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BEWARE THE USE OF AN
IDEAL GAS
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nly a foolish person ignores a warning. Julius Cae-
sar heard the words of this warning in one of
Shakespeare's great tragedies:!"

Beware the ides of March

but upon hearing them, he simply inquired as to who uttered
them. Brutus (who was one of the assasins) replied that they
were said by a soothsayer. History tells us that Caesar did
not heed the warning and reveals the consequences of his
inattention.

In contemporary life, we find the following warning on
cigarette packs:

SURGEON GENERAL'S WARNING
Smoking causes lung cancer, heart disease,
emphysema, and may complicate pregnancy

As I still see people smoking, it is apparent that they, like
Caesar, choose to ignore warnings.

The purpose of this paper is to direct your attention
to another warning: when too much attention is placed on
the teaching of ideal gases, troubles can result. I hope
to convince you that neglecting this warning can also be
dangerous.

I fully expect that you will introduce the equation of state
of an ideal gas to your students during their chemical engi-
neering education. But I encourage you to limit the discus-
sion to a much greater extent than you may have practiced in
the past. My reasons for this cautionary note are several.

I will begin my discussion by considering just what in-
fluence I may have on my students after they graduate
and leave the university setting. Since I will not always be
at their elbow, I hope I will have taught them how to
cope without faculty assistance. I want them to be able to
view subjects from a general perspective and to decide
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just what skills they have that may be applicable to the
problem at hand.

One of the educational experiences the students will have
had is an introduction to the equations of state and their use,
both in the prediction of the pressure, volume, and tempera-
ture (PVT) properties of fluids and in the determination of
the values of other thermodynamic properties.While I (and
others who are conversant with the subject matter) know just
when the predictions of the ideal gas equation of state can be
used to estimate the properties of fluids, my experience has
been that students have not had sufficient exposure to the
subject to make such a judgment.

Because of the difficulties I have encountered in trying
to dissuade students from their near devotion to the use of
an ideal gas, in this paper I will limit my comments to
ideal gases. It has been my experience that once students
have been exposed to ideal gases, finding some way to
get them to unlearn this equation of state is more difficult
than was teaching them a more realistic equation of state
in the first place. I will begin by first introducing the com-
pressibility factor and then using it to define an equation of
state for a real fluid.

THE COMPRESSIBILITY FACTOR
AND ITS RELATIONSHIP TO REAL GASES

I will first consider systems whose variables of state, pres-
sure, volume, and temperature are sufficient to set the equi-
librium state. Since these variables occur frequently, T will
use the symbols PVT when referring to them throughout this
paper. This limits our considerations to gaseous systems
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whose only work mode is P-V work.

The defining equation of the compressibility factor of any
real gas can be written as

PV

nRT

)

zZ

2=

where

R universal constant known as the gas constant
V molar volume
z the compressibility factor

R is not dimensionless but has units which depend upon the
choices of units for the variables P, V, n, and T. This can be
seen most clearly by inspection of Eq. (2):

=PV
R="=F (2)

While Eq. (1) serves as the defining equation for the
compressibility factor, it also represents the equation of state
for any real gas. I feel that students should be introduced to
the general subject of equations of state for gases by means
of the compressibility factor and Eq. (1).

The compressibility factor is important for at least two
reasons:

1. It is dimensionless. * Although that point may seem
simplistic and not worthy of note, I believe it is a mistake
to overlook its importance since dimensionless quantities
are used a great deal in chemical engineering, both in
empirical representations of experimental data and in
theoretical considerations. This fact should be pointed
out to the students—the compressibility factor may be
the first dimensionless variable they encounter in their
education.

2. The variable, z, is subject to direct experimental
measurement. * | stress this point since I believe that
measurement is a topic essential for all engineering. I
point out that a series of experimental measurements of
the PVT behavior of a known quantity of gas can be
made, and that we can thus determine a numerical value
for z directly from its definition given by Eq. (1). Once
the z values have been determined, they can be presented
as tables or plots.

The factor z is a variable when we obtain values of it for
real gases by direct experimental measurement. This means
that z is not something which has a constant value.

When we consider gases which follow the ideal gas equa-
tion of state, we see that the compressibility factor is a
constant identically equal to unity. Unfortunately, no known
gas follows the ideal gas equation of state over all of its
equilibrium states. Its very name should make it completely
clear that it is an idealization, and thus an ideal gas serves as
a limit for the behavior of real gases under certain special-
ized conditions. It is imperative that students make note of
the above italicized words. Real gases follow ideal gas be-
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havior only as limiting cases.

Anideal gas is any substance whose pressure, volume, and
temperature behavior can be represented by

PV =nRT 3)

where R is the gas constant (the other variables were defined
in Eq. 2).

The ideal gas "law" is given considerable attention in
many texts and by many of my colleagues in teaching chem-
istry, physics, and chemical engineering, but I do not join
their ranks. The time I spend in teaching an ideal gas is very
limited. While I can understand the importance of an ideal
gas in the historical development of an equation of state, I
feel that too much attention is given to it in most instances.

What is particularly troubling to me is that I have seen far
too much evidence that all this attention does not lead to
student understanding of equations of state or their applica-
tion. Rather, it has been my experience that students use an
ideal gas under all circumstances—whether or not it is appli-
cable.

My thoughts concerning an ideal gas are summarized in
the following paragraphs.

MY CASE AGAINST THE
IDEAL GAS EQUATION OF STATE

Please note that I do not refer to it as a "law." A law
is something which should have near-universal validity,
and the equation of state for an ideal gas does not meet
that criteria.

EXHIBIT 1
It is a qualitative equation of state, at best, and its quanti-
tative predictions can be very far from reality.

If we divide both sides of Eq. (3) by nRT, we find

2 @

Comparison of Eq. (4) to Eq. (1), which is the defining
equation for the compressibility factor, indicates that the
ideal gas equation of state predicts that z is a constant identi-
cally equal to 1. But inspection of Figures 1 and 2 (next
page) reveals that this is not true.

While the value of the compressibility factor depends on
the magnitude of the reduced temperature and the reduced
pressure, it has a value of unity only in the following excep-
tional cases:

* All isotherms in the limit as P — 0

« Isotherms with T, values which are ~<2.5. The compress-
ibility factor is unity twice for these isotherms: once at the
zero pressure limit and once at the point where it crosses the
line z=1.
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I do not believe that these cases are sufficient to allow us to
use the ideal gas equation of state to predict the phase behav-

ior of most gaseous materials.

I can almost see a glow in the eyes of some of you upon
reading the words above, and I can hear your rebuttal:

"What you say is true, but there are an infinity of points on

under these conditions.
SOLUTION

late V.

a straight line, and thus the ideal gas must predict the correct

value of z for an infinity of
equilibrium states. Aren't you
satisfied with something which
works correctly infinitely of-
ten?"

N

':‘

This is music to my ears,
and I respond:

"I was hoping you would
ask that,"
... and I explain why. . .

There are an infinite num-
ber of points on a line, and if
we use a notation introduced
by Georg Cantor, we can say
that this infinity is represented
by a Hebrew character, aleph
1. Infinities do not stop with
aleph 1, however, and the in-
finity of possible geometric
curves known as aleph 2
(which represents the iso-
therms for real gases) is of a
greater infinity than aleph 1.
Aleph 2 is infinitely larger than
aleph 1. Thus, I can say that
ideal gas behavior is followed
in only a miniscule number of
cases. It is too simplistic to
represent the PVT behavior of
real gases. More information
concerning Cantor's classifica-
tion of infinities can be found
in references 2-4.

ompressibility factor Z =

-
-~

v
RT

The following example
serves to illustrate just how
much error can be introduced
into predictions made by as-
suming that gases are ideal
rather than real.

Compressibility factor Z=

EXAMPLE

Propane is stored at 1000 psia
and 300°F in an insulated ves-
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sel. Use the generalized compressibility chart to determine V.

Calculating values for the reduced pressure and the reduced
temperature, I read a value of z = 0.55 from Figure 1, the
generalized compressibility chart. This allows me to calcu-
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Figure 1. Generalized compressibility factor for the low pressure range.
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Figure 2. Generalized compressibility factor for the high pressure range.
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(0.55)(10.73)(760)
1000

This result can be compared with the value of 8.22 ft’/
Ib-mole which is the value predicted using an ideal gas.
Thus, the ideal gas equation of state predicts that a volume
approximately twice the actual size would be necessary to
contain the propane. I do not consider this to be a particu-
larly accurate prediction and feel you would agree with me,
especially if I asked you to pay for the difference necessary
to construct and install a storage tank which was nearly
100% oversized!

This example does not represent the worst possible case. If
I had attempted to make a prediction of the volume of a gas
present at its critical point, the ideal gas equation of state
would have failed to an even greater degree.

X:

= 4.52(&3 /1b-mole)

EXHIBIT 2
It fails to predict the existence of the liquid state.

The ideal gas predicts that all isotherms must have the
mathematical behavior shown in the following equation:

PV = Constant (5)

This is the equation of a rectangular hyperbola and its
predictions are known as Boyle's "law." The equation does
have some validity, and the early investigators of the critical
point noted the approach of the critical point by observing
the breakdown of this equation. I wish to note an interesting
characteristic which is relative to this discussion—the slopes
of all isotherms which satisfy Eq. (5) are everywhere nega-
tive. This is all well and good if we want the material to
satisfy a condition of stability and remain in a single phase.
Real substances do not satisfy the stability criteria for all
states, however, and other phase(s) appear. If you have any
doubt concerning this, consider that the surface of the earth
is approximately 80% water; if you have further difficulty
with it, I suggest you try to go for more than one day
consuming only gas and not any liquid. While you may
survive the experiment, I am confident you will not reject an
opportunity to partake of liquids when they are presented to
you following the exercise.

EXHIBIT 3
It Violates the Third Law of Thermodynamics.

This is a most serious crime. The laws of thermodynamics
are so universal and pure that it is unthinkable to consider
ways that fail to follow their dictates. If the ideal gas is
used to predict the behavior of entropy as the absolute tem-
perature approaches zero, it predicts a value of -. This
is certainly specious, for while there is some disagree-
ment about the numerical value of this limit, the third
law of thermodynamics informs us that it approaches a
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finite limit and this limit is not - .

In one sense, it is foolish to even attempt to use the ideal
gas equation to predict any behavior as the absolute tempera-
ture approaches zero. The ideal gas equation is valid only for
substances which are at elevated temperatures, and zero is
hardly an elevated temperature.

I summarize my case thusly:

The ideal gas is too simplistic to represent the be-
havior of real gases and fluids over the vast majority
of cases of interest to chemical engineering. Thus, I
should like to have it delivered to Walt Disney World
where it can join with other fairy-tale characters and
live happily ever after. It would quickly become a
great tourist attraction and with the passage of time
could become as celebrated as Donald Duck and
Mickey Mouse .

I am aware that there are those who will attempt to defend
an ideal gas as an equation of state that provides an introduc-
tion to the general topic and serves as a starting point for any
subsequent discussion of a real gas. But I do not accept this
as a valid defense. It has been my experience that once a
student learns the equation of an ideal gas, it is only this
equation of state that is retained in his memory, and it is used
under all circumstances, whether or not it is applicable.

A prime example of this is a recent experience I had when
grading a problem I had included on a PhD qualifying ex-
amination. I had given a quantity of steam at a temperature
greater than its critical temperature and had asked the stu-
dents to determine the energy interaction necessary to bring
the steam to its critical state at constant volume. Five out of
the eight students used the ideal gas law in attempting to
solve this problem. Since an ideal gas never has a critical
temperature, it was, of course, impossible for them to locate
the critical point and thus to determine the magnitude of the
energy interaction. One student even went so far as to state
that the gas was incompressible.

A gas is incompressible? This certainly was news to me!
There are no gases which are incompressible!

I have no idea where such ideas find their origin. I expect
that it was just a reflection of the fact that the student felt a
great deal of pressure at the time of the examination, and he
was merely grasping at straws. If so, he certainly selected a
most inappropriate one.

I am very much of the opinion that it is more difficult to
convince a student to "unlearn" something than it is to teach
the correct approach in the first place. While it may take a
little longer for the student to see the general relationship
among the PVT variables when real gases are considered, the
time will be well spent. It is certainly worthwhile to invest a
little additional time in introducing gases by using the com-

65



pressibility factor. Ideal gases simply present too many prob-
lems. The following is another case in point.

A PARADOX ...

The compressibility factor can be written in the virial form
as a power series in reciprocal specific volume, and if we do
this and perform some algebraic operations on the resulting
equation, we find

RT e B(T)RT B C(T)RT _

b PV PV?

! (6)

where B(T) and C(T) are the second and third virial coeffi-
cients of the substance of interest.

We introduce a new symbol, o, to represent the expression
which appears on the left-hand side of this equation. We
now want to pass to the limit at P — 0. Whenever P — 0,
V-, V'—0,and PV — RT. Thus, we can write

(7

lim o0 = lim
P-0 P—0

B(T)RT C(T)RT
o

The limit of the right-hand side reduces to -B(T). This is a
completely general result and all equations of state must
satisfy this condition.

I next ask a student to evaluate the limit of atas P — 0. The
student reasons that real gases must approach ideal gas be-
havior as P — 0, and he introduces the expression PV = RT
into the defining equation, only to find that it becomes
identically equal to zero! This result is in conflict with the
result given by Eq. (7).

Q. How do you explain this apparent paradox?

A.WhenP — 0, oP — 0, and PV — RT even though
a 0. Thus, the result the student obtained resulted
from his being led into a trap. An ideal gas can do
many nasty things to you. It is best to avoid traps.

Dodge has commented on this paradox, and he concludes™

In explanation of this we may say merely that there is no
ideal gas. It is an imaginary gas introduced for
convenience and one must not expect an actual gas to
have the behavior postulated for an ideal gas even as P
approaches zero.

Those words were published nearly fifty years ago. I can't
help but wish that they had been read by textbook authors
and others who present an ideal gas as an acceptable equa-
tion of state. It simply isn't.

Could the student have avoided the trap? I don't know. I
recall being present at an oral exam a number of years ago
and seeing a graduate student led into the same trap. He
became unnerved when he recognized his error and was
unable to resolve the paradox at that time.

The best advice is to avoid traps whenever possible. Help
your students learn to build a better mouse trap rather than
be caught by one.
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OTHER PROBLEMS
RESULTING FROM AN IDEAL GAS

Having considered some of the difficulties resulting from
the use of an ideal gas on the macroscopic level, I would
now like to examine some of the problems encountered
when we consider an ideal gas at the microscopic level. I
think it will become quite clear that an ideal gas can lead to
some conclusions that don't make a great deal of sense.

Both real and ideal gases exert pressure on the walls of
those vessels used to contain them. This pressure certainly
results from the momentum exchange between the gas mol-
ecules and the confining walls. The kinetic theory of gases
assumes that the gas is composed of molecules which are in
motion and which experience collisions with the surround-
ing walls and with one another. There is no term in the ideal
gas equation of state which even attempts to account for the
volume occupied by the molecules themselves. (You might
note that the parameter b in the van der Waals' equation of
state does take this into account.) Thus, the molecules of an
ideal gas are considered to occupy zero volume.

If the molecules have zero volume, this introduces the
following difficulties:

» The molecules exert a pressure so they must have a mass.
If their volume is zero, their density must be infinite.

* The molecules have a viscosity which is proportional to
the square root of the temperature.

If the gas molecules have no volume, how is it possible for
them to have a viscosity?

I suggest that you return to the words of Dodge. An ideal
gas is an imaginary gas which exists only in textbooks. It can
lead one astray even under those conditions where it is
supposed to be valid.

Do not teach it as your introduction to
equations of state!

I expect that some discussion of an ideal gas is necessary,
but I suggest that you point out some of the limitations I
have discussed in this paper and that you make minimal
references to ideal gases.
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