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ayleigh,!in the opening lines of a short note on the

subject of this article, wrote “I have long been im-

pressed by the scanty attention paid by the original
workers in physics to the great principle of similitude. It
happens not infrequently that results in the form of ‘laws’
are put forward as novelties on the basis of elaborate experi-
ments, which might have been predicated a priori after a few
minutes consideration.” The full power of dimensional analy-
sis (which Rayleigh referred to as “similitude”) has, in the
intervening eighty years continued to be underestimated and
underutilized by engineers as well as by physicists.

Dimensional analysis is most powerful when it is applied
to a complete mathematical model in algebraic (differential
and/or integral) form, but it is remarkably productive even
when a complete model is unknown or unwieldy and the
analysis must be applied to a simple list of the relevant
variables. The utility of dimensional analysis when applied
to either a model or a list of variables may often be greatly
enhanced by the collateral use of speculative and asymp-
totic analyses. It is this combined use that first suggested
to the author the new educational approach described in
this paper in which dimensional analysis itself is inter-
preted as a speculative process.

Undergraduate students in chemical engineering are usu-
ally first exposed to dimensional analysis in a course in fluid
mechanics, transport phenomena, or unit operations. In that
first exposure, the application of dimensional analysis is
ordinarily and appropriately limited to a list of variables.
Expression of relationships and correlations in terms of di-
mensionless groups is invariably implied in subsequent
courses. The application of dimensional analysis to a math-
ematical model is usually illustrated in a higher-level under-
graduate course, but too superficially to impart a working
knowledge. The subject of dimensional analysis may or may
not be reintroduced and reinforced in the graduate program.
In this article, attention will be confined to the application of
dimensional analysis to a list of variables. A companion
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article using the speculative approach in connection with
mathematical models is in preparation.

Dimensional analysis of a list of variables that define a
physical, chemical, or biological process is invaluable in
guiding the correlation of experimental data or numerically
computed values, but its contribution to understanding may
be even more important for students. The development of
skill and confidence in applying this methodology and in
interpreting the results should be recognized as an essential
element of undergraduate education in chemical engineer-
ing. Unfortunately, the exposure of most undergraduates to
dimensional analysis in the previously mentioned context is
brief, incomplete, and unsatisfying. The students ordinarily
learn the mechanics of the algebraic method of dimensional
analysis and are usually convinced that they should always
express experimental results, either graphically or algebra-
ically, in terms of dimensionless groups. They are, however,
invariably put off by the mysterious and seemingly arbitrary
choice of the appropriate dimensional variables. Further-
more, they generally gain only a hazy idea of the signifi-
cance, scope, and possible non-uniqueness of the results.
Since these uncertainties and misunderstandings are not ex-
cised in subsequent courses, they graduate with insufficient
confidence in dimensional analysis, and in particular in the
choice of variables, to apply it to some entirely new problem
that they encounter in practice. As a consequence, they will
probably not use dimensional analysis in their entire career,
at least on their own initiative.

The commonly used textbooks on heat transfer and mass
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transfer, as well as on the subjects mentioned
above, are almost all adequate in terms of
describing the mechanics of dimensional
analysis, but as a rule are deficient in their
discussion of alternative groupings, limiting
cases, the significance of the groupings, and
most of all, the topic of greatest concern to
the students—the selection of the proper set

The utility of dimensional | be tested experimentally or by comparison
analysis when applied to
either a model or a list of possible for the simplified cases. Most of the
variables may often be
greatly enhanced by the
collateral use of
speculative and

with the theoretical solutions that may be

reduced expressions will not be found to
have any physical validity, but some may
prove to be useful and enlightening. As a
generic example, elimination of the density
of the fluid may result in a valid expression

of variables. On the other hand, the mono- as'ym}.)totic alfaly P for the limiting case of purely viscous flow,
graphs and books on dimensional analysis, | It1S this combined use | i elimination of the viscosity may result
similitude, and related topics are too lengthy that first suggested to the | i 4 valid expression for the other extreme of

and cover too wide a range of subject matter
to be wedged into an undergraduate course

author the new
educational approach

purely inertial flow. For flow through a cir-
cular sharp-edged orifice, both of these lim-

such as fluid mechanics. In any event, these | described in this paper | iting expressions have physical validity as
specialized books generally sidestep, by start- in which dimensional confirmed by experiments and theory,
ing with a mathematical model, the problem analysis itself is whereas for flow through a smooth round
of selection of an appropriate set of variables. interpreted as a pipe the result for purely viscous flow has
If such a model is known, dimensional analy- speculative process. validity but not that for purely inertial flow,

sis is more effectively applied thereon in-

as evidenced by the ever-decreasing value of

stead of using the model merely to compile a

list of variables. The inclusion or omission of terms from a
model is analogous to the inclusion or omission of variables in
a list. The material presented in this paper is intended as a
compromise in the form of a brief supplement to the coverage
in the current elementary textbooks on fluid mechanics, etc.

The description herein of the process of dimensional analy-
sis as applied to a list of variables differs only marginally
from the standard treatment, but that slight difference has
been found to have a great, positive impact on the compre-
hension and understanding of this process by students. The
novelty of the exposition is in the presentation and interpre-
tation of dimensional analysis as a speculative process. This
concept has three distinct but closely related aspects. First,
the mere designation of the process as speculative greatly
relieves student’s frustration at the lack of guidance by their
teacher and their textbook in the selection of variables. They
suspect, quite justifiably, that this omission is not accidental,
but rather that it reflects a lack of knowledge in this respect
by both the teacher and the author(s) of the textbook. The
term speculation implies that the choice is tentative and must
be tested with experimental data. This is an acceptable state
of affairs for the student. The choice by their teacher or the
author(s) is now recognized as being based on experience
with the result of the analysis, not omniscience. They now
have, at least in principle, a criterion for evaluation of any
particular choice of variables.

The second aspect of speculation as applied to dimen-
sional analysis consists of the methodical reduction of the
original, presumably complete, set of variables one at a time,
then two at a time, etc., in the hope of determining useful
asymptotic or limiting relationships. Of course, the range of
validity, if any, of these reduced representations must also

Summer 1997

the friction factor for a smooth pipe as the
Reynolds number increases.

A third aspect of speculation as applied to dimensional
analysis is associated with the inverse process, namely the
determination of the variable or variables that must be elimi-
nated from a listing in order to obtain a known experimental
or theoretical result. This procedure, which has seldom been
employed, often provides unexpected insights. As an ex-
ample, consider the identification of those variables that lead
by dimensional analysis to the Reynolds analogy.

The above introductory and expository section is intended
primarily for teachers, while the details that follow are in-
tended primarily for students. For that reason, some limited
repetition has been considered necessary.

SPECULATIVE DIMENSIONAL ANALYSIS

The following description and examples of dimensional
analysis differ from previous ones in the literature by virtue
of the treatment of this process as a speculative one. In
particular, the choice of variables is considered to be tenta-
tive and subject to experimental confirmation or refutation.

General Principles

Dimensional analysis is based on the simple principle that
all additive or equated terms of a complete relationship,
whether known or unknown, between the variables must
have the same net dimensions. As described herein, dimen-
sional analysis starts with the preparation of a list of the
individual dimensional variables (dependent, independent,
and parametric) that are presumed to define the behavior of
interest. As will be shown, the performance of dimensional
analysis in this context is reasonably simple and straightfor-
ward; the principal difficulties and uncertainties arise from
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identification of the variables to be included in or excluded
from the listing. If one or more important variables are
inadvertently omitted, the reduced description achieved by
dimensional analysis will be incomplete and inadequate as a
guide for the correlation of a full range of experimental data
or computed values. The familiar band of plotted values in
many graphical correlations is more often a consequence of
the omission of one or more variables than of inaccurate
measurements. If, on the other hand, one or more irrelevant
or unimportant variables are included in the listing, the con-
sequently reduced description achieved by dimensional analy-
sis will result in one or more unessential dimensionless
groups. Such excessive dimensionless groups are generally
less troublesome than missing ones because the redundancy
will ordinarily be revealed by the process of correlation.
Excessive groups may, however, suggest unnecessary ex-
perimental work or computations, or result in misleading
correlations. For example, real experimental scatter may
inadvertently and incorrectly be correlated in all or in part
with the variance of the excessive grouping.

The selection of a necessary and sufficient set of dimen-
sional variables may require knowledge gained from experi-
ence, and hence is particularly difficult and uncertain when
dealing with a new or unfamiliar aspect of behavior. A
complete and certain mathematical model is an ideal
source for identification of the variables, but in that event
the analysis might more profitably be applied to the model
itself rather than to a listing, even though the latter is
exact. Of course, if significant terms are inadvertently
omitted from the model or if unnecessary terms are in-
cluded, a list of variables based on the model may also be
incomplete or redundant.

In consideration of the inherent uncertainty in selecting
the appropriate variables for dimensional analysis, it is rec-
ommended that this process always be interpreted as specu-
lative, that is, as tentative and subject to correction on the
basis of experimental data or other information. Speculation
may also be used as a formal technique to identify the effect
of eliminating a variable or of combining two or more. The
latter aspect of speculation, which may be applied either to
the original listing of dimensional variables or to the result-
ing set of dimensionless groups, is often of great utility in
identifying possible limiting behavior or dimensionless groups
of marginal significance.

Speculation in this context is to be distinguished from
conjecture, in which a decision (here the inclusion or omis-
sion of a variable) is based on some mechanistic rationale.
The failure of a speculation carries no burden of explanation
or guilt while that of conjecture may.

The systematic speculative elimination of all but the most
certain variables, one at a time, two at a time, etc., followed
by regrouping, is recommended as a general practice. The
additional effort as compared with the original dimensional
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analysis is minimal, but the possible return is very high. A
general discussion of this process is presented by Churchill”
and further illustrations are provided by Churchill®*! as well
as by the examples of dimensional analysis that follow herein.

Determination of the Minimum Number
of Required Independent Dimensionless Groups

The minimum number of independent dimensionless
groups, i, that are required to describe the fundamental and
parametric behavior was stated by Buckingham' to be

i=n-m (1)

where n is the number of variables and m is the number of
fundamental dimensions such as mass M, length L, time 6,
and temperature T that are introduced by the variables. The
inclusion of redundant dimensions such as force F and en-
ergy E that may be expressed in terms of mass, length, time,
and temperature is at the expense of added complexity and is
to be avoided. (Of course, mass could be replaced by force
or temperature by energy as alternative fundamental dimen-
sions.)

Van Driest’® has since shown that in some rare cases, i is
actually greater than n-m and that a more exact expression is

i=n-k (2)

where k is the maximum number of the chosen variables that
cannot be combined to form a dimensionless group.

On the other hand, Kline!”" has shown that an excessive
number of dimensionless groups may be predicted by Eqgs.
(2) and (3) if necessary relationships between some of the
variables are not recognized. As an example, an excessive
number of dimensionless groups is predicted for the descrip-
tion of the performance of a double-pipe heat exchanger if
the two mass rates of flow, w, and w,, and the corresponding
specific heat capacities, ¢, and c,, are all four considered to
be independent variables. The recognition that these vari-
ables enter the description of the process only in the form of
the products w,c, and w,c, leads to the correct prediction.

Equations (1) and (2) are analogous to the Gibbs Phase
Rule in one respect—they appear to be very simple, but
actually are quite difficult to apply because of the uncer-
tainty in determining the components of the equation, in this
instance the number of variables n.

Determination of the minimum number of dimensionless
groups is helpful if the groups are to be chosen by inspec-
tion, but is unessential if the algebraic procedure described
below is used to determine the groups, since the number is
then obvious from the final result.

Form of the Results of Dimensional Analysis

The particular minimal set of dimensionless groups is
arbitrary in the sense that two or more of the groups may be
multiplied together to any positive, negative, or fractional
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power as long as the number of independent groups is
unchanged. For example, if the result of a dimensional
analysis is

o{X,Y,Z}=0 (3)

where X, Y, and Z are independent dimensionless groups, an
equally valid expression is

|
q){XY:.Z/Y:.Z}:O (4)

Dimensional analysis itself does not provide any insight as
to the best choice of equivalent dimensionless groupings,
such as between those of Egs. (3) and (4). But isolation of
each of the variables that are presumed to be the most impor-
tant in a separate group may be convenient in terms of
interpretation and correlation. Another possible criterion
in choosing between alternative groupings may be the
relative invariance of a particular one as demonstrated by
experimental data.

The functional relationship provided by Eq. (3) may equally
well be expressed as

X =o0{Y,z} (5)

where X is now implied to be the dependent grouping and Y
and Z to be independent or parametric groupings.

Methods of Dimensional Analysis

Three primary methods of determining a minimal set of
dimensionless variables will be described: 1) by inspection:
2) by combination of the residual variables, one at a time,
with a set of chosen variables that cannot be combined to
obtain a dimensionless group; and 3) by an algebraic proce-
dure. It is more expeditious to illustrate these three methods
for a number of specific examples than to describe them in
general terms.

ILLUSTRATIVE EXAMPLES

Example 1
Fully Developed Flow of Water through a
Smooth Round Pipe.

Choice of variables » The shear stress 1, on the wall of
the pipe may be postulated to be a function of the density p
and the dynamic viscosity p of the water, the inside diam-
eter D of the pipe, and the space-mean u,, of the time-mean
velocity. The limitation to fully developed flow is equivalent
to a postulate of independence from distance x in the direc-
tion of flow, and the specification of a smooth pipe is equiva-
lent to the postulate of independence from the roughness e of
the wall. The choice of 1, rather than the pressure drop per
unit length —dP/dx avoids the need to include the accelera-
tion due to gravity g and the elevation z as variables. The
choice of u,, rather than the volumetric rate of flow V, the
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mass rate of flow w, or the mass rate of flow per unit area G,
is arbitrary, but has some important consequences as noted
below. This speculatively postulated dependence may be
expressed functionally as

¢{tw~p~ u, D, um}ZO (6)

or
T, =0{p. 0. D, u, } (7)
Tabulation « It is convenient as a first step in all instances
and with all procedures to prepare a tabular listing of the

variables and their dimensions. In this example, that tabula-
tion takes the following form:

Ty p u D U,
M | | | 0 0
L -1 3 <1 1 |
0 2 0 < 0 |
T 0 0 0 0 0

Minimal Number of Groups * The number of postulated
variables is 5. Since the temperature does not occur as a
dimension for any of the variables, the number of fundamen-
tal dimensions is 3. From Eq. (1), the minimal number of
dimensionless groups is 5 - 3 = 2. From inspection of the
above tabulation, a dimensionless group cannot be formed
from as many as three variables such as D, u, and p. Hence,
Eq. (2) also indicates thati=5-3 =2.

Method of Inspection * By inspection of the tabulation or

by trial and error it is evident that only two independent
dimensionless groups may be formed. One such set is

o L\’_,M =0 (8)
pum M

Method of Combination  The residual variables t,, and
u may be combined in turn with the noncombining variables
p, D, and u,, to obtain two groups such as those of Eq. (8).

Algebraic Method * The algebraic method makes formal
use of the postulate that the functional relationship between
the variables may in general be represented by a power
series. In this example, such a power series may be ex-
pressed as

N
Tw = zAi p* u® DS U‘rjn‘ 9)

i=1
where the coefficients A, are dimensionless. Each additive
term on the right-hand side of Eq. (9) must have the same net
dimensions as t,,. Hence, for the purposes of dimensional
analysis, only the first term need be considered and the
indices may be dropped. The resulting highly restricted ex-
pression is

1, =Ap*u"Duj, (10)
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Substituting the dimensions for the variables in Eq. (10)
gives
M _ (M) (M) (LY

IR &
Equating the sum of the exponents of M, L, and 6 on the
right-hand side of Eq. (11) with those of the left-hand side
produces the following three simultaneous linear algebraic
equations:

I=a+b (12)
-1=-3a-b+c+d (13)
—2=-b-d (14)

These three equations may be solved for a, ¢, and d in terms
of b to obtain

a=1-b (15)
c=-b (16)
d=2-b (17)

Substituting in Eq. (10) from Eqgs. (15) through (17) gives
T, =Ap PR D P U2 (18)

Equation (18) may be regrouped as

b
Tw _ [
Boa 5] 19)
Since the simplification of Eq. (9) to Eq. (10) was for the
purpose of dimensional analysis only, Eq. (19) should not be
interpreted as implying that 1, /pu2, is necessarily propor-
tional to some power of p/Du,,p. Rather, Eq. (19) should be
inferred to be equivalent to Eq. (8) in every respect. The
misinterpretation of Eq. (19) and its analogs for other pro-
cesses as implying a power-dependence between the dimen-
sionless groups is the most common and serious error in
applying dimensional analysis.

Speculative Reductions * Eliminating p as a variable in
Eqgs. (6) and (7) on speculative grounds leads by each of the
above three methods of dimensional analysis to

¢{M} =0 (20)
Hu
or its equivalent
WD _ 4 (21)
g

where A is a dimensionless number. Equation (21) with
A=8 is actually the exact solution for the laminar regime
Du,, p/u < 1800. A relationship that does not include p may
alternatively be derived directly from Eq. (8) as follows:
first, p is eliminated from one group, say t,,/pu?,, by multi-
plying it with Du,,p/p to obtain
¢{ﬁ, M} -0 (22)
puy, M
The remaining group containing p is then simply dropped,
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resulting in Eq. (20). Had Eq. (8) been composed of three
independent groups, each containing p, that variable
would have to be eliminated from two of them before
dropping the third one.

The relationships that are obtained by the speculative elimi-
nation of p, D, and u,,, one at a time, do not appear, on the
basis of experimental data, to have any range of physical
validity. Furthermore, if w or G had been chosen as the
independent variable rather than u,, the limiting relationship
for the laminar regime would not have been obtained by the
elimination of p.

The postulated attainment of a state of fully developed
flow as the length of the pipe increases indefinitely might be
considered to be speculative. The inclusion of the distance x
from the inlet as a variable would result in the appearance of
another dimensionless group such as x/D in Eq. (8). The
dependence, if any, on this group and hence on x would then
need to be tested experimentally.

Alternative Forms < Equation (8) may also be expressed
in an infinity of other forms such as Eq. (22) and

¢{—‘W‘32",M}= 0 23)
Ty H
If 7, is considered to be the principal dependent variable,
and u,, the principal independent variable, Eq. (23) is prefer-
able to Egs. (8) and (22) in that these two quantities do not
then appear in the same grouping. On the other hand, if D is
considered to be the principal independent variable, Eq. (8)
is preferable to Eqs. (22) and (23). The variance of t,,/pu?,
is known on the basis of experimental data to be less than
that of t,D/pu,, and t,D?p/p? in the turbulent regime,
while that of t,D/pu,, is known from a theoretical solution
to be zero in the laminar regime. Such considerations may be
important in devising convenient graphical correlations.™

Alternative Notations * Equations (8), (22), and (23) are
more commonly expressed as

¢{£, Re} =0 (24)
¢{fRzez ,Re} =0 (26)

where f=2t,/pu? is the Fanning friction factor and
Re=Du,p/p is the Reynolds number. The more detailed
form of Eqs. (8), (22), and (23) is, however, to be pre-
ferred for purposes of interpretation or correlation be-
cause of the explicit appearance of the individual, physi-
cally measurable variables.

Addition of a Variable * The above results may readily be
extended to incorporate the roughness e of the pipe as a
variable. If two variables have the same dimensions, they
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will always appear as a dimensionless group in the form of a
ratio. In this case, e appears most simply as e/D. Thus, for a
rough pipe, Eq. (8) becomes

Ty, Dupp e | _
¢{Pufn " D}—O (27)
Surprisingly, as contrasted with Eq. (22), the speculative
elimination of u and hence of the group Du,,p/u from Eq.
(27) is found on experimental grounds to result in a valid
asymptote for (Du,p/u)—e and all finite values of e/D,
namely

T €
Y —t= 28
¢{ puy,’ D} ’ e
Although it is not apparent from dimensional analysis, Eq.

(21) is found experimentally to remain valid for the laminar
regime for e/D<<1.

Example 2

Velocity Distribution in Fully Developed Flow
of Water in a Smooth Round Tube

This example is closely related to the prior one, but their
interrelationship is instructive. The description of the process
of solution is abbreviated from that above as appropriate.

The time-mean local velocity u might be postulated to be a
function of y, the radial distance from the wall, as well as of
Ty, ps M, D, and u,. In Example 1, however, 1, was
postulated to be a function of p, u, D, and u,,,. Hence, one of
these variables is redundant. The most reasonable candidate
for elimination on this basis is u,, since it may be determined
by integrating u over the cross-section of the pipe. Hence,
the following relationship will be used as an improved specu-
lative starting point:

u=0{t,,.p..D.y} (29)

The corresponding tabulation is

u Tw P v D y
M 0 1 1 1 0 0
L 1 -1 -3 = 1 1
0 -1 -2 0 =1 0 0

The number of variables is six, the number of fundamental
dimensions is three, and the maximum number of variables,
such as u, p, and D, that cannot be combined to obtain a
dimensionless group is three. Hence from both Egs. (1) and
(2), the minimal number of independent dimensionless groups
is three.

Since y and D have the same dimensions, the ratio y/D
will constitute one dimensionless group and y may be ex-
cluded from the continuing process of analysis. By inspec-
tion or by reference to Eq. (8), the remaining variables may
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be grouped and then combined with y/D to obtain

1
p |2 Dup y
A L I G 30
¢u[1w] D (30)

On the other hand, the residual variables u and 1, may be
combined, one at a time, with p,u, and D to obtain the first
two groups of

2
q,{ﬂ,@;}:o 1)

poopw D
Obviously, the first two groups in Eq. (31) may be combined
with one another to obtain Eq. (30) or vice versa.

With y withheld from the algebraic process, the analog of
Eq. (10) is
u=Ap?u®D1,9 (32)
Substituting the dimensions in Eq. (32), equating the expo-

nents of M, L, and 6 and then solving the resulting set of
simultaneous equations for a, b, and c in terms of d leads to

2 d
w5l (33)
M Ty J

which, with the inclusion of y/D is the equivalent of Eq.
31).

The following three rearrangements of Egs. (30) and (31)
prove to be convenient in considering speculative limiting
cases:

I 1
u[i)z i y(twp)2 D(t4p)2 (34)
e W n
1 ( )l
L 2 Y(TwP)2 y
foffats)
L
up _ y(twp)z y (36)
1D uw D

Speculative Reductions * The principal supplemental value
of Example 2 with respect to Example 1 is in the demonstra-
tion of the great usefulness of speculative reductions. For
example, eliminating D reduces Eq. (34) to

~

1 1
u[sz _p2p)2 (37
Tw u

which is found experimentally to provide such a good ap-
proximation near the wall (y<0.2D) that it is called the “law
of the wall.” On the other hand, eliminating p as a variable
reduces Eq. (35) to
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T e

P apld 38
[ N J of2} (39)
which is found experimentally to be a very good approxima-

tion for the balance of the cross-section (0.2<y<I). Eliminat-
ing p as a variable reduces Eq. (36) to

- ~of 2} (39)

which is known on theoretical grounds to be an exact result

for the laminar regime. Eliminating p from Eq. (37) or D

from Eq. (39), or both p and D from Eq. (34) results in
oA (40)
Ylw

which with A=1 is found experimentally and computationally

to be a valid asymptote for both the laminar and turbulent

regimes very near the wall, such that

Including e/D in Eq. (34) and then eliminating both D and

u leads to
1
u[Ti]z ~of2} (41)

which proves experimentally to be a valid expression for
e<<y<0.2D. Since laminar flow is affected minimally by
moderate roughness, Eq. (37) remains valid for that regime.

Example 3
Flow Through a Horizontal Circular,
Sharp-Edged Orifice

It may be postulated speculatively that
AP:Cb{un,p.u,Do,Dp} (42)

where here AP is the pressure drop across the orifice, u, is
the mean, linear velocity of the fluid, D, is the diameter of
the orifice, and D, is the diameter of the pipe in which the
orifice is installed. The value of the pressure drop depends
on the exact location of the pressure tap, but those locations
need not be identified for the purposes of this example. The
density and viscosity are implied to be constant. The corre-
sponding tabulation is

AP, P u D, b
M1 0 I I 0 0
L - 1 3 1 I 1
o 2 1 0 1 0 0

The number of variables is six and the number of indepen-
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dent dimensions is three, as is the number of variables such
as D,, u,, and p that cannot be combined to form a dimen-
sionless group. Hence, the minimal number of dimension-
less groups is 6-3=3.

The following acceptable set of dimensionless groups may
be derived by any of the procedures illustrated in Example 1:

AP ¢ Dyup Dp (43)
Pug M ' D, ’

Elimination of D, reduces Eq. (43) to

pAu_Pz:q,{Do:op} (44)

The further elimination of p leads to

8D _ 4 (45)
st
whereas the elimination of p leads to
AP
~=B (46)
pug

Equation (44) is found experimentally to be valid for D,<<D,,
and Eqgs. (45) and (46) to be valid on both experimental and
theoretical grounds for D,<<D, and u,—0, and u,—e, re-
spectively.

Example 4
Free Convection from a Vertical Isothermal Plate

The behavior may be postulated to be represented by

h=6{g.B. T, ~T...x,1,p.C, .k} (47)
where g is the acceleration due to gravity, B is the volumet-
ric coefficient of expansion with temperature, T, is the
unperturbed temperature of the fluid, and x is the vertical
distance along the plate. The corresponding tabulation is

h g B T,T. x 1 P C, k
M 1 0 0 0 0 1 1 0 1
L 0 1 0 0 1 -1 -3 2 1
6 3 -2 0 0 0 -1 0o -2 3
T -1 0 -1 1 0 0 0 -1 1

The minimal number of dimensionless groups given by both
Eqgs. (1) and (2) is 9-4=5. A satisfactory set of dimensionless
groups, as found by any of the methods described in Ex-
ample 1, is

hx _ |p’ex’ C,u ox |

=Bt 2 g(T, -T.).C, (T, -T.) &= 48

k ¢ IJZ k B( w N) P( w w) IJ- ( )
It may be reasoned that the buoyant force that generates the
convective motion must be proportional to pgB(T, -T., ), hence
g in the first term on the right-hand side of Eq. (48) must be
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multiplied by B(T, -T. ). Thereby, Eq. (48) becomes

Eooi PRl S pir, 1,1, 1) 2

(49)
The effect of expansion other than on the buoyancy is now

represented by B(T,-T..) and the effect of viscous dissipa-

tion by C, (T, ~T..)(px/n)’. Both effects are negligible for all
practical circumstances. Hence, Eq. (49) may be reduced to

hx_|p’gB(T,—T.)x* C,u
= —¢{——“2 e (50)
or

Nu, =¢{Gr,,Pr} (51)

where Nu, =hx/k and Gr, =(p’gB(T, ~T..)x* )/u” is the Grashof
number.

Elimination of x speculatively reduces Eq. (60) to

hx_(ngB(Tw~Tm )x3 \%
- —”a—J o{Pr} (52)

or
1
Nu, =Gr}¢{Pr} (53)
Equation (53) appears to be a valid asymptote for Gr, -
and a good approximation for the entire turbulent regime.

Eliminating p speculatively from Eq. (50) results in

hx |p°C,eB(T,-T.. )x°
T 4’{—1(—} 34

or
Nu, =0{Gr, Pr*} (55)
Equation (55) appears to be a valid asymptote for Pr—0 for

all Gr,, that is for both the laminar and the turbulent regimes.

The development of a valid asymptote for large values of
Pr requires more subtle reasoning. First, C u/k is rewritten
as p/pa. where a=k/pC,. Then p is eliminated specula-

tively except as it occurs in pgB(T,-T..) and k/pC,. The

result is
hx | C,p°gB(T, -T. )X’
T_q){p—k (56)
or
Nu, =¢{Ra, } (57)

where Ra, =(C,p’gB(T,~T.)x*)/uk=Gr, Pr is the Rayleigh
number. Equation (57) appears to be a valid asymptote for

Pr— and a reasonable approximation for even moderate
values of Pr for all Gr,, that is, for both the laminar and
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turbulent regimes.

Eliminating x for Egs. (54) and (56) speculatively results
in, respectively
1 1
Nu, =A(Gr, Pr*)3 =A(Ra, Pr)3 (58)

and
1 1
Nu, =B(Gr, Pr)3 =B(Ra, )3 (59)

Equation (58) appears to be a valid asymptote for Pr—0 and
Gr, —» and a reasonable approximation for very small val-
ues of Pr in the turbulent regime, while Eq. (59) is well
confirmed as a valid asymptote for Pr—e and Gr,—e and
as a good approximation for moderate and large values of Pr
over the entire turbulent regime. The expressions in terms of
Gr, are somewhat more complicated than those in terms of
Ra,, but are to be preferred since Gr, is known to character-
ize the transition from laminar to turbulent motion in natural
convection just as Rep, does in forced flow in a channel.

The power of speculation combined with dimensional
analysis is well demonstrated by this example in which valid
asymptotes are thereby attained for almost every regime.

SUMMARY

The mechanics of dimensional analysis are relatively
simple, but the choice of the appropriate variables provides
an uncertain and intimidating task for students. The concept
of speculation provides a rational approach to both the initial
choice of variables and their elimination to attain asymptotic
forms. The necessity of testing the results with experimental
or computed values introduces no difficulty, at least in con-
cept.

REFERENCES

1. Rayleigh, Lord (J.W. Strutt), “The Principle of Similitude,”
Nature, 45 (No. 2368), 66 (1915)

2. Churchill, SW., “The Use of Speculation and Analysis in
the Development of Correlations,” Chem. Eng. Commun., 9,
19 (1981)

3. Churchill, S.W., “An Analysis of Heat and Component Trans-
fer by Turbulent Free Convection from a Vertical Plate,”
Proc. Chemica ‘70, Butterworths, Sydney, Vol 6A (1970)

4. Churchill, SSW., “A Theoretical Structure and Correlating
Equation for the Motion of Bubbles,” Chem. Eng. Process,
26, 269 (1989) and 27, 66 (1990)

5. Buckingham, E., “On Physically Similar Systems: Illustra-
tions of the Use of Dimensional Equations,” Phys. Rev., Ser
2, 4(4), 345 (1914)

6. Van Driest, E.R., “On Dimensional Analysis and the Pre-
sentation of Data in Fluid Flow Problems,” JJ. Appl. Mech.,
13, A34 (1946)

7. Kline, J., Similitude and Approximation Theory, McGraw-
Hill Book Co., New York, NY, pp. 28, 63 (1965)

8. Churchill, SW., The Interpretation and Use of Rate Data:
The Rate Process Concept, revised printing, Hemisphere
Publishing Corp., Washington, DC, Chapter 10, Figures 18-
21(1979) O

165



