class and home problems )

The object of this column is to enhance our readers' collections of interesting and novel
problems in chemical engineering. Problems of the type that can be used to motivate the student
by presenting a particular principle in class, or in a new light, or that can be assigned as a novel
home problem, are requested, as well as those that are more traditional in nature and which
elucidate difficult concepts. Please submit them to Professor James O. Wilkes (e-mail:
wilkes @engin.umich.edu) or Mark A. Burns (e-mail: maburns@engin.umich.edu), Chemical
kEngineering Department, University of Michigan, Ann Arbor, MI 48109-2136. /

START-UP OF

A NON-ISOTHERMAL CSTR
Mathematical Modeling

Aziz M. ABU-KHALAF
King Saud University ® Riyadh 11421, Saudi Arabia

ne important feature of the CSTR is its operation
Ounder steady-state conditions. It shows, however,

transient behavior during start-up and shut-down
periods of operation, although these periods are relatively
short compared to those in steady-state operation. Modeling
of these transient periods can be of great value since, during
their operation, they affect product quality. Care must be
given to the operating conditions involved and the proce-
dures followed in start-up and shut-down.

PROBLEM

Consider a CSTR with an overflow outlet.""! Solutions of
reactants A and B, of equimolar concentrations and at the
same feed temperature, are fed at equal flow rates into the
reactor. The order of the reaction is known, and the rate
constant is a function of temperature. The following are
three possible approaches for starting up the reactor:

I * Add both reactants simultaneously into the empty
reactor.
II « Start with a certain volume of reactant A, then add
both reactants simultaneously.
III e Fill the reactor with A, then add both reactants
simultaneously.

Our objective is to model these different types of start-up
mathematically under non-isothermal conditions and to de-
velop differential equations (on the basis of material and
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energy balances) that describe the dynamics of this CSTR,
and then solve them numerically.

Note that in start-up methods I and II, the reactor passes
through three stages: it fills up, it approaches steady state,
and then it operates steadily. In type III, the reactor passes
through only the last two states, because it is already full.

Assumptions

1. Negligible variations of heat capacity and heat of
reaction with temperature

2. Negligible non-idealities of solutions (which are
dilute)

3. No change in volume due to mixing or reaction

4. Constant density

5. No side reactions

6. Since we have a liquid mixture under atmospheric
pressure, we can safely equate the internal energy to
the enthalpy of the system.

7. Resistance to heat transfer inside the reactor and
through its walls, and the shaft work due to mixing,
are negligible.
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Start-Up: Type 1

During Stage 1 of this start-up type, the reactor is filling
up with no output, while the reaction still occurs. Concentra-
tion, volume, and temperature are all changing with time. In
Stage 2, the reactor overflows (reacting volume becomes
constant), but concentration and temperature will change
until Stage 3 is reached, in which steady state prevails.

Stage 1.
A mass balance on component i gives
%(Vci)zFCif+V0'ir (1)
The volume is a variable, so a total mass balance is needed,
giving (consider assumption 5)
dv

— =F 2a
= (22)
and, since the reactor is initially empty,
V=Ft (2b)

By expanding the left-hand side of Eq. (1) and using Egs.
(2a) and (2b), we obtain
d¢; _ Gy -G
T
which is subject to the initial condition thatas t— 0%, C; =Cj;.

+0;r (3)

An energy balance gives (consider assumptions 2 and 6)
d . A
E[VZQH;FFZCWW—Q (4)
in which ¥ sums all the components involved. After some

manipulations and using Egs. (1), (2a), and (2b), Eq. (4)
becomes

dH; 1 _—
ZCiT—?Zcif(Hif—Hi)— (5)
in which the second term on the right-hand side is the heat of

reaction at the temperature of the system. Choosing the inlet
temperature as a reference and considering assumption 1,

Eq. (5) becomes
(T-T¢) ~o_ Q

(chlc ) (zcmcxf) t _rAHr _?t (6)

in which AH? is the standard heat of reaction. The heat loss

term, Q°, is related to the surface area of the system, S, and

the temperature difference as follows:

4 Ft

Q = Shmr(T Tamb) D hair(T - Tamb) (7)

After substituting Eq. (7), Eq. (6) becomes

(Benci) L (Sepi) Tl raitt - a1 (9
subject to the condition that as t— 0%, T="T;.
Stage 2.
A mass balance gives
ddCT‘ = FCjs - FC; + Vo;r 9)

where t=t-6 and 6=V/F. Thus, the zero time for this
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stage is at t=0. An energy balance gives the following
equation (considering assumption 7):

dd—‘t[vzcil:[i]:}:zcifﬁif —cmi]:[i _Q* (10)

By expanding the left-hand side of Eq. (10), substituting
Eq. (7) and Eq. (9) and using the definition of the heat of
reaction and noting assumption 1, we get, after taking as a
reference the inlet temperature,

(St B it s

subject to the condition that at t=0, T=T;, where T; is the
temperature at the end of stage 1.

Stage 3.

Here, modeling can be approached via direct mass and
energy balances or by simplifying Eqs. (9) and (11), where
the differential terms vanish. In either case, we have

Cis =Cif+60‘ir (12)

1 A 4h..
6(Zcpicif)('r—"rf)—rAH?-f("r—l"ﬂmb)ﬂ (13)

Start-Up Type I1

Stage 1.

The system again passes through three stages, as in Type I,
but we start with a known volume V; of one of the reactants.
The governing equations of Stage 1 of this start-up type are

V=Ft+V, (14)

dc; _ Ci -G

= i 15
dt t+(VI/F)+G'r (15)

with the condition that at t = 0, C; = C;,, and

(ZeuCi) g

=S enCi) iy A~ (T o)
(16)

with the condition that T =T, at t = 0.

Stage 2.

Here, we have the same equations as in Stage 2 of Type I
(that is, Egs. 9 and 11), with the difference that t=t-9,,
where 6;=(V-V;)/F.

Stage 3.

Equations (12) and (13) of Stage 3 in Type I also apply to
Stage 3 of Type II.

Start-Up Type II1

Since the reactor is initially full, it now passes through
only two stages, i.e., there is no filling-up stage. Again, Egs.
(9) and (11) apply to Stage 1 of Type III, with the initial
conditions that at t=0, C =C;, and that T=T,. For Stage 2,
Egs. (12) and (13) are applicable.
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NUMERICAL SOLUTIONS

Due to the coupling between temperature and concentra-
tion, we need to solve the models simultaneously using
numerical techniques. In order to start the numerical solu-
tion of Egs. (3) and (8), we must take the limit of these
equations as t approaches zero, giving, for Eq. (3),

dc; 1

= =—0: 17
dt . 2 Oilp ( )
while for Eq. (8),
dT r,AH?
= =0 r 18
dth-o 2% cuCio (5)

Since our system is dilute, integration problems will not
be serious, and any suitable package that handles initial-
value problems can be used (e.g., IVPRK from IMSL). The
models of start-up Type I are very stiff and numerical inte-
gration will proceed well as long as the system is dilute;
otherwise, special techniques or subroutines must be used.
Stiff ordinary differential equations are characterized by
having widely separated eigenvalues, and special attention
to the stability of the numerical technique is required.

Steady-state models are algebraic in nature and have to be
solved simultaneously. The package NEQNF from IMSL
was used here to solve these models.

Our numerical illustration is based on a second-order
reaction”* between sodium hydroxide (A) and ethyl ac-
etate (B) solutions. The products are ethyl alcohol and so-
dium acetate. All stochiometric coefficients are 1 or -1. The
rate of reaction is given as r = kC ,Cy, and the rate constant
as k =10%3" exp(—48.32/RT), where T is in K and R is the gas
constant. Other conditions are: C;;= 0.1 M for reactants and
zero for products, and the same for initial concentrations;
F=0.51/min; Tz=24°C; T,,, =29 °C; V=281;V,=151;
h,, = 2.5 J/m?°C min; and AHY = -1.5 kJ/mol. The heat
capacities for the reactants are 75.25 and 175.3, and for the
products are 78.2 and 103.8 J/mol °C. The reactor is cylin-
drical with a diameter of 15 cm.

DISCUSSION

Three methods of start-up were considered (I, II, and III),
with corresponding concentration profiles shown in Figures
1,2, and 3, respectively. Each component of this system has
a stoichiometric coefficient of 1 or -1, and the feed streams
do not contain any product. During Type I, the rate of
reaction terms takes the form r = kCﬁ, since both reactants
A and B are of equimolar concentrations. Hence, the pro-
files in Figure 1 are denoted by products and reactants
without reference to any specific component. For other
types, the form of the reaction rate is r=kC,Cyg, since
the concentration of B in these types is initially zero,
and the reactor is initially loaded with A. Component B
has a concentration profile that is different from A, as
252

shown in Figures 2 and 3.

Comparison of Figures 1 to 4 shows that the performance of
Type 1II lies somewhere between Types I and III, which can
also be seen by considering Eqgs. (15) and (16). In the limit as
V, goes to zero, these equations reduce to Eqgs. (3) and (8),
respectively, and in the limit as V, goes to infinity (e.g., ap-
proaches the total volume of the reactor), these equations re-
duce, respectively, to Egs. (9) and (11). Note also the start-up
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Figure 1. Concentration profiles for start-up Type L
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Figure 2. Concentration profiles for start-up Type IL
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Figure 3. Concentration profiles for start-up Type III.

Chemical Engineering Education



Type III has the shortest path to steady state and that at any
given time the concentration of any reactant or product in
this type is less than the concentration of the corresponding
component in other types.

It is interesting to consider in Figures 1, 2, and 3 the point
of intersection between a reactant concentration profile and
a product concentration profile, where they have equal con-
centrations—beyond this point the product concentration
exceeds that of a reactant. For A, this point has the same
value of concentration in all start-up types, but occurs at
different times. For Type I it occurs at a time less than the
time constant of the reactor, while for others its time is larger
than the time constant of the system. Thus, Type III is
preferable to the others.

Figure 4 shows that the overall temperature rise is not
great, because the presence of an inert solvent moderates the
temperature effects that would arise from thermal activity.
This will hold true even with more highly exothermic reac-
tions in the presence of diluents or a vast excess of one
reactant.”’ Figure 4 also shows that the approach to steady
state is faster in the case of Type III than in the others. In
Type III the reactor is initially full, while in Types I and II
there will be an abrupt change at the moment the output
stream starts to flow, as seen for Types I and II. At any
given time, the temperature of the reacting system is
lower in Type Il than in others, and this also supports
the choice of Type III.

Models of Type I need special attention during numerical
integration, specifically at zero time, in order to be able to
start the numerical solution. Such attention is not needed in
the other two types. Also, if we use concentrated solu-
tions, serious problems may arise during numerical inte-
gration that will affect the stability of the method unless
special techniques or packages are used. We do not need
this in the other types.

In Type I we might face experimental inconveniences,
particularly in measurements using conductivity meters, due
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Figure 4. Temperature profiles for different start-up types
(L IT, 1II).
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to lack of material. Air bubbles and violence of mixing at the
beginning will affect the results; these effects might not
present a serious difficulty in the other types.

Questions for Consideration

1. Under what conditions can we apply Eq. (8) to
start-up Type 11?7 Hint: compare Eq. (8) with Eq.
(16).

2. Derive Egs. (17) and (18).

3. Explain, with the help of the model equations and
the nature of each start-up type, the above observa-
tions.
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NOMENCLATURE

C.  Concentration of component i (reactant or product), mol/1
Feed concentration of component i, mol/1
Initial concentration of component i, mol/1
Steady-state concentration of component i, mol/1
Heat capacity of component i, kJ/mol °C
D Diameter of the reactor, m
F Total flow rate, 1/min
h_ Heat transfer coefficient for air, kJ/m*°C min

ﬁi Enthalpy of pure component i inside and at outlet, kJ/mol

¢ Enthalpy of pure component i in the feed, kJ/mol
k Reaction rate constant, 1/mol min
Q" Rate of heat loss to the surroundings, kJ/min
R Gas constant. 0.0083 14 kJ/mol K
S Surface area of the reactor, m’
T Temperature of the system and outlet, °C
Temperature of the surroundings, °C
Feed temperature, °C
. Steady-state temperature, °C
t Time, min
V' Volume of the reacting system, 1
V, Starting volume of start-up Type II, 1
6 Time constant of the reactor, min
0; Time constant for Type II, min

AH?  Standard heat of reaction, kJ/mol
Stoichiometric coefficient, positive/negative for products/

reactants
Tt Time for Stage 2, min

REFERENCES

1. Abu-Khalaf, A M., Chem. Eng. Ed., 28(1), 48 (1994)

2. Hill, G.C., An Introduction to Chemical Engineering Kinet-
ics and Reactor Design, 1st ed., John Wiley, New York, NY
(1977)

3. Tsujikawa, H., and H. Inoue, Bull. Chem. Soc. Japan, 39,
1837 (1966)

4. Perry, RH., and C.H. Chilton, eds., Chemical Engineers’
Handbook, 5th ed., McGraw-Hill, New York, NY (1973) O

253



