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ince the days of Denbigh, ! the optimal design

of chemical reactors has held a place of pride

in the chemical engineering profession. Aris'
unparalleled monograph?! laid a solid mathema-
tical foundation for the treatment of this subject,
and application of dynamic programming tech-
niques in the determination of optimal interstage
conversions and reactor sizes was painstakingly
expounded. Chenl3! also utilized Pontryagin's maxi-
mum principle to solve this problem, while the
two-part serial papers by Chitra and Govind!#! offer
considerable insight into situations involving com-
plex reaction networks.

Chemical reaction engineering is usually taught
in the penultimate year of a four-year bachelor
(honours) program. Unfortunately, third-year stu-
dents, partly because of their limited exposure to
mathematics, are loathe to accept analytical meth-
ods as a substitute for a graphical procedure involv-
ing the maximization of rectangles (described in the
texts by Levenspiel® and Fogler!¢!). For instance,
until recently at the University of New South Wales,
introductory concepts in dynamic programming were
not encountered until the process optimization course
in the last year of the undergraduate curriculum.
Additionally, Levenspiel's approach has important
pedagogical appeal for the lecturer. Therefore, the
analytical techniques must be reserved for a more
advanced course in reaction engineering where the
students (such as those in the postgraduate pro-
gram) will then be able to savor the taste of these
mathematical treats.

Adesoji A. Adesina is a chemical engineering
faculty member at the University of New South
Wales, Australia. He obtained his BSc from the
University of Lagos (Nigeria) and his Masters
and PhD from the University of Waterloo
(Canada). His primary research activities are in
catalysis and reactor design theory.
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However, there is a compelling drive (especially
with the infiltration of computers into chemical
engineering) to let the students know that it may
sometimes be possible to dispense with a trial-and-
error design procedure and employ an appropriate
sequential technique that utilizes only the math-
ematical methods with which they are familiar (the
principle of vertical and lateral organization in a
curriculum-development model). The design proce-
dure suggested here assumes that the undergradu-
ate student has taken (or is currently taking) courses
in elementary calculus, vectors and matrices, and
introductory programming techniques. All of these
requirements are easily met by the average third-
year chemical engineering student at the University
of New South Wales.

DESIGN METHODOLOGY

Consider a train of N CSTRs whose inlet and
exit conversions (with respect to reactant A) are
X, and Xy respectively. The design problem is
to find the (N-1) intermediate optimal conversions,
X, X,, . . . Xy, which will minimize the overall
reactor size. Following Levenspiel,’5! the optimal
selection of the conversion, X, (in the ith tank) on the
1/(-ry) vs X plot is such that the diagonal of the
rectangle must possess the same slope as the tan-
gent to the curve at the point X;. Thus for the

1st reactor

f(Xz)—f(Xl)zdf(X)| (1)
X 1 Xo dX I X
where fiX) = 1/(-r,) and k, means "evaluated at X,."
Rearranging, we have

w, =f(X;)-f(X,)- (X, -X,) ®(X,)=0 (2a)

In general, for the it! reactor, we obtain
itk reactor

w, =f(X;,,)-f(X;)-(X; -X;_;) @ (X;)=0 (2b)
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(N-1)*! reactor
Wi = (X))~ (X))~ (Xno —Xnog) @ (Xyy)=0(20)

The simultaneous solution of these equations
yields the unknowns X,, X,, . . . Xy ;, whence the
optimal size (V/F ), for the i*h reactor is

(V/F,,) =(X-X,)f(X,)  i=12.N 3)

and ®(X) = dfiX)/dX.

Using the Newton-Raphson method for solving
the nonlinear system described by Egs. (2), we find

I(m) =X® _x-) =_£—l(§(m—l>)!()_((m-l>) m=12,.. (4)

where X™) js the column vector of conversions at the
mth iteration and is written

X =[x x@™ X&), [" (5)

with X being the guessed initial conversion vector
and the Jacobian matrix at the (m-1)t% iteration,
J(X™-D) has dimension (N-1) x (N-1). Because Eq. (4)
has quadratic convergent property, the true solution
is obtained after very few iterations. An effective
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TABLE 1
Computer Program

This program calculates the optimal conversion in each tank
in a train of isothermal cstr's

The program was executed on an IBM compatible 386 machine
using WATFOR77 compiler

HAKA KKK KKK KR KK KKK AN HSOME HELPFUL HINTSH** %k hkhkkkkkk ke kk ke k ok k%

Reaction example: r = k1*CA - k2*CR (lst order reversible rxn)
Declaring program variables

The dimension of the variables should be at least, ntanks + 2
where ntanks = number of tanks in the train

real xinit(22), a(22), c(22), d(22), x(22), w(22)

The rate here is, r = ca0 [k1*(1-xx)-k2*xx]

Note that this program can handle any form of rate expression
no matter how complex provided it is twice differentiable.
Fortunately, this is always the case even for complex
Langmuir-Hinshelwood and Michelis-Menten type kinetics.

Defining the statement functions for the rate expression, its
reciprocal and the first two derivatives w.r.t conversion, xx

R e e R

rate (xx)=ca0* (const1*(1.0-xx)-const2*xx)

rateinv(xx)=1.0/rate (xx)

der (xx) = (constl+const2)/ (cal0* (const1* (1.0-xx)-const2*xx)**2.0)
dder (xx)=2.0* (const1l+const2)**2.0/ (ca0* (const1*(1.0-xx)-const2*xx
*)N3.i0)

open the input and output data files
input data file = cstr.dat
output data file = cstr.res

open(unit=1, file= 'cstr.dat')

open(unit=2. file= 'cstr.res')

read (1, *) ntanks, (xinit(i),i=2,ntanks),constl, const2, x0
*xf, cal, tol

write(2, 100) ntanks, ca0

100 format(//,10x,'RESULTS OF THE REACTOR TRAIN DESIGN',//,15x,
*'number of tanks = ',id,//,15x, 'concentration of reactant, A, irf
*feed = ',£6.2,1x, 'mol./1it"')

n=ntanks-1
xinit (1) =x0
xinit (ntanks+1) =xf
kounta is the iteration counter until tolerance limit is met
kounta=0
10 continue
kounta=kounta+1
calculating elements of the principal diagonal, d(i);
the lower diagonal elements, a(i),
the upper diagonal elements, c(i) and
the vector, w(i)

nnoonaoan

do 20 i=1,n
d(i)=(xinit(i)-xinit (i+1))*dder (xinit (i+1))-2.0*der (xinit (i+1)
w(i)=ratinv(xinit (i+2))-ratinv(xinit (i+1))-(xinit (i+1)-xinit(i))*
*der (xinit (i+1)

20 continue
nn=n-1
do 30 j=1,nn
a(j)=der (xinit (j+1)
c(j)=der(xinit (j+2))

30 continue
call soln(n,a,d,c,w,x)
sum = 0.0
do 40 i=1,n
sum=sum+ (abs (x(1)))**2.0
40 continue

reinitialising the interstage conversions

do 50 j=1,n
xinit (j+1) =xinit (j+1)-x(3)
50 continue

determining the average percentage conversion difference, apcd,
in successive iterations

apcd=sqgrt (sum/float (n) )

if (apcd .gt. tol) go to 10

continue

write(2, 300)

format (//,5x, 'final results satisfying tolerance limit',//

*5x, 'conversion in reactor train')

write(2, 400) (xinit(i), i=2,ntanks), x0, xf, kounta

30

o

400 format(//, 5(10x,el2.4/),//,10x, 'inlet conversion = ',el2.4
*//,10x, 'train exit conversion = ',el2.4,//,10x,
*'required number of iterations to achieve tolerance = ',i5,//,

*//////71/,5%, 'EXHIBIT 2: COMPUTER PROGRAM OUTPUT FOR 1ST ORDER RE]

*VERSIBLE KINETICS')

close(unit=1)
close(unit=2)
stop

end

subroutine for calculating the solution, y=JINV*b

where p(i), g(i), and r(i) are the lower, principal and upper
diagonal elements respectively of the matrix J whose inverse
is JINV. The dimension of J is ‘'norder'.

subroutine soln(norder,p,q,r,b,y)
dimension p(norder), g(norder), r(norder), b(norder), y (norder)
do 2 i=2,norder
ymult=p(i-1) /g(i-1)
q(i)=q(i)-ymult*r(i-1)
b(i)=b(i)-ymult*b(i-1

2 continue
y (norder)=b(norder) /g(norder)
do 3 i=norder-1, 1, -1
y(i)=(b(i)-r (i) *y(i+1))/q(i)

3 continue
return
end

Summer 1992

165




convergence criterion is

N (X () _x (-
X =)
1
N

i=1

J2
<g(=107?) (6)

Additionally, the Jacobian matrix is easily shown
to be tri-diagonal since the elements are given as

g;’_i=0 i=12,...N-1) q=12,...(i-2) (7a)
q
a_xzz(xi_l-xi)—é%i—)—zcb(xi) (7b)
awi —
o =o(X;) (7c)
ow.

aXi:I =¢(Xi+1) (7d)

E)wi -0 —i+9443 N-1 7
== p=i+2,i+3,...(N-1) (7e)

P

As such, the Jacobian matrix is

ow, ow,
K 5)?; 0 0
awz aW2 aW2 0
oX, oX, X,
0 MWy Wy dwy
oX, oX, oX,
JX)=| @ : : : (8
ow. ow. ow.
0 0 =t = =
aXi-1 aXi aXi+1
ow ow
0 0 N-1 N-1
aXN—2 axN—l

As shown in the text by Cheney and Kincaid,” it
is unnecessary to carry out the inversion required by
Eq. (4) at every iteration for the tri-diagonal matrix
dJ. In fact, the vector, ¥, is easily computed from
simple operations between the tri-diagonal elements
of the Jacobian matrix and the vector, w. This simple
algorithm was utilized as a subroutine (subroutine
SOLN) in the accompanying program. Clearly, this
method is completely independent of the reaction
kinetics in question; the only requirement is that the
rate expression be differentiable with respect to the
conversion. To demonstrate the utility of this method,
we provide the following two illustrative examples.
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Example 1
A Reversible 1st Order Reaction

Suppose the reaction AR occurs in a cascade of
six CSTRs isothermally. For 1st order kinetics in
both A and R we have

-r, =k,C, -k,Cy )
which rewrites as
1, =C, [k,(1-X)-k,X] (10)

in terms of conversion X. The results from the com-
puter program (see Table 1) based on the method
described here using k; = 0.196 min'! and k, = 2.124
x 10 min'! with 1 mol/lit of pure A in the feed is as
shown in Table 2. As expected, the number of itera-
tions needed (usually less than six) is not affected by
the values of initial conversion guesses (if each is
less than unity). Changing the number of tanks from

TABLE 2

Computer Program Output for 1st Order Reversible
Kinetics

RESULTS OF THE REACTOR TRAIN DESIGN
* Number of tanks = 6
« Concentration of reactant, A, in feed = 1.00 mol./lit

final results satisfying tolerance limit

conversion in reactor train
0.2302E+00
0.4069E+00
0.5439E+00
0.6519E+00
0.7342E+00

* inlet conversion = 0.0000E+00
* train exit conversion = 0.8000E+00
* required number of iterations to achieve tolerance = 3

TABLE 3
Computer Program Output for LH Kinetics

RESULTS OF THE REACTOR TRAIN DESIGN
* Number of tanks = 6
* Concentration of reactant, A, in feed = 1.00 mol./lit

final results satisfying tolerance limit

conversion in reactor train_
0.2272E+00
0.4028E+00
0.5399E+00
0.6488E+00
0.7326E+00

* inlet conversion = 0.0000E+00
* train exit conversion = 0.8000E+00
* required number of iterations to achieve tolerance = 3
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six to as high as twenty neither influenced the rate
of convergence nor significantly the time for pro-
gram execution on an IBM compatible 386 machine
using a WATFOR77 compiler.

Example 2

Complex Langmuir-Hinshelwood Kinetics

This example shows that the proposed method is
robust with respect to the kinetics of the reaction.
The Pt-catalyzed oxidation of CO in an isothermal
CSTR is described by!8!

o 8y, 2 )
[1+KCqp]

The program was used to compute the optimal
interstage conversions for the same number of tanks.
The results are shown in Table 3, along with the
reactor parameters. Again, in spite of the nature of
the rate expression, the conversions were obtained
in only three iterations. Considerably more complex
rate equations (involving, for example, more than
one reactant and product) could be handled since the
concentration of each species may be related to the
conversion, X, as

_rA

C;=C,, (6; +v.X) (12)

DESIGN FOR A CASCADE OF NON-ISOTHERMAL
CSTRs

In certain situations, especially for highly exo-
thermic reactions, it may be desirable to let each
reactor in the train operate at a different tempera-
ture. Thus, it is important to find the optimum tem-
perature, T ., for each tank which will simulta-
neously yield the optimum conversion and hence the
overall minimum reactor size. To carry out the de-
sign for a non-isothermal train of CSTRs, the pro-
gram can be suitably modified so that the kinetic
rate constants which were previously supplied as
data to the program can now be computed in situ
along the optimum temperature progression (OTP)
path. Table 4 contains the equations for the opti-
mum temperature, T, for a class of reversible reac-
tions frequently encountered in process design (see
reference 9 for detailed derivation of equations for
T, ). The following is a modification of the algo-

0
rithm for this situation.

1, Supply an initial vector of interstage conversions,
X

0 1T
X0 [x0 x0 .. X9, ]

2. Evaluate the optimum tem-
peratures, T_, corresponding to
the conversion in each tank using
relations from Table 4 for the ap-
propriate kinetics.

3. Compute the kinetic constants

k, and k, for each reactor at the
optimum temperatures T, T,

opt1’

sepll

© Topt{N-1)*

4. Evaluate the elements of the

TABLE 4
Equations for T, for a Class of Reversible Reactions
Type of Reaction e
1 aA-rR
E,-E
-r=k,C}! —k,C}! s &
AECy (8g +VgX)
£ AE (1-X)"
2. aA+bB & rR
E,-E,

Jacobian matrix and hence X™ us-
ing subroutine SOLN.

“r=k 000% -k, 01

A B0l 12 (0, +vX)

5. Use the new X™ to estimate
new optimum temperatures as in

gln

AE (1-X)" (85 +vpX)*2

Step 2. Follow Steps 3 and 4.

6. Continue Step 5 until con-

3. aA+bB«>rR+sS

E2_E1

vergence criterion for the conver-
sion is met. The corresponding T, ,
are the design optimum tempera-

—r=k,C31C% —k,chich

- A,E, ittt (g v x) (0, +v X)P
/m =
; A E (1-X)" (05 +vpX)*?

It may be recognized that, in
practice, the equations in Table
4 are actually quite easy to use

] tures for the train of CSTRs.

4. aA<rR+sS

EZ_EI

since the orders of the reactions
o's and B's rarely exceed two,

-r=k,C3! -k, Chiclz

are usually given by the feed

L AzEzCil‘:Bz_al (6r ‘H’RX)Bl (65 ’L"sX)ﬁ2
AE(1-X)"

} while the parameters 6, and v,

specification and the reaction
stoichiometry.
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CONCLUDING REMARKS

A method for the design of a cascade of CSTRs
(isothermal and non-isothermal) has been proffered.
The required level of mathematical rigor appears
suitable for undergraduate instruction in optimal
reactor design. Also, the procedure is particularly
amenable, even at that level, for computer coding.

NOMENCLATURE

A A, = frequency factors in the Arrhenius relation
C = concentrations of species A, B, R, S respec-
tively, mol/lit
E,E, = activation energy in the forward and back-
ward directions respectively, J/mol
F,, = feed molar flow rate, mol/min
J = Jacobian matrix
k k, = rateconstants in the forward and backward
directions respectively
= rate of reaction, mol/lit. min
universal gas constant, J/mol K
= temperature, K (subscripts are obvious from
text)
V = reactor volume, lit
X = fractional conversion
al
Pj

ABR,S

e
1}

= reaction order w.r.t. reactant i
= reaction order w.r.t. product j

0 = feed concentration ratio of species A, B, R, and
; S to that of A

v = stoichiometric coefficient ratio of species A, B,
’ R, and S to that of A

By convention v is negative for reactants and
positive for products. Consequently, v, =-1,
v, =-b/a, and v, = r/a. Similarly, 6, = 1 and
6,=C,/C,,, etc.
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Mbook review j

AN INTRODUCTION TO NUMERICAL
METHODS FOR CHEMICAL ENGINEERS

by James B. Riggs
Texas Tech University Press, Lubbock, TX 79409-1037;
460 pages (includes Solutions Manual)(1988)

Reviewed by
R. Narayanan
University of Florida

This book is meant primarily for undergraduate
students in chemical engineering. It could be used by
other engineering students even though the physical
connection of the majority of the examples is related to
chemical engineering. It is aimed at students who
have some background in calculus and some differen-
tial equations—the student would typically be in the
junior or senior year of chemical engineering.

I found the book well structured. It deals with ma-
trix operations and inversion with clarity and with
minimum confusion. The examples from stage-wise
operations are delightful, and the chapter on single
nonlinear equations is well presented. However, some
elementary derivations on sufficient conditions for con-
vergence of the methods and the errors would have
been possible but were (unfortunately) omitted.

The section on multiple nonlinear equations was
adequate, but the geometric interpretation of Newton's
method was needlessly confusing. Also, the chapter on
polynomial approximations and integration could have
been strengthened by inclusion of error bounds, and a
section on Richardson's extrapolation method should
be included in any future edition.

I liked the chapters on ordinary and partial differ-
ential equations and the subsequent treatment on
boundary value problems. The chemical engineering
examples were particularly good. One of the most
useful chapters for students, I feel, deals with linear
and nonlinear regression.

In short, I feel that the book is thoughtfully written.
Its main weakness is that it lacks some theoretical
background (which can be provided by an instructor
without much ado). Its strengths are the apt chemical
engineering examples that are provided, and in this
regard, I find it a suitable alternative to other well-
established textbooks. I found the level appropriate
for our junior-level students and feel it can be taught
without essential knowledge of the main chemical en-
gineering courses. It is published by a relatively un-
known press and does not appear to have received the
publicity it deserves. O
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