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MATHEMATICAL POWER TOOLS
Maple, Mathematica, MATLAB, and Excel
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he concept of using computers to help solve math-

ematical and computational problems has a particu-

lar appeal to engineers. Prior to the appearance of
personal computers, programs were coded in a computer
language, often FORTRAN, for a very specific application.
Later, generalized packages were developed to solve prob-
lems in particular disciplines. Some were purely calcula-
tional, to solve differential equations or to invert matrices;
others had more of an engineering flavor. Such specialized
engineering software was powerful, but had a narrow focus;
for example, there were programs for electrical circuit de-
sign, civil engineering structural calculations, or flowsheeting
programs for the design of chemical processing plants.

Software programs with a strong emphasis on calculation
and numerical evaluation continue to be marketed for the
personal computer. Reviews of individual packages outline
the latest features; for example, Maple V, Release 3,
Mathematica 3.0,**! MATLAB 5.0, and Excel 7.0.1""!
Comparisons of some of these mathematical packages for
science and engineering education have been made by
Seiter'''! and Pattee.!"”!

Two reports on the teaching of first-year undergraduate
calculus courses, using Mathematica, give favorable out-
comes."*'"! Both courses are entirely computer based, on-
line with interactive text, and students have access to many
examples. Students see calculus as a course in scientific
measurement, calculation, and modeling through the use
of technology. “Technology also make it possible to
present the subject as a highly visual, often experimental,
scientific endeavor.”!"”!

When using Mathematica for teaching chemical engineer-
ing concepts in process control and reaction engineering,
Dorgan and McKinnon!"® found that students had mixed but
generally positive reactions to its use. Several articles featur-
ing the use of symbolic algebra computing in control engi-
neering were published recently to foster a greater aware-
ness of the potential offered to engineers by environments
such as Mathematica and MATLAB."”'® Munro''"' empha-
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sized that there are many areas where symbolic computing
can offer significant improvements in the reliability and
accuracy of results obtained.

This article is concerned with these mathematical power
tools and will investigate general-purpose computer applica-
tions for mathematical calculations and symbolic algebraic
manipulation. Their comparison and evaluation will be from
the viewpoint of an undergraduate engineer seeking to solve
mathematical problems quickly and reliably and to commu-
nicate results. A direct comparison of each package with the
others will be given for each of the problems posed.

MATHEMATICAL TOOLS

Maple™ performs computations that include symbolic
algebra and numeric approximations, linear algebra, calcu-
lus, trigonometry, differential calculus, infinite and indefi-
nite integration, modeling, statistics, and graphics, and pro-
duces program statements for a FORTRAN compiler. It is a
symbolic manipulative language that clearly displays alge-
braic expressions especially useful for integration and differ-
entiation."”’ Barker considers Maple to be more powerful
than Mathematica when it comes to solving complex physics
problems.”"!

Mathematica™ combines numerical calculations and sym-
bolic manipulations into an interactive environment, coupled
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with graphic visualization and a high-level programming
language. The program is divided into a kernel, which does
the computation, and the front end, which provides the user-
interface and input capabilities. Mathematica equations are
stored and can be imported or exported in ASCII format,
favoring high portability. The Mathematica interface en-
ables users to organize text, graphics, computer output, and
pictures in a single ‘notebook.” Included with Mathematica
are standard functions and add-ons that allow the advanced
user to perform more complex mathematical analysis.

MATLAB™ is an interactive, matrix-based system for
scientific and engineering numerical computation and visu-
alization.”" The program operates with scalars, vectors, and
matrices from expressions entered by the user. A variety of
built-in functions can be used for displaying two- or three-
dimensional color graphics. The basic MATLAB package
may be extended with any of the different tool boxes de-
signed for engineering specialities such as systems identifi-
cation, optimization, control, spines, and Simulink. Electri-
cal engineers like MATLAB because it is matrix-based and
particularly suited for signal processing, digital communica-
tion, and control-system design.””’ A symbolic mathematics
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Figure 1. Plate temperature distribution.
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Figure 2. Contour plot of plate temperature
distribution from Excel.
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option in MATLAB uses the Maple kernel that extends its
numerical capabilities to algebraic manipulation.

Excel™ is a popular spreadsheet with limited symbolic
capability, but it is effective for small engineering calcula-
tions. The wide range of built-in mathematical and statistical
functions, the ease of interactive programming, ease of re-
use and modification, rapid graph generation, and on-line
help make it an efficient design and prototyping tool. Al-
though Excel was designed for business purposes, it is a
practical tool for scientists and engineers."*

ENGINEERING PROBLEM SOLVING

To evaluate and compare the usefulness of these math-
ematical tools for teaching engineering problem solving,
four engineering problems were solved using each of the
four mathematical packages. Engineering problems consid-
ered were

* The calculation and graphical display of a heat-
transfer calculation

* The inversion of a large matrix as part of input-
output economic analysis

* A root-finding calculation for control-system design
using the Bode stability criterion

* The solution of a set of ordinary differential equa-
tions to evaluate the quality of the control-system
design.

PROBLEM 1
Two-Dimensional Heat Transfer

The two-dimensional steady-state conduction equation can
be discretized on a rectangular grid to relate the temperature
at any point to the temperatures at its four adjacent points."**!

T.

= i-1j + Tia,j + Tijor + T

N 4

)

If the temperatures on the boundary are specified, then this
equation can be used to iteratively calculate the temperatures
at all points within the boundary. The rectangular configura-
tion of a spreadsheet conveniently conforms to this formula-
tion. Figures 1 and 2 show the temperature distribution of a
square plate, all boundaries at 0°C except for a half of one
edge, unsymmetrically placed, at 100°C.

The results and graphs were generated in Excel in about 40
minutes. The programming capabilities of MATLAB and
Mathematica were used for the same calculation, but more
than twice the time was required for the programming. The
temperature results were easily and effectively graphed in
Excel, MATLAB, and Mathematica. Graphical represen-
tation facilitates the problem solving and verification
process, and color variation helps students to visualize
the problem solution.
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PROBLEM 2

Energy Analysis .
r z ;
Energy analysis is a tool to determine ==
how much of an energy resource is re- T
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quired to enable a given good or service

to be produced and delivered to its con-

sumer, enabling a physical description of

the operation of a real-world process to be

formulated. Input-output analysis can be used for analyzing the
energy and environmental consequences of consumption. Peet'”’
gives an example of energy analysis using 80 sectors.

Mathematically, the problem was that the data was avail-
able in the matrix form

X=AX+Y (2)

where X and Y are vectors of system inputs and outputs, and

A is the technical coefficient matrix. But the system was to
be analyzed in the form

X=(I-A)Y (3)
where [ is the identity matrix. Computationally, an 80-by-80
matrix was required to be subtracted from the identity matrix
and inverted. The matrix was easily inverted with
Mathematica and MATLAB, but Excel was unable to handle
such a large matrix. It was important, however, to have the
data in the correct format before importing.

The data was saved as plain ASCII text and imported into
Mathematica with

mymatrix=ReadList[“c:\excel\energy.dat”, Number,
RecordList -> True]

and into MATLAB with
load c:\excel\energy.dat

Maple has a “read” function for importing data, but the large
matrix data was unable to be imported into Maple.

After solving a large system of linear equations, an estima-
tion of the condition of the computed solution is important
for verification of numerical accuracy. Maple and MATLAB
have functions to estimate the condition number of the in-
verted matrix to provide this verification.” The condition
number of the matrix in the example above was 9.8, indicat-
ing that the inversion was relatively accurate and resulting in
the loss of only one decimal place of significance.

PROBLEM 3
Root-Finding for Control System Design

An ideal proportional-integral-derivative controller, hav-
ing the Laplace transform,

e (4)

m=K, 1+L+Tds
TiS

where m and e are the valve position and error, K. is the
158

Figure 3. Control system block diagram.

F := P- ArcTan[x Ta] - ArcTan[x Tb] - ArcTan|[x Tc]
- ArcTan[x Te] + ArcTan[x Td - RTi / x]
Ta=1;,T0=2;Tc=3;,Te=4;,Ti=7;
RTi= If[Ti> 0.0,1/Ti, 0.0];
Td=Ti/4;P=rx;
FindRoot[F== 0, {x, 0.5}]
Plot F Degree, x, 0.002, 2 ,
AxesLabel -> "x", "y"
x- 0.716372
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Figure 4. Mathematica output to confirm location of the
angular frequency root.

proportional sensitivity, and T, and T, are the integral and
derivative times, was to be designed for the fourth-order
process (see Figure 3)

1

(Tos + )Tys + (Tos # Tos 1) (5)

c=

where T,, T,, T., and T, are time constants. The Bode stabil-
ity criterion'”’! requires solution of the equation

F(x)=m—tan"'(T,x)—tan"'(T,x)—tan"" (T x)

=] =1 |
—t X)+t: e [

tan” (T.x)+ tan [de Tix] ) (6)

for the angular frequency, x. This numerical approach,

coupled with the calculation of the amplitude ratio, replaces

the well-known graphical procedure®” using the Bode dia-
gram graph paper.

This root-finding problem was successfully and quickly

solved by each of the four applications. The dialogue with

Mathematica, with the output indented, is shown in Figure 4.

Excel was used in two ways for this problem. First, a
Newton root-finding method was derived by hand, taking
about 50 minutes to derive and verify the derivatives. Each
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successive iteration was a row of the spreadsheet. Alterna-
tively, when the “goal”-seeking command was used, only 5
minutes were required, similar to the time required for any
of the other applications. But in the full-design procedure,
the root-finding had to be repeated three times, with only
minor modification. Each of the applications supports the

<<Calculus LaplaceTransform"

Ta=1l; Tb=2; Tc=3; Te=4; Ti=7;

RTi=If[Ti>0.0,1/Ti,0.0]

Td=Ti/4; Nf=1; u=0; r=1; Kc=5;

G=Kc (1+RTi/s+Td s)

Df=(Ta s+1) (Tb s+1) (Tc s+1) (Te s+1)

c=FullSimplify[ (Nf u+Nf G r)/s/(Df+G Nf)]

InverselaplaceTransform|c, s, t]

Plot[%,{t,0,60}, Frame->True,
FrameLabel->{"Time (sec)", "Response'"}]
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Figure 5. Time response in Mathematica—set-point
response.

Ta=1; Tb=2;Tc=3;Te=4;Ti=7;Td=Ti/4;Kc=3
a=Kc*(1-Td*(Te+Tc)/Tc/Te)/Te;
b=Kc*(1/Ti-1/Te+Td/Te/Te);
A=[0,0,Kc*Td/Tc/Te,a,b;1/Ta,-1/Ta,0,0,0;0,-1/Tb,
-1/Tb,0,0;0,0,1/Tc,-1/T¢,0;0,0,0,1/Te,-1/Te]
eig(A)
for i=1:250
t=0.2*(i-1);
p=expm(A*t)*[11111];
pa(i)=p(1); pb(i)=p(2); pe(i)=p(3);
pd(1)=p(4); pe()=p(5); x()=t;
end
plot(x,pa,x,pb,x,pc,x,pd,x,pe),
xlabel (‘Time (sec)’), ylabel (‘Response’);
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Figure 6. Control system initial condition response.
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construction of user-defined functions, similar to functions,
procedure, or subroutines in procedural programming languages.

PROBLEM 4
Differential Equation Solution for Time Response

The control system design in Problem 3 had the form
shown in Figure 3. Problem 4 was concerned with the re-
sponse of this system to a change in set point, r, or to a
disturbance, u, in order to confirm the control-system design.

Differences between the nature of the mathematical appli-
cations became more evident when solving this problem.
Maple and Mathematica provided the simplest solution. The
relationships defining the closed-loop transfer function were
defined and solved automatically for the Laplace transform
of the process variable, c. The inverse Laplace transform
function™ available in both Maple and Mathematica gave
the required time response within an elapsed time of 5 min-
utes. The Mathematica notebook dialogue and response are
shown in Figure 5.

A finite difference approach could have been taken in
MATLAB and one of its differential equation solvers (ODE23
or ODE45) used. But since the problem was linear, the
closed-loop transfer function was rewritten in state space
form, and the matrix exponential function was used to calcu-
late the time response.

The MATLAB m-file to set up the process matrix A,
calculate its eigenvalues, and derive and plot the time re-
sponse is shown in Figure 6. The algebra required 100 minutes,
setting up the MATLAB calculation an additional 10 minutes,
and the actual calculation and plotting about 10 seconds.

Excel did not have differential equation support. A solu-
tion was obtained by deriving the differential equation for
the controller and each of the first-order elements from its
transfer function and using a finite difference approximation
to provide a recursive relationship (see Figure 7). Setting up
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Figure 7. Excel graph of time response to a
unit step in the load, u.
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the spreadsheet took about 60 minutes and its calculation
several seconds. Modeling the time response in this way
enabled variables to be changed, giving an almost simulta-
neous change in the graph.

EVALUATION

Attributes of the mathematical packages were rated on a
one-to-five-point scale (one being the worst and five the
best) to assess their scope, intuitiveness, ease of use, graph-
ics, and fitness for engineering applications; the results are
shown in Table 1. All four of the packages are powerful
problem-solving tools. In this evaluation, Mathematica was
ranked ahead of MATLAB, with Maple following a close
third and Excel fourth. But such comparisons are subjective
and the differences between the packages were small.

CONCLUSIONS

The best application in a particular instance depends heavily on
the nature of the problem. Maple had the advantage of giving a
symbolic analytical solution, but did not have the numerical capa-
bilities of Mathematica, MATLAB, or Excel. Each of the three
“M”s dealt well with symbolic manipulation and graphics. Excel
displayed the most flexible graphics with, for example, the capacity
to easily rotate three-dimensional plots. The Mathematica note-
book provided an excellent interactive feature for documentation,
report writing, and teaching. The advantages of a particular appli-
cation are lost if extensive work by hand is required to express the
problem appropriately for that application.

Our opinion is that engineers need to be skilled in at least one
spreadsheet such as Excel, a programming language, and at least
one of the other mathematical packages. If an engineer is heavily
involved in matrix manipulation and linear systems, then MATLAB
has advantages, especially if its extensive optional tool boxes are
relevant. Equally, Mathematica has distinct advantages in its use of
a natural language, the “notebook™ feature, and user interface.
Maple was the most difficult package to learn and program, but was
useful for verification of mathematical analysis.

The best tool depends on individual needs, and the time spent
learning the applications will reap the benefits of these powerful
mathematical tools. How to incorporate them into our graduate and
undergraduate courses is a key issue for engineering educators.
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