-real chemical engineering
problems."

On a scale of ten, 42 responding students in a
class of 69 gave 6.6 to the course and 7.5 to me
(second-year course critiques often give overall scores
below 5.0). Some students recognized their weak-
ness in linear algebra (in spite of a two-term course
taught in the first year) as a serious impediment in
following Section 7 (Table 1). Orthogonal functions
and Sturm-Liouville theory (Section 5) also proved
to be a "baptism of fire" for many, and numerical
techniques (Subject 6) made even the sleeping come
temporarily alive—a sure sign of the ubiquitousness
and appreciation of computers.

AFTERTHOUGHTS

The real challenge in teaching this course was in
finding an appropriate balance between mathemati-
cal theory and engineering applications when stu-
dents had little knowledge of either. The course con-
tent may thus have been a bit too ambitious. It may
be more useful in the future to expand the numerical
techniques portion at the expense of ODE systems,
allotting at least as many formal lectures to the
former as to the latter. Recently-written books, tuned
more closely to the eighties, may also enhance the
course.'®

The course was a source of great enjoyment for
me, and I look forward to teaching it periodically. I
hope that some of the students will subsequently
explore the wonders of applied mathematics on their
own.
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