classroom )

A STATISTICAL LOOK
AT SIGNIFICANT FIGURES

Parxk M. REILLY

University of Waterloo
Waterloo, Ontario, Canada N2L 3G1

Imost all of the numbers used by scientists
and engineers are approximations of some
sort, and everyone recognizes the importance
of keeping in mind the uncertainty introduced by
these approximations. In spite of its severe limita-
tions, the significant numbers convention is still com-
monly used by engineers and scientists to express
this uncertainty and is widely taught in secondary
schools and in the lower levels of universities. The
purpose of this paper is to review the convention
and its limitations and to present an alternative
which is easy to use and is sound statistically. The
approach is similar to, but developed independently
of, that of Moffat.[1]

THE SIGNIFICANT NUMBER CONVENTION

Except in trivial cases such as the counting num-
bers, no decimal number can exactly represent a
mathematical or physical reality. The error in a deci-
mal number is the difference between the "true"
value of the reality and its decimal representation.
A significant number is defined as one in which
the error is less in absolute value than five in the
next digit beyond those shown, and under the sig-
nificant number convention all decimal numbers are
assumed to be significant ones. An important con-
sideration under the convention is the number of
significant figures present, which is the number of
figures in a significant number not counting preced-
ing zeros or following ones to which the error crite-
rion does not apply.[24!

There is one important area in which the use of
the convention is beyond reproach. That is in com-
municating purely mathematical numbers such as
logarithms, the values of trigonometric functions,
etc. The true values of such quantities are perfectly
knowable. As an illustration of this, it would be easy
in principle to express the base of natural logarithms
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e correct to 100 significant figures. The significant
numbers convention should always be used, and un-
derstood to be used, in communicating this type of
number.

There are two basic rules for preserving signifi-
cance when significant numbers are combined arith-
metically. The first concerns addition and subtrac-
tion. Under it, a figure in a sum or difference is
significant only if all figures in the same position
relative to the decimal point in the numbers being
added or subtracted are significant. Thus, in adding
five numbers, each of which has one significant fig-
ure after the decimal point, the sum is said to be
significant to one figure after the decimal point. Ob-
viously this is not true. The maximum error in the
sum as indicated by the rule is 0.05, while in fact it
is five times that—because the maximum error in
each number being added is 0.05 by our hypothesis.
This is serious because it implies that the rule un-
derestimates the error. Even more important, the
probability of the actual error exceeding the figure
given by the rule has the high value of about 44% to
a good approximation. If we use the rule, we are in
effect guilty of the heinous sin of "showing too many
significant figures." Of course, the deficiency of the
rule is much more serious when adding, say, 100
numbers.

The second rule deals with multiplication and
division. Under it the number of significant figures
in a product or quotient is the same as in the one of
the quantities being multiplied or divided which has
the fewest. It is easy to show that this rule also is
seriously deficient.
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There is one important area in which the use of the convention is beyond reproach.

That is in communicating purely mathematical numbers such as logarithms, the values

of trigonometric functions, etc. The true values of such quantities are perfectly knowable.

The most important fault of the convention and
its rules is that they attempt to deal with the maxi-
mum possible error. While that concept has some
limited use, it is much more valuable to know how
much error is likely to occur than how much error
can occur.

MEASURED QUANTITIES

Except in trivial cases it is not possible in prin-
ciple to know the true value of a measurement. Here
measurement means the approximate numerical
value of a physical quantity obtained by comparison
with an accepted scale. The integer results of
counting are not considered measurements in this
sense. It is not possible to state that the error in a
measurement is not greater than five in some deci-
mal digit because we cannot know where the true
value is. Consequently, the significant number con-
vention cannot correctly be used in connection with
measurements. Also, as above it is almost always
more important to know how big an error is likely
to occur in a measurement than to know its maxi-
mum possible value. This is another serious limita-
tion on the value of the convention in dealing
with measurements.

AN ALTERNATIVE APPROACH |

As established above, the significant numbers con-
vention is unsatisfactory. An alternative approach
can be developed which deals with which errors are
likely. It is based on writing measurements and
numbers derived from them in the form

x + u(x)

The symbol x represents the number, and the ex-
pression u(x) represents the uncertainty in it. A nu-
merical example is

(2.693 +0.024)

It is useful to enclose the numerical expression in
parentheses.

The uncertainty is that number which will exceed
the magnitude of the error "most of the time." To
those who are not familiar with the statistical ap-
proach it will be the number ordinarily used in stat-
ing how much error is expected, e.g., "The error is
0.3," or "The error is 2%." Such statements are very
commonly made and understood by engineers and
scientists. The quantity u(x) is the error magnitude
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in this sense. This is also the same sense in which
the error is said to be five in some decimal place
when using the significant number convention in
connection with measurements. This expression of
uncertainty is more flexible than the significant num-
bers convention because it is not restricted to a value
of five in some decimal digit.

Notice that the uncertainty expressed in this way
is additive, not multiplicative, and if the error is
taken to be, say, 2%, 0.02 must be multiplied into
the magnitude of the measurement to find u(x).

From the statistical point of view, u(x) is a con-
stant times the standard error. Often the constant
would be about 2, which would make the statement
of the number and its uncertainty consistent with a
95% confidence interval. Ideally, all uncertainties
should be half-confidence intervals or the equiva-
lent, calculated according to statistical theory. How-
ever, those who do not use statistical methods for-
mally may bring some statistical science into their
work by using somewhat informally the approach
presented here.

Some people will tend to be consistently higher
or lower than others in estimating the error. As
long as they interpret the results of this approach
consistently, and other people understand this, no
harm is done.

In reporting numbers in this form, the number of
figures shown in x and u(x) must be large enough
that the range is described finely enough. If too few
figures are used, the description is too coarse; for
example, u(x) = 1.4 represents a 40% wider range
than u(x) = 1, which is the same statement of uncer-
tainty with the last figure rounded. A reasonable
suggestion for presentation in most cases would be 2
to 4 arithmetically correct figures in u(x), not count-
ing leading zeros and the number of figures in x
made to correspond, as in the numerical example
above. There would be no harm in quoting more
except for its awkward appearance.

NEW RULES FOR MANIPULATING UNCERTAIN
NUMBERS

As expressed above, rules for manipulating un-
certain numbers which are sound statistically may
be developed by applying the well-known formula
for the propagation of variance.[! For its correct
application, the uncertain numbers must be inde-

153



pendent random variables. This is ordinarily true in
the case of measurements. No particular form of
probability distribution is implied.

As applied to sums and differences, the formula is

u(x, 2x,4.2x,) = {[u(x,)]* +[u(x,)[+...+[u(x, )]}

Thus the uncertainty in a sum or difference of num-
bers is the square root of the sum of the squares of
the uncertainties in the individual numbers.

For products and quotients the rule is: let

1/2

Then

or equivalently

ol

The relative uncertainty in a product or quotient is
the square root of the sum of the squares of the
relative uncertainties in the individual numbers.

If the uncertainties or relative uncertainties, as
appropriate, in either of these rules is the same for
all quantities being manipulated, the uncertainty or
relative uncertainty in the result is equal to that of
one of them multiplied by the square root of the
number of quantities manipulated.

The general rule for the uncertainty in a general
function f(x,, x,, . . . x ), where the x's are uncertain
quantities is given by

u(f) = [Z[% u(x, )ﬂ

i=1 :

1/2

The formula for the propagation of variance is in
general only approximately true. In effect, it de-
pends on a linearization of the function which is
involved. Hence the formula for the uncertainty in a
sum or difference is strictly correct, but that for a
product or quotient or any nonlinear function is ap-
proximate. The approximation is good, however, as
long as the relative error in the x's is not too large.
Davies and Goldsmith!5! suggest a rule-of-thumb
which implies the generous rule here that u(x) should
not exceed 20% of x.

It is interesting to note that at least the first two
154

of the above formulas are equivalent to the old rules
for manipulating significant numbers if the error in
one of the x's is large enough that it dominates the
others.

In dealing with mathematical numbers in the
above formulas it is possible to use 5 in the first
figure not shown, or some multiple of it, as the
uncertainty. However it is better, if possible, to ex-
press them to enough significant figures that their
error is negligible compared to those of the other
numbers involved.

USE OF THE APPROACH IN EDUCATION

No background beyond that required for the sig-
nificant numbers convention is needed to use and
understand this approach. It has, however, the di-
dactic advantage that it is consistent with the use of
confidence intervals and their equivalents. It can
therefore fill the gap which now exists with those
educators who recognize the deficiencies of the sig-
nificant numbers convention but have little or noth-
ing to take its place until the student obtains a
background in statistics.

It also has the considerable psychological advan-
tage that it requires the explicit statement of the
uncertainty in a number. Thus, when a student
quotes a number his or her attention is necessarily
focused on the uncertainty in it.

EXAMPLES

The following is a simple example of addition and
subtraction:

(42.63+0.21) (10 +0.05) +(14.0+0.3)

= 42.63-1.0+14.0+(0.21% +0.05> +0.32)"”

=(55.63+0.37)

The second example illustrates the use of significant
numbers and perfectly-known numbers along with
multiplication and division. The number 2 is per-
fectly known and requires no consideration in calcu-
lating the uncertainty. The number p is a significant
number and is carried to seven figures so that its
uncertainty has negligible effect.

27 (10.623 +0.500)

129+ 15
_ 2(3.141593)(10.623) 0.500 \2 [ 15 \2 V2
= 129 1+ (R +({5)

=(0.5174 £ 0.0649)

The next example illustrates the use of the for-
mula for a general function.
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(2.31+0.26) exp(-131+0.08)
=2.31exp(-1.31)

+ {[exp(~1.31) x 0.26]° +[-2.31 exp(-131)x 0.08]*}
= (0.6233 £ 0.0861)

Summary of Suggested Approach to Calculating and
Expressing Uncertainty in Decimal Numbers

1. All mathematical numbers such as e, etc., should be
expressed using the significant numbers convention.

2. Enough extra digits should be carried in all arithmetical
calculations that the rounded result would not be
changed if more were carried. This usually requires two
or three extra digits.

3. The significant numbers convention should never be
applied for the purpose of expressing uncertainty in
measurements or the results of calculations on them.

4. Measurements and the results of calculations on them
should be presented by showing the decimal number
plus or minus its uncertainty. The best way to deter-
mine this uncertainty is by statistical treatment of the
data. Many people will, however, use their engineering
or scientific judgement, formally or informally, to
establish it.

5. The uncertainty in the sum or difference of uncertain
numbers is found as the square root of the sum of the
squares of the uncertainties in the individual numbers.

6. The relative uncertainty in the product or quotient of
uncertain numbers is the square root of the sum of the
squares of the relative uncertainties in the individual
numbers.

7. Providing the numbers used in expressing uncertainty
are arithmetically correct, there is no harm except
awkwardness in showing too many figures; if too few
are shown, however, the uncertainty may not be shown
precisely enough. Ordinarily, the uncertainty should be
shown with two to four arithmetically-correct figures,
disregarding leading zeros, and the number itself shown
with a total number of figures to conform with the
uncertainty.
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REVIEW: Plant Design

Continued from page 119.

Some of these have been developed from previous
AIChE Student Contest Design problems. They
provide the instructor with a good source of fairly
complex class assignments that he or she can then
build upon. The student may be able to use these as
practice problems in order to prepare for a design
contest problem.

Although this book is as complete a design text as
is possible in a single volume, it is intended to supple-
ment coursework rather than take its place. This
leaves each design instructor many opportunities to
embellish the material and give his or her design
course its own distinct flavor and personality. What
this text does not do (and does not claim to do) is
emphasize the importance of choice in design: the
alternatives involved in defining the problem, good
and bad design choices and how to tell the difference
between them, and process integration alternatives
and how to evaluate them. Design problems in the
less traditional areas of chemical engineering,
such as bioseparations, polymers, pharmaceuticals,
or food, could be presented in order to give the
student a realistic idea of the variety, complexity,
and inherent similarity of design issues in chemical
engineering practice. The text does not stress the
importance of thermodynamic principles in good
process design and with the exception of the
HAZOP study, neglects the importance of the prin-
ciples of process control. The instructor must take
over where the book stops.

Plant Design and Economics, in its fourth edition,

ntinues to provide a comprehensive source of

:sign principles and information that could be
.£ use to both students and professionals. As a text,
it includes a wide variety of instructive problems,
both solved and unsolved, and many charts, logic
flowsheets, and worksheets which aid the student
in setting up and solving a design problem. The
text is lucid and readable. It serves as an excellent
aid to teaching a one- or two-term design se-
quence as well as a handy reference of up-to-date
information on regulations and cost. This would
be a good text for someone who does not already
possess the third edition. We would recommend
this text to an owner of the third edition because of
the updated and expanded material. We would be
happier still if an updated bibliography were in-
cluded and dual units were incorporated in a future
printing. This text remains an excellent buy in terms
of value for money.
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