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CALCULATION OF

VAPOR-LIQUID EQUILIBRIUM’
A Simplified Method
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apor-liquid equilibrium is calculated by equating
the fugacities in each phase for each component in a
mixture:

e (1)

The reproduction of a vapor-liquid phase diagram, or even
finding the composition of the equilibrium phases at one
point, requires that these fugacities be known functions of
temperature (T), pressure (P), and composition (x in the
liquid, y in the vapor). There are two general methods for
representing these equilibria: 1) at low pressures, say below
10 bar or so, the liquid phase fugacities are described using
activity coefficients and the vapor using fugacity coeffi-
cients, and 2) at higher pressures, both phases are described
with fugacity coefficients derived from a single equation of
state.
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Situations involving the need for reproduction of vapor-
liquid equilibria, say in distillation, are of five general types:

1. Bubble-Pressure * liguid phase composition and
temperature known; vapor composition and pressure
unknown

2. Bubble-Temperature ° liquid phase composition
and pressure known; vapor composition and
temperature unknown

3. Dew-Pressure * vapor phase composition and
temperature known; liquid composition and pressure
unknown

4. Dew-Temperature * vapor phase composition and
pressure known; liquid composition and temperature
unknown

5. Flash  temperature and pressure known; both phase
compositions unknown

The problem inherent in these calculations, even when all
necessary parameters are known, is that the equilibrium
equation, in almost all cases, is implicit in one or more of the
variables. We here show a new scheme, one that circum-
vents many of the difficulties encountered in the standard
computing strategies, through use of a widely available com-
mercial math library routine. Because the basic equations for
the two pressure regimes are different, we will describe the
strategies separately.

LOW PRESSURE

At low pressure, activity coefficients, v, are used to de-
scribe the nonideality of the liquid and fugacity coefficients,
¢,, for the vapor:
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The problem inherent in these [vapor-liquid equilibrium] calculations, even when

all necessary parameters are known, is that the equilibrium equation, in almost all cases, is

implicit in one or more of the variables. We here show a new scheme, one that circumvents many of the
difficulties encountered in the standard computing strategies, through use of a

widely available commercial math library routine.
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where the fugacity coefficient of the pure component, ¢7, at
its vapor pressure, P°, corrects for the nonideality of the
pure component. (The “Poynting” factor, which further cor-
rects for the difference between Pi‘) and P, the total pressure,
is neglected here.) Equations for activity coefficients are
available in several forms—the Wilson, the Margules, van
Laar and UNIFAC are a few. All are complex functions of x
and T

Y=v(x.T) (3)
For example, the Wilson equation for a binary system is
expressed by the equations
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where the parameters A are evaluated from
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with the constant a;; independent of T. The molar volumes of
the pure liquid components, v,, are evaluated at T, but are
mild enough functions of temperature to be taken as con-
stant.

A separate equation exists for the fugacity coefficients in
the vapor:

0=0(y,T,P) (6)

where the component fugacity coefficients, ¢., are found
from the exact expression

f Y
RT¢n —|=RT ¢, = [ RL 22 dV —RT £n(z)
y;P ; \% on,
L T,V,nj
(7)

which requires an equation of state for evaluation of the
RHS. For example, at low pressure, a form derived from the
virial equation is
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/n(¢i):%zyJBij — n(z) (8)
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where

BP zRT
z-l+ﬁ. B—ZZyiyJBij, v= P
b

and the component parameters are evaluated from

B.. :(B(O) +u)B(')) M, (8a)
1 P
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In order to find T (i#j), a value for T, is needed
1) lj. s
(Tr =T/ TC); at these pressures the simple approximation

T, = [T T, 9)

is often used.

Equation (1) is now

y; 0, P=x,7,P’¢] (10)

P = Constant

Vapor

Temperature

0.0 X,y 1.0

Figure 1. VLE diagram for a binary mixture at
constant pressure.
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which is implicit in T, P, and mole fraction in view
of Egs. (4) and (7). Therefore, solution of Eq. (1),
for example, for x and T at any y and P (a dew
temperature calculation) becomes a matter of iterating
onxandT.

Consider, for example, a “dew-temperature” calcu-
lation; for the relatively simple case of a binary,
we can show it on Figure 1. We are looking for point
A, the first drop of condensate on bringing vapor
composition y, down in temperature until it meets the
phase envelope.

The difficulty for the student or practicing engineer
in calculating VLE lies not in finding the form of
equation to use or in evaluating the parameters—that
is an entirely separate problem. We assume here that it
has already been done, as it has for very many sys-
tems. The compilations by Gmehling, et al.""’ for low
pressure, and Knapp” for high pressure, are excellent
sources. The problem lies in the implicit nature of the
equations. For example, in Eq. (8), the fugacity co-
efficient is a function of y, T, and P, and the
activity coefficient (Eq. 4) is a function of x and T. So,
if we want to calculate, say, the liquid phase mole
fraction and temperature for a binary mixture where
the vapor composition and pressure are known, direct
solution is not possible.

Most thermodynamics textbooks describe complex
computer programs to handle this calculation,
ones that involve nested loops to iterate on the vari-
ables. These programs are necessarily specific to the
particular equations used, the temperature range, etc.
A typical flow chart for this calculation scheme is
shown in Figure 2.

Mathematics programs are now available, how-
ever, that solve these kinds of implicit equations and
make these calculations extremely simple. With
them, all that is required is to express these implicit
equations in forms that equal zero; one equation
for each variable.

The best way to illustrate is through an example.
Take the binary system: 2-Proponol-Water at 0.508
bar pressure. At a given vapor composition , we wish
to find the dew temperature and composition. We
write

X, +x,-1.0=0 (11)
0,2 x 10O =0 12)
y2¢2P—x272P;¢‘2’ =0 (13)

These three equations must all go to zero (actually,
some preset limit like 0.0001 is sufficient) for the
206
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Figure 2. Typical flow chart for dew temperature
calculation at low pressure.

Read T, yj, physical constants
and estimates of P and x;

Initailize arguments for
IMSL routine NEQNF

IMSL root solver for system
of nonlinear equations:NEQNF

(Modifies: P and x;)

Print results: P and x;

Subroutine CUBIC uses cubic
equation to find liquid and
vapor volumes explicitly:

v] (or z}) and vy, (or zy)

User supplied subroutine FUNC
supplies functions to solve

Knowing T, x;, P, yj,

vland vV calculate:
f()=9;-y-P- 9l-x-P
f2)=¢;-y, P- ¢, x,-P
£(3)=x +%,=10

Figure 3. Low pressure dew temperature calculation.
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solution. Employing the virial, Wilson, and Antoine (pure
component vapor pressure) equations, we provide expres-
sions for ¢,y,andP?, respectively. Pure component param-
eters are available from texts such as Prausnitz, et al."”! The
binary parameters required for the system demonstrated were
obtained from Gmehling, et al.'! The expressions for
¢,v,and P’ are generated in a subroutine with a main pro-
gram providing initial guesses for the three unknowns: T, x;,

2-Propanol / Water

355 T
- O Exp. (0.508 Bar)
— Calculated

350

345

Temperature, K

340

335 VT L] R0 [ T ] | S VP | N R (] |
0:0. 102« 04 Q6 0.8 1.0

Mole Fraction 2-Propanol

Figure 4. Constant pressure VLE results.

and x,. The main routine then calls the IMSL* routine
NEQNF"! that changes temperature and liquid composition
until Egs. (11-13) are all near zero. The technique is shown
schematically in Figure 3.

The routine is insensitive to the initial guesses for numer-
ous binary systems in a range of temperatures; the example
below was compiled with

x =xD =08 wd TP=378K

1

As shown in Figure 4, for the system of 2-Propanol-Water,
the phase diagram is reproduced in its entirety, as shown in
the literature.

While we have illustrated a series of dew temperature
calculations, the same procedure is used for bubble pressure
or temperature or flash calculations. Multicomponent mix-
tures also offer no complication; for each additional compo-
nent, there is one more equation and one more unknown.

HIGH PRESSURE

At higher pressures, say above 10 bar or so, an equation of
state (EOS) is used, one that represents both phases, so that

o} yiP=0ix; P (14)
is the basic equation of equilibrium. The fugacity coeffi-
cients are once again found from the exact expression

i arli

oo

Vv
RT zn(i] =RT/n¢; = | ——[—J dV—RT/n(z) (7)
Yi¥ T.Vanj

but here we need an equation of state valid for both phases.
There are several in the literature; the form used does not

Read P, yj, physical constants
and estimates of T and x;

Initailize arguments for
IMSL routine NEQNF

alter the calculation procedure. For our purposes we use
the Soave form of the Redlich-Kwong EOS (SRK), avail-
able in most thermodynamics texts
RT a(T)

v=b v(v+b)

P=

(15)

supplies functions to solve

Knowing T, x;, P, yj

Leulaty
IMSL root solver for system Sranas

of nonlinear equations:NEQNF 6,y,P
(Modifies: T and x;) == VB8
y,P
f2)=x,— _"’u_
2T

f(3)=x, +x,-1.0

User supplied subroutine FUNC

Since the phases are at the same T and P, this means
the EOS must be solved for the specific volumes of each
of the two phases. Unfortunately, these EOS’s have three
real (in the math sense) roots in the two-phase region, so
some care must be taken to assure that the central, physi-
cally unreal root is not one of those used. The proper
roots for the specific volume of liquid and vapor phases
are easily handled by selecting the largest root for the

Print results: T and x;

vapor phase and the smallest root for the liquid phase.
For example, when a cubic EOS is used, the cubic equa-
tion can be used as part of the minimization routine so
that the proper roots could be explicitly obtained. For
other types of EOS’s, the liquid and vapor specific vol-

Figure 5. High pressure dew-pressure calculation.

“IMSL is a copyrighted trademark of Visual Numerics Inc.
Summer 1995

umes are frequently dependent on initial guesses. In this
case, a systematic “‘surface” search is made to allow
roots to be obtained from different starting points.
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The standard method for solving say, a dew-pressure prob-
lem at high pressure, is similar in concept to that for the dew-
temperature at low pressure, described earlier, (Figure 2).
That is, an initial estimate is made for liquid composition
and pressure, based on an ideal solution of the vapor compo-
sition given at the specified temperature. The EOS is solved
for the vapor and liquid roots and the fugacity coefficients
found for each component in each phase. Now, new liquid
compositions are found from the equilibrium relationship,
Eq. (1), and nested DO loops are used to vary x and P so as to
simultaneously satisfy the material balance and equilibrium.

Alternatively, we can use the same strategy of simulta-
neous-equation solution as we did at low pressure. The
scheme is shown in Figure 5. A dew point pressure calcula-
tion with an EOS for a binary involves five equations with
five unknowns: X;, X,, P, v', and v". For example, with the
SRK

\4
i BT a'(T) _, i
vY —bY vv(vv+bv)
1
P 1RT o Ia l(T) = (17)
Ve=br ¥ (v +b )
0} yiP—0{x;P=0 with i=1 and 2 (18)
and
X1 +x,—-1.0=0 (19)

and, from the SRK, the form for the fugacity coefficients
derived using Eq. (7) is
B

tn 6y =ka(z—])—Zn(z—B)—%[2—\/—?:——ka] En(l+—) (20)

z
where A and B are defined as

A =aP/(RT)?
B =bP/(RT)

We have not gone into the details of the evaluation of the
parameters in these equations; they are available in standard
sources such as Prausnitz, et al.,'”’ and are directly calculated
from individual critical properties. The only required input
for the calculation are T, P.,®andk;,. An example of an
isothermal phase diagram calculated by this method is shown
in Figure 6. As shown, the diagram is reproduced using the
SRK EOS; in this case, it agreed very well with experimen-
tal results.®

The procedure is somewhat sensitive to the initial values
used for mole fraction and P (or T). If a single point is
required, say a specific dew or bubble point, a spurious
result is sometimes converged upon, one in which the
“vapor” and “liquid” volume roots are equal. In this case,
slight changes in the initial guesses arrive at the correct
208
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Figure 6. VLE results obtained from SRK.

solution. But when constructing the entire phase diagram,
we start at one pure component and march across, say
at increments of 0.05 mole fraction. Here the last values of x,
y. T, and P provide convergent starting points for each
subsequent iteration.

CONCLUSIONS

A simplified method can be used to reproduce vapor-
liquid equilibrium. Instead of individualized iterative rou-
tines to solve the implicit equations, a math library program
is used along with the correlating equations. The user-writ-
ten subroutines are clearly evident to even the beginning
thermodynamics student so that the focus of any exercise
can be the comparison among the correlating equations and
experimental data.

REFERENCES

1. Gmehling, J., U. Onken, and J.R. Rarey-Nies, Vapor-Liquid
Equilibrium Data Collection, Vol. 1, Part 1b, DECHEMA,
Frankfort/Main (1988)

2. Knapp, H., Vapor-Liquid Equilibrium for Mixtures of Low
Boiling Substances, Vol. 6, Part 1-4, DECHEMA, Frankfort/
Main (1982)

3. Prausnitz, J.M., R.C. Reid, and B.E. Poling, The Properties
of Gases and Liquids, 4th ed., McGraw-Hill, New York, NY
(1987)

4. Ref. 1,p.173

5. Visual Numerics, IMSL MATH /LIBRARY User’s Manual,
Version 2.0, Visual Numerics, Houston, TX, p. 776 (1992)

6. Davalloo, P., Iran J. of Sci and Tech., 1, 279 (1971)

7. Ref. 3, p. 145

8. Reamer, H.H., and B.H. Sage, J. Chem. Data, 11, 1, 17
(1966) O

Chemical Engineering Education



