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T he assigned objective for the presentation that 
led to this paper was a discussion of the struc­
ture of knowledge in applied mathematics 

which is appropriate to the undergraduate chemical 
engineering curriculum. That presentation was, and 
this paper is, actually focused on a limited aspect of 
the assigned topic-namely, the form of exposition 
of applied mathematics in the curriculum and its 
reception and retention by students. The state and 
consequences of current undergraduate preparation 
in applied mathematics will be examined first, and 
then proposals for improvement will be presented. 

THE CHALLENGE 

Doctoral students in chemical engineering have 
sufficient time and a sufficiently narrow focus so 
that they can master and utilize those aspects of 
applied mathematics that are directly useful in their 
research. On the other hand, undergraduate stu­
dents are currently exposed to a great amount of 
material, including applied mathematics, in a form 
and at a rate that precludes its mastery. The need 
for such mastery as contrasted with exposure is first 
considered, and then the degree to which it is cur­
rently accomplished. The superior preparation in 
mathematics of students from Europe and Japan is 
evident to all who encounter them in graduate 
courses. Their preparation provides a measure of 
what we might aspire to achieve. 
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THE ESSENTIAL ROLE 
OF MATHEMATICS IN ENGINEERING 

"It's staggering to consider how much one's 
social acceptance depends upon being quadrati­
cally integrable." 

Snoopy 

Most of those in the academic community do not 
need to be convinced that innovative applications of 
mathematics have made great contributions to the 
advancement of the practice of chemical engineer­
ing in recent decades_ Unfortunately this contribu­
tion is largely ignored and grossly underestimated 
by its principal beneficiary-the chemical and 
process industries (CPI)_ The leaders of the CPI 
take for granted the improvements in process de­
sign, process control, process analysis, and process 
safety that are a direct consequence of better 
modeling and better understanding. They do not see 
the link between those improvements and the 
articles in mathematical language which have 
appeared in the literature of engineering science, 
such as the AJChE Journal. 

Faculty members who read this article (and in 
particular, the authors of the associated papers of 
this symposium) owe their academic and professional 
achievements at least in part to a superior grasp of, 
and facility with, applied mathematics. A good un­
derstanding of applied mathematics and a willing­
ness to extend that understanding, as stimulated by 
new topics in research or teaching, is a necessary 
condition for successful academic practice today. 

We owe our students an appropriate preparation 
in mathematics, not only for the problems that are 
current or foreseeable, but also as a foundation for 
the acquisition of those mathematical skills that 
will become important during their lifetime. If we 
are successful, our students will have sufficient con­
fidence in their mathematical background and a suf­
ficient vision of its value to exercise, maintain, and 
extend this competence throughout their career, or 
at least as long as that career is focused on technol-
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One of [my graduate students] devised a general method for deriving similarity transformations, and he 
and others were among the first in engineering to use digital computers. They produced the first 

numerical solutions of the partial differential equations governing laminar, transient, and 
multidimensional natural convection, and subsequently they were among the 

first to model the turbulent regime multidimensionally. 

ogy as contrasted with management. 

I assert that we now fail almost totally in this 
respect-at least with those who do not pursue 
graduate work in chemical engineering. The math­
ematical knowledge of those who enter industrial 
practice with a bachelor's degree fades rapidly after 
graduation owing to its disuse. An ancient but nev­
ertheless instructive study is re-examined below as 
evidence thereof. 

THE GOALS 
OF ENGINEERING EDUCATION STUDY 

The 1968 Goals of Engineering Study,[11 sponsored 
by the American Society for Engineering Education, 
is still instructive despite its date. Although it floun­
dered for several reasons, the findings and recom­
mendations with respect to mathematics will be ex­
humed here. As a first step of the study, a survey 
was conducted to determine the retroactive self-as­
sessment of their education by engineers in indus­
try who had been practicing five, ten, and twenty 
years since receiving their baccalaureate degree. The 
participants were asked to identify those aspects of 
their undergraduate studies which had proved the 
most and the least useful. An increasing majority at 
each level of experience asserted that they had never 
used mathematics (and in particular, calculus) in 
their professional career. The only cited deficiency 
in their mathematical preparation was in statistics. 

This response was totally misleading; most, if not 
all, of the participants had used mathematics in the 
first few years of practice, but at the current stage 
of their career the ambitions of many had become 
more focused on skills and credentials required by 
management. The technical and mathematical skills 
they had used to reach the point of consideration for 
management had been forgotten. 

The authors of the Goals report used the results 
of the survey as justification for recommending 
more courses in managerial-related topics at the 
expense of courses in engineering science and math­
ematics. This survey is an example of obtaining the 
wrong answer by virtue of asking the wrong ques­
tion. Fortunately, a number of recommendations of 
the Goals report, including those related to math­
ematics, were eventually rejected by the AIChE and 
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other professional societies as unacceptable criteria 
for accreditation. 

My informal conversations with undergraduate stu­
dents at the University of Pennsylvania over the 
past twenty-five years suggest that when they gradu­
ate they still lack confidence in their working knowl­
edge of engineering science and, to an even greater 
extent, advanced mathematics. This is undoubtedly 
a factor in the choice by many of positions in mar­
keting, sales, etc., that will not expose this pre­
sumed deficiency. Similar conversations with our 
graduate students from other schools (consisting pre­
dominantly of students who performed exception­
ally well in engineering science and mathematics) 
indicates that this insecurity is not unique to any 
one school or group of students. If the Goals survey 
were reconducted with industrial practitioners to­
day, a quarter of a century later, I suspect the same 
general response would be obtained. 

TEXTBOOKS 

The standard textbooks in chemical engineering 
provide additional insight into the role of applied 
mathematics in the undergraduate curriculum. In 
Elements of Chemical Engineering, by Badger and 
McCabe/ 21 (out of which I studied as an under­
graduate) the models were almost wholly algebraic. 
Even Unit Operations, by Brown and Associates/31 a 
generation later in 1950, utilized very few differ­
ential models and then only elementary ones. Two 
outstanding books on applied mathematics in chemi­
cal engineering appeared in the interim-Applied 
Mathematics in Chemical Engineering, by Sherwood 
and Reed in 1939/ 41 and Application of Differential 
Equations to Chemical Engineering Problems, by 
Marshall and Pigford in 194 i 51-but the material 
therein was not required to solve any of the prob­
lems considered in the undergraduate curriculum 
and had no direct impact thereon. Indeed, to this 
day material of the level of mathematical sophisti­
cation of these latter two books is hardly recognized 
in industrial practice, at least outside research de­
partments or their equivalent. As an aside, it may 
be significant to note that no mention was made of 
the former pioneering book in the citation for the 
recent award of the National Medal of Science to 
Charles E. Reed. 
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Subsequent undergraduate texts, beginning in 
1960 with Transport Phenomena by Bird, Stewart, 
and Lightfoot/ 61 have used more advanced notation, 
models, and solutions, but otherwise have not greatly 
extended the mathematical demands on students. 

COMPREHENDING THE LITERATURE OF CHANGE 

Several years ago, on the occasion of the 75th 
Anniversary Meeting of the AIChE, I was asked to 
review the role of mathematics in the history of our 
profession and particularly in its publications.(71 

One of my conclusions was that our graduates were 
no longer sufficiently prepared in mathematics to 
read much of the AIChE Journal. That situation 
has not changed significantly in the intervening 
nine years. The mathematical sophistication of 
our published research is certainly advancing more 
rapidly than the preparation of our undergraduates 
in this respect. 

This inaccessibility of the articles in our archival 
journals to our bachelor's graduates in terms of com­
prehension has at least two serious consequences: 
1) the advances in knowledge, as described in the 
journals, are a well-kept secret insofar as most of 
our profession is concerned, and 2) the cultural gap 
and the difficulty of technical communication be­
tween those with graduate education and those with­
out becomes ever greater. 

How can we expect the results of analysis to 
be implemented in industry if they are effectively 
hidden from the practitioners and managers by 
their expression in an unknown language? How can 
we maintain professional continuity across the 
division of degrees without a common language? This 
is a relatively new phenomenon, and hence it is not 
widely recognized. 

• A Personal Digression • 

At this point I will take the liberty of citing some 
of my own experiences as evidence of the impact on 
chemical engineering practice of even modest skills 
in applied mathematics. Such a personal digression 
is perhaps tolerable since these experiences form 
the basis for my commitment to, and proposals for, 
improved instruction in this field. 

As an undergraduate I majored in applied math­
ematics as well as in chemical engineering, and I 
received a bachelor of science degree in each. The 
decision to do this was one of the more felicitous 
ones in my career since it set me somewhat apart 
from my classmates in chemical engineering and 
greatly enhanced my self-confidence. The added 
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Faculty members who read this article 
( and in particular, the authors of the associated 
papers of this symposium) owe their academic 
and professional achievements at least in 
part to a superior grasp of, and facility 
with, applied mathematics. 

mathematics was not very sophisticated by current 
standards, and the topics themselves did not differ 
greatly from those we now offer our undergraduates 
in an elective or required course in "advanced math­
ematics for engineers." My courses were, however, 
taught by mathematicians, and the classes included 
students majoring in mathematics as well as in en­
gineering. Accordingly, the instruction included a 
stronger focus on structure and rigor. 

That focus has proven to be a long-term benefit­
one which is often denied our current students when 
such courses are taught by engineers. For the short 
term, including my first years of practice after gradu­
ation, the primary benefit of the added mathematics 
was a capability to solve problems that my peers in 
chemical engineering could not. Upon returning to 
graduate school five years later, I was able to main­
tain this competitive edge by taking as many elec­
tives as possible in that lowly branch of mathemat­
ics known as analysis, and this had the unexpected 
but happy collateral consequence of allowing me to 
take advanced courses in physics. 

In each phase of my subsequent academic career 
I have been able to take advantage of this marginal 
preparation in mathematics by my choice of and 
approach to problems of research. My graduate 
students have also been encouraged to undertake 
problems involving advanced applications of ap­
plied mathematics. One of them devised a general 
method for deriving similarity transformations, and 
he and others were among the first in engineering 
to use digital computers. They produced the first 
numerical solutions of the partial differential equa­
tions governing laminar, transient, and multidimen­
sional natural convection, and subsequently they 
were among the first to model the turbulent regime 
multi-dimensionally. In the course of solving nu­
merically the integro-differential equations govern­
ing radiative transfer through dispersed media, we 
were privileged to interact personally with Peter J. 
W. Debye, John von Neumann, George Uhlenbeck, 
and Subrahmanyan Chandrasekhar. My later stu­
dents solved models for radiatively stabilized com­
bustion that involved integro-differential equations 
and complete free-radical kinetic models. My most 
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recent students devised the first numerical solu­
tions for flow and heat transfer with secondary mo­
tion in double-spiral heat exchangers and for 
thermoacoustic convection. 

These exciting and productive experiences have 
all been a consequence of undertaking problems for 
which no method of solution was yet known. We did 
not necessarily even know in advance what forms of 
mathematics would prove helpful; we simply were 
confident (or foolhardy) enough to believe in our 
ability to identify, master, and apply the necessary 
techniques, whatever they might be. 

This is not a unique story; it could be told with 
slight differences by a number of others in our pro­
fession. rsi The only excuse for reviewing my own ex­
periences is that they illustrate the advantages that 
accrue from a working knowledge of advanced math­
ematics and the confidence to use that knowledge. 
This confidence, particularly when it extends be­
yond classical solutions, leads to boldness in tack­
ling problems of unpredictable difficulty and in de­
vising new techniques for their solution. Our objec­
tive as teachers should be to prepare and encourage 
students to undertake such challenges rather than 
to avoid them. 

Although the above experiences were generally in 
the framework of doctoral research, in most instances 
one or more undergraduates also participated and 
they often made significant intellectual contribu­
tions. Insofar as it is possible, such an experience 
should be provided for our undergraduates as a 
supplement to their regular course work. (As an 
aside-within-a-digression, there appears to be a 
strong correlation between undergraduate partici­
pation in exciting research and a positive decision to 
attend graduate school. ) 

THE ROLE OF COMPUTERS 

The principal technological event of our genera­
tion has been the rapid development of computers 
and their software. This development has shifted 
the emphasis on mathematics rather than replacing 
it. Students are more receptive to computer use than 
to mathematics, but some analogous problems have 
arisen. Symbolic manipulators and canned numeri­
cal algorithms are often a convenience, but they 
isolate the user from the mathematics and technol­
ogy of the process itself. Most computer scientists 
show the same disdain as do pure mathematicians 
for engineering-hence, we should anticipate some 
of the same difficulties in instruction in numerical 
methods that have been endemic in mathematics. 
Spring 1993 
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TOPICS 

Said the Mock Turtle with a sigh, "I only took the 
regular course. " 

"What was that?" inquired Alice. 
"R eeling and Writhing, of course, to begin with," 

the Mock Turtle replied; "and then different 
branches of Arithmetic-Ambition, Distraction, 
Uglification, and Derision." 

Alice's Adventures in Wonderland 

The choice of appropriate topics in applied math­
ematics is difficult, but perhaps less important than 
the methodology used in the classroom. I have re­
cently attained the position in academic life desig­
nated as "emeritus." This title apparently means 
that you are welcome to assist, but not to advise or 
to expect compensation. From that perspective, it 
would be unseemly for me to make recommenda­
tions concerning specific topics in applied mathemat­
ics to be included in the curriculum of the future. In 
any event, I do not have a crystal ball with which to 
predict those topics of engineering science that will 
either fade, continue, grow in importance, or newly 
appear in the decades ahead. Recently, in this same 
journal, Ramkrishnar91 mentioned some aspects of 
mathematics which may become important to chemi­
cal engineers, but his focus was presumably on re­
search rather than on undergraduate education. I 
will limit myself to a single guideline. 

The topics of chemical engineering science that 
were included in the knowledge structure sympo­
sium (physical chemistry and stoichiometry, ther­
modynamics, transport phenomena, and reaction 
engineering) constitute one obvious criterion for the 
choice of topics of mathematics to be included in the 
curriculum-that is, the essential elements are those 
needed to describe the laws and relationships of 
these and other engineering sciences in the form of 
algebraic, differential, integral, or stochastic mod­
els, as well as to derive solutions for these models 
for general or specific cases. The elements and pro­
cedures of mathematics that are common to more 
than one of the engineering sciences are of particu­
lar importance. It is, after all, the latter commonal­
ity that gives mathematics an all-encompassing role 
and importance in the curriculum. 

AN ANAL VSIS OF MODELS 

One technique which I have found to be successful 
in the classroom and in homework for providing an 
overview of applied mathematics is to emphasize 
the analysis of models rather than the process of 
solution. (This is not to say that instruction in meth­
ods and solutions should be neglected.) The models 
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which serve as a starting point for such analyses 
should ordinarily be the general partial differential 
equations of conservation, together with equations 
of state, kinetic mechanisms for chemical reactions, 
etc. If these equations are not familiar to the stu­
dents from their previous courses in engineering 
science, they must be derived at this point as a 
preliminary step. A list of questions which can then 
be posed is presented in Table 1. 

One or more procedures for identifying these group­
ings are described in most standard textbooks. They 
generally fail , however, to indicate the possibility of 
error owing to omissions or improper inclusions in 
the list of variables. They also often neglect to indi­
cate the consequences of alternative choices of vari­
ables-for example, the shear stress on the wall 
rather than the pressure gradient, and the mass 
rate of flow rather than the mean velocity. They 
frequently fail to stress the significance of alterna­
tive groupings and of the speculative deletion of 
variablesY1

•
12

•
141 These procedures often produce 

asymptotic solutions whose only deficiency relative 
to a complete analytical solution is a numerical value 
for the leading coefficient. As a consequence, this 
methodology may prove to be more useful to a stu­
dent and a practicing engineer than some particular 

In some complex processes, for example in turbu­
lent flowr131 and in the motion of a rising bubble/ 141 

considerable information can be attained, even if a 
simple list of variables rather than a set of partial 
differential equations is used as the model. Conven­
tional dimensional analysis is then applied to deter­
mine a minimal set of linearly independent dimen­
sionless groups incorporating all of these variables. 
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TABLE 1 
Illustrative Questions to Stimulate the Critical Analyses of Models 

I. Which terms can be dropped in general? Why? 
2. Which terms can be dropped for particular cases on mathematical grounds? Which ones can be dropped on physical grounds? 
3. Which terms must be dropped and which must be retained to obtain the appropriate model for classical limiting cases? For example, for fluid 

motion the following limiting cases might be considered: 
inviscid flow 
purely viscous flow 
purely inertial flow 
slightly inertial flow 

4. Which of the reduced models are linear? 

incompressible flow 
one-dimensional flow 
rectilinear flow 
fully developed flow 

developing flow 
boundary-layer flow 
steady flow 
unconfined flow 

open-channel flow 
buoyant motion 
free-streamline flow 
turbulent flow 

S. What is the form of the reduced models from a mathematical point of view (parabolic, elliptic, hyperbolic)? What is the significance of this division 
by form? 

6. What are the relative advantages of the Eulerian and Lagrangian forms? (This question provides an opportunity to contrast the approaches in 
engineering and in pure science.) 

7. How can the model be dimensionalized? (This provides an opportunity to introduce the method of Hellums and Churchi11 1101 or the equivalent.) 
8. What are the advantages and disadvantages, if any, of dedimensionalization? 
9. Is a similarity transformation possible? (Exposition of the method of Hellums and ChurchiH1'01 is again suggested.) 

I 0. Can the model be simplified by a transformation of variables other than a similarity transformation? (Examples are the stream function , the vector 
potential, and the vorticity.) 

11 . What is the physical significance of each of the boundary conditions? Are they physically realistic? 
12. What is the physical significance of each term in the model? What are the criteria for dropping a term? 
13. Will different methods of solution, such as I) separation of variables and expansion in Fourier series, 2) conformal mapping, and 3) the Laplace 

transform, lead to different solutions? 
14. How can the Laplace transform be used to derive asymptotic solutions? 
IS. Try to conceive as many types of asymptotic behavior as possible. What reductions in the model are appropriate for these limiting cases? (See 

Churchil)i 11.121) 

16. To what extent can the behavior of interest be circumscribed by asymptotic solutions? 
17. What are the consequences of time-averaging an equation for conservation? 
18. ls dimensional analysis of the equations of conservation appl icable for turbulent flow in both time-dependent and time-averaged forms? 
19. Does a numerical method of solution yield exact results as the subdivisions are increased? 
20. What are the relative advantages of finite-difference, finite-element, and Monte Carlo methods? 
21. What are the advantages of generalized computer programs as compared to special purpose ones? 
22. What is the significance of a pseudo-steady state? Suggest possible applications. 
23. What is stiffness with respect to numerical solution of a differential equation? 
24. What are the advantages and consequences of developing a solution for the "phase-plane"? 
25. What is the consequence of simplifications in a model which reduce the required number of boundary conditions? 
26. What is the consequence of a transformation such as the introduction of the stream function which raises the order of the derivatives? 
27. How can the required number of boundary conditions be identified? 
28. What is the significance and consequence of an integral approximation such as for a boundary layer? 
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analytical method such as conformal mapping. 

The development of correlating equations that in­
corporate asymptotic solutions as components also 
helps to provide an overview. The derivation of as­
ymptotic solutions may then be recognized as an 
essential part of this process. The derivation of ei­
ther complete analytical or numerical solutions may 
similarly be recognized as a means of generating 
precise data with which the coefficients in the corre­
lating equation can be evaluated. In this context, 
Shinnarr151 has recently mentioned the need to base 
correlations on the advances of engineering science, 
and Churchillr161 has asserted that one of the princi­
pal roles of analysis is to support the construction of 
correlating equations. 

What are the advantages of the above approach? 

• It focuses on the model rather than on a 
particular solution. 

• It focuses on the process and significance of 
reducing the model rather than on the solu­
tion for some reduced model of unknown 
applicability. 

• It emphasizes the possibility of more than one 
method of solution and suggests an objective 
basis for comparison of competitive solutions. 

• It integrates the physics and chemistry with 
the mathematics. 

• It stresses a method of pure reasoning which 
will be applicable to new problems. 

• It reveals the asymptotic character and 
significance of particular solutions. (Most 
solutions in closed form actually fall in this 
category.) 

• It avoids excesses by focusing on possible 
simplifications and their significance rather 
than on general solutions. 

• It helps to alleviate one of the principal 
sources of frustration for students, namely the 
evocation of simplified models by the teacher 
without explanation or justification in ad­
vance. 

How and where can we incorporate the above ap­
proach in the curriculum? The simplest procedure is 
to incorporate it in each of our present courses in 
engineering science as applicable, rather than add­
ing or replacing a course. 

Arthur E. Humphrey, my, previous departmental 
chairman and dean, has asserted that I teach the 
same material and methodology in whichever course 
I am assigned. In regard to this approach to analy­
sis, I am willing to confess to the crime, ifit be one. 
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SUMMARY 
We are failing to prepare our undergraduates to 

use mathematics in their professional work. This 
failure has serious consequences relative to our 
profession and to the recognition of new devel­
opments when they are expressed in the language 
of advanced mathematics. The superior preparation 
in mathematics of students from Europe and Japan 
is a benchmark in this respect. Focusing on the 
structure of models rather than only on detailed 
analytical solutions is proposed as a partial correc­
tive. The increasing role of computers in the prac­
tice of chemical engineering can be expected to in­
fluence the choice of topics in applied mathematics 
but not to eliminate the importance of proficiency 
therein. The well-known problems of instruction in 
mathematics can be expected to reappear in courses 
in computer science. 
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