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From the perspective of the first-year student, the en­
tire four-year chemical engineering program repre­
sents an overwhelrrting array of courses and subject 

matter. One must learn about ionic strength and indefinite 
integrals, acoustics and hydrostatics, turbulence and cherrti­
cal kinetics, organic cherrtistry and process dynamics, optics 
and quantum mechanics, stoichiometry and process synthe­
sis, radiant energy heat transfer and partial differential equa­
tions, etc., etc. Viewed in its entirety, the typical chemical 
engineering program is enough to make a student change 
majors ; but if taken one step at a time, the overall objective 
becomes quite feasible. 

In the ideal cherrtical engineering program, one would like 
to develop a seamless passage from ionic strength to process 
synthesis. Given the size of the task, it should not be surpris­
ing that the route from A to Z contains a few "leaps of faith. " 
The failed leap of faith within the confines of the university 
leads only to a lurking sense of insecurity and no real physi­
cal damage. Outside the university, however, a failed leap of 
faith may be a financial disaster, a physical disaster, or both. 
For this reason, we should avoid or rrtinirrtize the leaps of 
faith in our educational programs or we should clearly iden­
tify them as such. A discussion of the so-called principle of 
lost work represents an interesting example of the latter. [1 1 

THE MECHANICAL DISCONTINUITY 
In the first physics course, students encounter Newton 's 

second law for a particle written in the form 
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ct 
dt(mv)=F (I) 
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Here, m is the mass of the particle, v is the velocity of the 
particle relative to an inertial frame, and Fis the force acting 
on the particle. Given the success of Eq. (1) in predicting the 
motion of the planets around the sun and in predicting the 
motion of projectiles in a physics lecture hall, students ac­
quire a certain degree of confidence in Newton's second 
law. This confidence may begin to weaken when they move 
on to a cherrtical engineering study of fluid flow where they 
are often confronted with a dictum of the form 

sum of forces rate of rate of rate of 
acting on momentum out momentum into accumulation of (2) 

the control = of the control the control + momentum in the 
volume volume volume control volume 

It is true that the concept of a control volume has already 
been presented in a course on material balances; but the 
distance between Eq. (1) and Eq. (2) is so great that most 
students view the latter with some distrust. The student's 
skepticism is quite justified, but the repeated use of Eq. (2) 
to solve real problems eventually leads to its acceptance. 
Such a leap of faith in the design of an oil pipeline passing 
underneath the city of Los Angeles would never be consid­
ered, but Eq. (2) is something that everyone knows is true, 
and many students move successfully through their pro­
grams of study with it securely locked in their tool boxes. 

THE THERMODYNAMIC DISCONTINUITY 

When students have made sufficient progress in their stud­
ies of fluid mechanics, they will often solve a variety of 
incompressible flow problems (it is important to keep in 
rrtind that there are no incompressible fluids, but there are 
flows that can be approximated as incompressible) using the 
Navier-Stokes equations and the continuity equation. These 
equations can be expressed as 

pl~: +v-VvJ =-v'p+pg+µV
2
v (3) 

V-v=O (4) 

Equation (3) represents the governing differential equation 
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for the fluid velocity, v, and Eq. (4) is the constraining 
equation for the vector field represented by Vp. That is to 
say that the momentum source, Vp, must be distributed in 
such a manner that the velocity determined by Eq. (3) will be 
solenoidal. If the pressure is specified at some point, one can 
use the vector field, Vp, to calculate the pressure every­
where. The actual determination of the pressure field is 
discussed in some detail in Reference 2. 

At the same time that students are using Eqs. (3) and (4) to 
determine the pressure in a course on fluid mechanics, they 
are also calculating the pressure in a course on thermody­
namics using an equation of state. The simplest equation of 
state is the ideal gas law given by 

p=~RT 
V 

(5) 

This expression for the pressure would appear to have no 
connection with the pressure that one would determine from 
Eqs. (3) and (4), thus suggesting that there is a mechanical 
pressure used in the solution of certain fluid-flow problems 
and a thermodynamic pressure used in the solution of ther­
modynamics problems. It would be best to think of the 
pressure, as determined by an equation of state, as the pres­
sure, and to think of the pressure determined by Eqs. (3) and 
(4) as a good approximation of the pressure. If it is not a 
good approximation, Eqs. (3) and (4) should not be used to 
solve the flow problem under consideration. The resolution 
of the conflict between Eqs. (3) and (4) and an equation of 
state, such as Eq. (5), relies on Birkhoff's plausible intuitive 
hypothesis that small causes give rise to small effects. 

THE MUL Tl PHASE DISCONTINUITY 

After having completed courses in fluid mechanics, ther­
modynamics, heat transfer, and mass transfer, chemical en­
gineering students are often confronted with a course on 
mass transfer operations or unit operations. Since virtually 
all chemical engineering processes involve multiphase sys­
tems, a study of the gas-liquid contacting device illustrated 
in Figure I is a harbinger of things to come, and students 
approach this problem with a great deal of interest. Often 
they are equipped with Eqs. (3) and (4) from a course on 
fluid mechanics, the thermal energy equation from a course 
on heat transfer141 

{6) 

and the species continuity equation from a course on mass 
transferI5I 

A=l ,2, .. . ,N {7) 

Most students are somewhat dismayed when the process 
illustrated in Figure 1 takes on the form shown in Figure 2, 
and the rigor represented by Eq. (7) is replaced by the 
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suggestion that 

mass of A entering 
in the gas phase = 

mass of A leaving 
in the gas phase + 

mass of A transferred 
to the liquid phase 

(8) 

After the struggle to reach Eq. (7) via a series of challenging 
courses, it is disappointing to be asked to return to the 
concepts encountered in the course on material balances. 
What is worse is that the analysis of the process illustrated in 
Figure 1 will be heavily based on the intuition suggested by 
Figure 2 and most students will have no idea how reliable 
the final result will be. The resolution of this problem can be 
achieved using the method of volume averaging_l6

J 

RESOLUTION OF THE 
MECHANICAL DISCONTINUITY 

Rather than leap from Eq. (1) to Eq. (2), one can follow a 
sequence of steps that begins in the eighteenth centuryf71 and 
leads to our current understanding of continuum mechanics. 
A central idea in continuum mechanics is that the laws of 
physics can be applied to any body that one imagines as 
being cut out of a distinct body. Truesde!Jl71 attributes this 
idea to Euler and Cauchy and refers to it as the cut principle. 
Engineering students encounter this idea in a course on 
statics where it leads them to the concept of a free-body 
diagram. If we accept this idea, we can cut an arbitrary body 
from a moving, deforming fluid and state the axioms for 
mass and mechanics as follows: 

Mass 

_5!_ fpctY=O 
dt 

o/m(t) 

Linear Momentum: Euler's First Law 

(9) 

:t J pvdV = J pbdV + J t rn;dA {10) 

'Vm(t) o/m(t) Jilm(I) 

liquid 

Figure 1. Gas-liquid contacting 
device. 

t 
Figure 2. 

Model of a gas­
liquid contact­

ing device. 
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Angular Momentum: Euler's Second lAw 

:t fr X pvdV = Jr X pbdV + Jr X t (n)dA (I I) 

'J/m{ t) 'J/m( t) Ylm{ t) 

Here, '1/m(t) represents the time-dependent region occupied 
by a body, p is the mass density, vis the fluid velocity, bis 
the body force per unit mass, ten> is the stress vector, and r is 
the position vector. Both v and r are measured relative to 
some inertial frame. The representation of the angular mo­
mentum principle given by Eq. (11) assumes that all torques 
are the moments of forces and this ignores the existence of 
body torques and couple stresses that have been observed in 
polar fluids . csi The forms of these three axiomatic statements 
suggest the need for a study of the kinematics of volume 
integrals and this leads to the general transport theoreml91 

given by 

~ J\jldV = I a\jl dV + J\j/W . ndV 
dt at 

(12) 

'Ila (t) 'Ila (t) Yl 3 (t) 

Here, 'v'3 (t) represents the region occupied by an arbitrary 
moving volume, J.t3 (t) is the bounding surface of this vol­
ume, and w • n is the speed of displacement of the bounding 
surface. When the arbitrary velocity, w, is set equal to the 
fluid velocity, v, we obtain the Reynolds transport theorem 
given by 

(13) 

When applied to Eq. (9), this theorem provides 

~ JpdV= J ap dV+ Jpv -ndV=O (14) 
dt at 

'J/rn (t) '11m (t) Yim (t) 

and use of the divergence theorem leads us to 

J[: +\7 -(pv)]dV=O (15) 

'llm(t) 

Assuming that the integrand is continuous and noting that 
the limits of integration are arbitrary leads to the continuity 
equation 

ap + \7 ·(pv)=O 
at 

(I 6) 

In order to extract the governing differential equations 
associated with the linear and angular momentum principles, 
we first need to follow the work of Cauchy and proveC71 

Cauchy 's Lemma: 

t (n) = - t (-n) 

Cauchy's Fundamental Theorem: 

t (n) = n · T 

(I 7) 

(18) 

The first of these is introduced as intuitively obvious in 
every statics course where it is applied to the shear stresses 
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acting on opposing surfaces of a beam that has been sub­
jected to an Eulerian cut. The second result is generally 
avoided because of its complexity even though most stu­
dents have completed a course on matrix algebra prior to 
their study of fluid mechanics. 

The use of Eqs. ( 17) and (18) , along with the Reynolds 
transport theorem, allows us to extract the following differ­
ential equations from Eqs. (10) and (11 ): 

Cauchy 's First Equation 

;t (pv)+ \7 -(pvv)=pg+ \7 · T 

Cauchy 's Second Equation 

T = T T 

(I 9) 

(20) 

At this point, we are in a position to derive the macroscopic 
momentum balance that was described in words by Eq. (2) . 
We begin by integrating Eq. (19) over an arbitrary, moving 
control volume to obtain 

f ;t (pv)dV + f \7 · (pvv)dV = f pbdV + J \7 -TdV (2 1) 
'II, (t) 'II, (t) 'II, ( t) 'II, (t) 

We now use the general transport theorem and the diver­
gence theorem to arrange this result in a useful form given 
by 

:t JpvdV + Jpv(v-w) · ndA= JpbdV+ Jt(n)dA (22) 
'11,( t) Yl,(t) '11, (t) Yl,(t) 

This represents a precise mathematical description of the 
words contained in Eq. (2), and it clearly indicates that the 
source of these words is Euler's first law. While the route 
from the axiom given by Eq. (10) to the proved theorem 
given by Eq. (22) consists of only a few steps, one must 
invest a significant amount of time in the study of kinematics 
and stress in order to derive this result. (At UC Davis we 
have two ten-week courses in fluid mechanics and time is 
less of a problem than in most programs.) While kinematics 
and stress may be confusing, we should heed the words of 
Pucciani and Hamel,C'01 who provide the following advice to 
students: 

There is no learning without confusion. It is by the organi­
zation of this confusion that you will progress. 

Said another way, it is better to be confused and frustrated by 
the concepts of kinematics and stress than to be baffled by 
the leap of faith from Eq. (1) to Eq. (2) . 

In order to follow the development from Eq. (10) to Eq. 
(22) in a successful manner, the faculty must be aware of 
what students know, what they don ' t know, and what they 
are supposed to know. For example, in the typical statics 
course, students make use of Euler's laws to solve problems, 
but the laws are never identified in a clear and concise 
manner. The concept of an Eulerian cut is presented as being 
obvious en route to the development of a free-body diagram, 
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but no mention is made of the fact that it was not obvious in 
the eighteenth century. Cauchy's lemma is used in the same 
way, i. e., the shear is up on this side of the cut and down on 
that side of the cut. In order to unravel this mass of intuition, 
the faculty must be aware of the content of previous courses 
and must be prepared to extract some order and logic from 
the student's previous studies. In addition to statics, these 
previous studies include calculus where the definition of a 
derivative is presented and the projected area theorem is 
given.1111 These are all that one needs to derive the general 
transport theorem. Previous studies also include a course on 
matrix algebra where the students learn that a three-by-three 
array can be used to transform one set of three numbers to 
another set of three numbers. This is the essential feature of 
Cauchy's fundamental theorem. 

RESOLUTION OF THE 
THERMODYNAMIC DISCONTINUITY 

In order to resolve the thermodynamic discontinuity, we 
begin with a reasonable description of a compressible flow 
process. This consists of the governing equations for the 
density, velocity, temperature, and pressure that can be ex­
pressed as 

Governing equation for p 

i)p + V · (pv) = 0 
a1 

Governing equation for v 

(
av ) 2 p ar+v -Vv =- Vp+pg+µV V 

Governing equation for T 

pep ( ~: +v·VT ) =kv'2T 

Governing equation for p 

p=p(p,T) 

(23) 

(24) 

(25) 

(26) 

The first of these equations represents a completely general 
form of the continuity equation, while the last represents a 
completely arbitrary equation of state. Equations (24) and 
(25) represent special forms of the equations of motions and 
the thermal energy equation, but they are general enough for 
our purposes. 

The usual concept associated with an incompressible flow 
is that the variation of the density is small enough so that the 
dependent variable in Eq. (23) can be replaced with a con­
stant, p0 • This means that one of our four dependent vari­
ables is determined by some means other than a law of 
physics and this, in turn, means that we must discard one of 
our laws of physics. Our new description of the physical 
process is given by 

(27) 
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p0 ( a;; +vm · Vvm ) =-Vpm +p 0 g+µV 2vm (28) 

p0 cp (
0
;; +vm ·v'Tm )=kv'2Tm (29) 

in which we have used vm, Pm, and Tm to represent the 
velocity, pressure, and temperature determined by Eqs. (27) 
through (29). These quantities differ from p, v, p, and T that 
are determined by Eqs. (23) through (26), and we would like 
to understand the asymptotic conditions that lead to 

(30) 

When Eqs. (27) through (29) produce velocity, pressure, and 
temperature fields (v m, Pm, Tm) that are good approximations 
of the fields (v, p, T) determined by Eqs. (23) through (26), 
we say that the flow can be approximated as incompressible. 
Under these circumstances, the pressure can be calculated 
by purely mechanical means; but it would seem best not to 
refer to Pm as a "mechanical pressure," but simply to say that 
Pm is a "good approximation" of the pressure determined by 
an equation of state. 

The general asymptotic conditions associated with Eq. 
(30) are difficult to develop;r121 we can, however, explore the 
first of these conditions for steady flow in the absence of any 
temperature effects without a great deal of effort. This re­
quires that we consider an isothermal process described by 
the steady forms of Eqs. (23) through (26), and then search 
for conditions that lead to 

p• p0 (31) 

It will be in the nature of a plausible intuitive hypothesis13l to 

assume that v • v m and p • Pm when the condition repre­
sented by Eq. (31) is satisfied. 

For the case in which temperature effects are negligible, 
we can invert Eq. (26) to obtain 

p= p(p) (32) 

and a Taylor series expansion about p0 leads to 

(
ap ) 1 / a2p1 

P=Po +(P-Po) op T +2(P-Po) l ap2 )T +· .. (33) 

Here, p0 is the density determined by Eq. (32) at the refer­
ence pressure p0 • As an estimate of the density change that 
occurs for the process under consideration, we use the first 
term of the expansion to obtain 

p-p 0 =0[( :~ t ~P] (34) 

in which ~p is representative of the maximum pressure 
change that occurs in the system. From a thermodynamic 
analysis, we know that the speed of sound is related to the 
derivative of the density with respect to the pressure at 
constant entropy. This relation is given by 
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(:~l ~ (35) 

in which c is the speed of sound. As an approximation, we 
use 

(:~ l -C; (36) 

so Eq. (34) takes the form 

p-po =0(:r) (37) 

In order to obtain an estimate of the pressure change, we first 
make use of the steady form of Eq. (24) to estimate the 
gradient of the pressure as 

v'p = O(pg) + o(µ v'2v) + O(pv · v'v) {38) 

The idea associated with this estimate is that Vp may be as 
large as any of the other terms in Eq. (24) but not signifi­
cantly larger. In addition, it is possible that Vp may be much 
smaller than any of those terms, and thus Eq. (38) should be 
thought of as an overestimate of the pressure gradient. For 
example, in a laminar boundary layer created by a uniform 
flow past a flat plate, the pressure gradient is essentially 
hydrostatic 

Laminar boundary layer flow 
v'p - pg (39) 

while the viscous and inertial terms are essentially equal and 
much larger than Vp- pg , i.e., 

Laminar boundary layer flow 

pv · v'v = o(µ V2v) » v'p - pg {40) 

In this case, only the first estimate given by Eq. (38) is valid 
and it becomes clear that one must have some idea about the 
nature of the flow under consideration in order to use Eq. 
(38) successfully. 

If u0 represents the characteristic velocity for the process, 
we can use order-of-magnitude analysisr131 to obtain the esti­
mates 

pg= o[(pg)11.g] 

µv' 2v = o[(µu o / L~ )"-µ l 
pv • v'v = o[(pu~ / LP )"-p] 

( 4 la) 

(41b) 

{41c) 

Here, Lµ represents the viscous length, and Lp represents 
the inertial length,l1 41 while Ag, Aµ , Ap are unit vectors that 
are parallel to the gravitational term, the viscous term, and 
the inertial term, respectively . For the laminar boundary 
layer example discussed above, Aµ and Ap are parallel , and 
Ag is an arbitrary unit vector. 

In order to make use of Eq. (38) to estimate the pressure 
difference that appears in Eq. (37), we express the pressure 
gradient as 
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v'p = 0( Llp / L) {42) 

Here one must keep in mind that the pressure gradient will 
be influenced by all three terms represented by Eqs. (41), 
thus Eq. (42) represents three separate estimates and it is left 
to the reader to keep this fact in mind. Use of Eqs. (41) and 
(42) in Eq. (38) leads to the following estimate for the 
pressure change owing to gravitational, viscous, and inertial 
effects: 

Llp = o[(pg)L]+o[(µu 0 /Lt)L]+o[(pu~ /Lp)L] (43) 

Substitution of this result into Eq. (37) provides the follow­
ing estimate for the change in density that occurs for the 
process under consideration: 

p -/0 = o(gL / c2
) + o(µu 0 L/ pLtc 2

) + o( u~L/ Lpc2
) {44) 

If we define a Reynolds number and a Mach number as 

M=~ {45) 
C 

the estimates given by Eq. (44) take the form 

p-/ 0 = o(gL!c 2 )+ o[Re-1 M2 (LILµ)]+o[M 2 (L1Lp)] {46) 

From this result we conclude that 

p-po << I 
p ' 

or p • Po {47) 

when the following constraints are satisfied: 

gL/c2 « l M2 « Re(LµIL) M2 «(Lp!L) {48) 

Here, one must remember that L has a different meaning in 
each one of these constraints, which are often replaced with 
the single condition that the Mach number squared is small 
compared to one. This has considerable appeal for the last 
constraint in Eq. (48) since LP is often large compared to L; 
the simplification given by M 2<<1 has less appeal as a 
substitution for the second constraint, however, since Lµ is 
generally small compared to L. A little thought will indicate 
that the first constraint given by Eq. (48) is difficult to 
violate, and thus it is the constraints involving the Mach 
number that must be considered with care. 

It seems plausible that when Po is a reasonable approxi­

mation for p, we can assume that vm and Pm are reasonable 
approximations for v and p; but a rigorous proof would 
require that we identify the asymptotic conditions that allow 
us to simplify Eqs. (23) through (26) to the incompressible 
approximation represented by Eqs. (27) through (29). One 
should keep in mind that the analysis leading to the con­
straints given by Eqs. (48) was based on a steady-flow 
process, and that there are unsteady, low-Mach-number pro­
cesses for which the flow cannot be treated as incompress­
ible under any circumstances. An example is given in Figure 
3, and for that type of process the approximation represented 
by 

p- Po= O(Vp)L {49) 
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is not at all applicable. 

The partial resolution of the thermodynamic discontinuity 
required that we clearly identify the general case indicated 
by Eqs. (23) through (26) and that we discard a law of 
physics in favor of the approximation given by p = p0 • The 

compressed gas 

justification of this approxi­
mation was based on the 
equation of state that pro­
vided Eq. (37) and the order­
of-magnitude analysis given 
by Eqs. (38) through (46). 
The use of order-of-magni-
tude analysis allows students 
to go beyond the assumptions 
based on the title of a course, 
the title of a text, or the title 
of a chapter in a text. Since 
these titles are not available 
to our students when they 

Figure 3. Compression leave the university , we 
process. should encourage them to 

formulate their own assump­
tions and then follow those assumptions with restrictions 
and constraints.1131 

It is important to understand that the thermodynamic dis­
continuity cannot be resolved only by discussion in fluid 
mechanics courses. Faculty members who teach thermody­
namics must be aware of the problem and speak to the issue. 
A righteous attitude about the correctness of Eq. (5), or a 
more general equation of state, provides no help to the 
student who must deal with the reality of incompressible 
flows . One must remember that the students take every 
course in the program and they do not have the luxury to 
choose their battleground. 

RESOLUTION OF THE 
MUL Tl PHASE DISCONTINUITY 

Studies of multicomponent mass transport usually include 
a derivation of the species continuity equation151, and the 
molar form of this result is given by 

acA ( ) - -+'v · CAVA =RA a1 A= 1,2,3, ... ,N (50} 

Knowledge of the molar concentration, cM is a central issue 
in chemical engineering since it forms the basis for all sepa­
ration and purification processes, for all reactor design cal­
culations, and for all studies of contaminant transport in the 
land, air, and water. The macroscopic mole balance associ­
ated with Eq. (50) can be derived by following the steps that 
link Eq. (19) to Eq. (22), and the result is given by 

:t fcAdV+ f cA(vA-w) · ndA= JRAdV A=l,2, ... ,N 

'll, (1) J'l , (t) •V, (t) 

Winter 1999 (51) 

Both Eq. (50) and (5 1) represent powerful problem-solving 
tools, and most chemical engineering students acquire a 
certain degree of skill in the application of these results for a 
variety of single-phase transport problems; their application 
to multiphase systems, however, is problematic. 

Most multiphase transport processes cannot be solved di­
rectly in terms of either Eq. (50) or Eq. (51), but require 
instead the local volume-averaged form ofEq. (50) .11 5-181 The 
development of this form begins by associating an averaging 
volume with every point in the region under consideration. 
This allows one to define a volume-averaged concentration 
everywhere and to generate a spatially smoothed concentra­
tion field . In Figure 4 we have illustrated a two-phase system 
and a spherical averaging volume having the centroid lo­
cated at the point identified by the position vector x. For this 
system, we identify the point concentration of species A in 
the y - phase as c Ay and we define the superficial average 
concentration by 

(cAr)I, = ~ J cAydY (52) 

Vy(x.1) 

Here, Yy(x, t) represents the volume of they-phase con­
tained within the averaging volume, 'J/, and we have clearly 
indicated that the 
superficial aver­
age concentra­
tion is associated 
with the point lo­
cated by the po­
sition vector x. 
For the particu­
lar case illus­
trated in Figure 
4, the position 
vector x locates 
a point in the x 

o - phase where 
the point con-
centration of Figure 4. Two-phase system. 
species A may 
be zero. 

In general, the intrinsic average concentration is preferred 
for the analysis of multiphase transport processes, and this is 
defined by 

(C )YI =-'- JC dV Ay x Yy(x,t) Ay 
Vy(x,t) 

(53) 

The superficial and intrinsic average concentrations are re­
lated according to 

(54) 

in which Ey is the volume fraction of the y- phase defined 
explicitly by 
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(55) 

In many systems, the superficial and intrinsic averages dif­
fer by a factor of three or more, and thus it is important to 
make use of a nomenclature that clearly identifies these two 
concentrations. 

In Figure 5 we have shown a two-phase system for which we 
would like to develop the design equation for the concentration 
of species A. We think of the flowing fluid as the y- phase, 
while the cr - phase could represent porous catalyst pellets, or 
droplets of a more dense fluid that is descending through the 
y - phase . The governing differential equation for the concen­
tration of species A in the y- phase is given by 

acAy ( ) at+ y' . CAyV Ay =RAy (56) 

and we begin our analysis of this point equation by forming 
the superficial average to obtain 

~ f a;t ctv + ~ J v -(cAyv Ay )ctv = ~ J RAydY (57) 
v1(x,t) V1(x,t) V1(x,t) 

In order to transform this result to something useful, we 
make use of two theorems that are essentially extensions of 
the classic one-dimensional Leibniz rulec9. Prob. 3-

5
l for differ­

entiating an integral. The first of these is the general trans­
port theorem, which we used earlier in our treatment of the 
mechanical discontinuity. This theorem allows us to express 
the first term in Eq. (57) in the form 
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1 f ac A ct [ 1 J ] 1 J - __ Y dV=- - CAydY -- cAyw·nyadA (58) 
'f/ at dt 'f/ 'f/ 

Vy (x,t) Vy (x,t) Al" (x,t) 

averaging 
volume, '11 

Figure 5. Mass transfer and reaction process in a 
two-phase system. 

Here, " rcr represents the unit normal vector directed from 
the y- phase toward the cr - phase , and w · nyc; represents 
the speed of displacement of the y - cr interface. This is zero 
if the system under consideration is a packed-bed catalytic 
reactor, but would be non-zero for a fluidized-bed reactor or 
any fluid-fluid system. The second theorem needed for the 
analysis ofEq. (57) is the spatial averaging theorem, and the 
derivation of this theoremr6•

191 is analogous to the derivation 
of the general transport theorem. Application of the spatial 
averaging theorem provides 

~ J v -(cAyv Ay ~v 
v1 (x,t) 

=v'·[~ JcAyVAydY]+ ~ J cAy VAy· nyadA {59) 
VY (x,t) A,., (x,t) 

and use of this result, along with Eq. (58), in Eq. (57) leads to 

:t[~ JcAydY]+v' ·[~ JcAyVAy dY] 
V1(x,t) V1(x,t) 

+~ Jc Ay (v Ay- w) •nyadA=~ JR AydY (60) 
A,.,(x,t) V1(x,t) 

One should note that this result is a superficial average 
transport equation, and thus each term has units of moles of 
species A per unit time per unit volume of the y- cr system. 
Use of the nomenclature for the superficial average indi­
cated by Eq. 52 allows us to express Eq. (60) in the more 
compact form given by 

f(cAy)+v ·(cAyVAy) + ~ Jc Ay (v Ay -w) •nyadA= (RAr) {61) 
accumulatmn y - phase A ,., ( x, 1) homogeneous 

transport interfac ial transport reaction 

Here it is understood that the averaged quantities are associ­
ated with the centroid of the averaging volume identified by 
the position vector x in Figure 4. In addition, we have ex­
pressed the accumulation in terms of the partial time derivative 
since ( c Ay) is associated with a point that is fixed in space. 

The first and last terms in Eq. (61) can be expressed in 
terms of intrinsic averages by using the relation given by Eq. 
(54), and this leads to 

;t ( ey(cAy )Y )+ v •(cAyv Ay) 

'II I CAy (vAy -w) ·nyadA +Ey (R Ay r (62) 
Al"(x,t) 

In order to simplify the convective transport term, one can 
use the averaging theorem and the divergence theorem to 
show that 

v -(cAy vAy) =-~ f cAyvAy· nyedA 

A.,.,(x,t) 

(63) 
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in which Aye(x,t)represents the area of entrances and exits 
associated with the volume, Yy(x,t) . For many practical 
applications, diffusive transport is negligible compared to 
convective transport at entrances and exits, and this encour­
ages the simplification 

(64) 

in which vy is the mass average velocity. At this point we 
make use of Gray' sr201 spatial decomposition for the concen­
tration and velocity 

(65) 

and follow the work of Carbonell and Whitakerr211 to express 
the convecti ve transport in the form 

(cAyvr) = Ey(cAyr (vr)y + (cAy vy) (66) 
volume averaged 

convective transport 
dispersive 
transport 

While the intrinsic average concentration is the preferred con­
centration for the description of multiphase mass transport 
processes, most workers favor the use of the superficial aver­
age velocity 

(vy ) =Ey(vy r 

and thus we normally express Eq. (66) as 

volume averaged 
convective transport 

dispersive 
transport 

(67) 

(68) 

Use of this result (and the approximation given by Eq. 64) 
with Eq. (62) leads to 

;t ( Ey ( C Ayr)+ v' -( ( C Ayr (Vy)) 

=-v'-(cAy"y)- ~ f CAy(vAy-w)• nycrdA+Ey(RAyr (69) 
A-,.,(x,t) 

Here we are confronted with the development of appropriate 
representations for the dispersive transport, the interfacial 
transport, and the homogeneous reaction rate. 

The diffusion model of dispersion is an approximation for 
active systems;l22

•
231 but it is likely to be quite acceptable for 

most design applications. This encourages us to express the 
dispersive flux as 

(70) 

our local volume-averaged transport equation takes the form 

;t ( Ey ( C Ayr) + v' · ( ( C Ayr (Vy)) 
accumulation volume averaged 

convective transport 

v'-(D·v'(cAyr) 
dispersive 
transport 

'II f CAy(vAy- w) •nycrdA + Ey(RAyr (71) 
A-,., ( x, t) homogeneous 

interfacial transport reaction 
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The treatment of the interfacial flux depends on the type of 
process that takes place in the cr-phase; Equation (71), 
however, provides the basic framework for a design equa­
tion that has been derived directly from Eq. (56). This pro­
vides a much more rigorous formulation than one can obtain 
on the basis of the statement 

(
moles of A) ( moles of A ) ( moles of A) ( moles of A ) 
entering + produced by reaction = leaving + accumulated (

72
) 

and it clearly sends a message to our students that their 
efforts to understand the details of diffusive and convective 
mass transport have not been wasted. 

When I teach the second of our two mass transfer courses 
at UC Davis, I use the general transport theorem to obtain 
Eq. (58) because I know that the students have proved this 
theorem in the fluid mechanics course. In addition, I derive 
the spatial averaging theorem by a straightforward applica­
tion of the projected area theorem that is presented in the 
fluid mechanics course. It also helps to know that the pro­
jected area theorem was encountered originally in one of the 
calculus courses.PI.Chap. 171 If I did not know what the students 

had covered in previous courses, I would be forced to retreat 
to the approach suggested by Figure 2. 

CONCLUSIONS 

In this paper we have shown how some of the traditional 
discontinuities associated with chemical engineering educa­
tion can be eliminated or minimized. Time and effort are 
required to accomplish this, but the effort will convince 
students that leaps of faith can be avoided, and this is surely 
worthwhile. 
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NOMENCLATURE 
JI.a ( t) area of the surface of an arbitrary moving volume, 'Ila ( t), m2 

Jim ( t) area of the bounding surface of a moving, deforming 
body, m2 

J!ycr(x,t)area of the y-cr interface contained in the averaging 
volume, ,,; , m2 

Jty, ( x, t) area of the entrances and ex.its of the y - phase contained 
in the averaging volume, ,,; , m2 

b body force per unit mass, N/kg 
cA molar concentration of species A, mole/m3 

c Ay molar concentration of species A in the y - phase, mole/ 
mJ 

( c Ay) superficial volume averaged concentration of species A, 
mole/m3 

---------------Continued on page 61. 
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Discontinuities 
Continued from page 25. 

intrinsic volume averaged concentration of species A, 
molelm3 

c Ay spatial deviation concentration , molelm3 

cP constant pressure heat capacity, J/kgK 

c speed of sound, mis 
D dispersion tensor, m2ls 

F force acting on a particle, N 

g gravity vector, m/s2 

k thermal conductivity, JlmsK 

Lµ viscous length, m 

LP inertial length, m 

L length associated with the pressure change, ~p, m 

M u/ c, Mach number 

m mass of a particle, kg 

n number of moles 

n unit normal vector 

n yo unit normal vector directed from the y - phase toward 
the o - phase 

p pressure, Nlm2 

Pm pressure for an incompressible flow, Nlm2 

r position vector, m 

R gas constant, Nm/mole K 

Re pu 0 Lµ Iµ , Reynolds number 

RA molar rate of production of species A owing to homoge­
neous reaction, molelm3s 

R Ay molar rate of production of species A in the y - phase 
owing to homogeneous reaction, molelm3s 

T temperature, K 

T rn temperature for an incompressible flow, K 

time, s 

t (n) stress vector, Nlni2 

T stress tensor, Nlm2 

u
0 

characteristic velocity, mis 

v mass average velocity vector, mis 
v

111 
velocity for an incompressible flow , mis 

v A velocity of species A, mis 

v Ay velocity of species A in the y - phase, mis 

v y mass average velocity in the y - phase , mis 

( v y) superficial mass average velocity in the y - phase , mis 

( v y) Y intrinsic mass average velocity in the y - phase , mis 

vy spatial deviation velocity, mis 

V volume, m3 

o/ averaging volume, m3 

Yy(x , t) volume of the y - phase contained in the averaging 

volume, m3 

w arbitrary velocity, mis 
x position vector locating the centroid of an averaging 

volume, m 

Winter /999 
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Ey Yy(x, t)l o/, volume fraction of the y - phase 

'}._ unit vector 

µ fluid viscosity, Nslm2 

p mass density, kg/m3 
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