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AN UNDERGRADUATE COURSE
IN APPLIED PROBABILITY
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any undergraduate courses in chemical engineer-

ing are essentially deterministic where numerical

values of variables and parameters are often speci-
fied to several digits past the decimal point. Randomness,
probability, and statistical concepts usually get much less at-
tention. But, random-process oriented thinking is becoming
increasingly important in a world where uncertainties, ambi-
guities, misrepresentation, misinformation, and partial infor-
mation are increasingly unavoidable. The quip that every-
thing carries its own probability distribution"! is much less
facetious than it sounds.

Every undergraduate chemical engineer knows about
McCabe-Thiele diagrams, for instance—but how many real-
ize that the equilibrium curve may represent only single mea-
sured set of data? The true equilibrium curve would be in-
side a band of (repeated) measurements, and it is anybody’s
guess as to what extent the number of theoretical plates/stages
obtained from a diagram based on a single measurement set
is reliable. Similar questions can be asked in chemical reac-
tion engineering (e.g., how reliable is a rate constant ob-
tained from a single set of concentration versus time mea-
surements), in transport phenomena and, in fact, through-
out our entire discipline.

A major purpose of a course in applied probability and sta-
tistics should be to sensitize students to such questions and to
provide them with at least basic means to deal with them.
One could, indeed, claim that a single course in this subject
is insufficient for a modern undergraduate engineering cur-
riculum of any kind, and that probability-oriented approaches
should be given appreciably more room than currently avail-
able in undergraduate engineering education.

At Waterloo, two such courses are given in the second
year—one to chemical engineering students and the other to

environmental/chemical engineering students. It is perhaps
arguable that the second year is too soon for such a course,
but we are convinced that our students should be exposed to
the subject matter at a relatively early stage of their career.
The difference between the two courses is primarily in illus-
trative and homework exercise problems, and the same text-
book by Walpole, et al.,”?! (with its earlier editions in the past)
has proven itself to be quite adequate in spite of its limited
repertoire of problems specific to chemical and environmen-
tal engineering.

COURSE STRUCTURE

The cooperative scheme of alternating school terms and
work terms at Waterloo results in three terms per academic
year, with slightly varying lengths, allowing 33 to 36 fifty-
minute lectures and 11 to 12 weekly tutorials per term. As
shown in Table 1, the fraction of time spent on the probabil-
ity and the statistics sections is roughly equal. The tutorial
periods are devoted to representative numerical problems
arising from material presented in the lectures. Weekly home-
work assignments contain typically 5 to 7 nontrivial prob-
lems taken from the assigned text, from a variety of other
texts, and from data sources available in the technical jour-
nals (e.g., Chemical Engineering Progress). Students are ex-
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amined by a two-hour-long midterm test given, usually, in
the sixth or the seventh week of the term, and by a three-
hour-long final test; notes, books, and calculating devices
are usually allowed.

FEATURES OF THE
SECTIONS ON PROBABILITY

In the first part of the course, discussion of fundamental
concepts and theorems of probability theory, is followed by
applications to specific problems of interest to chemical and
environmental engineering. There is little emphasis on find-
ing, for example, the probability P(=7/15) of taking randomly
one black ball and two green balls from an urn containing
two black balls and eight green balls, even if problems of this
kind appear in most textbooks. The three following examples
represent probability problems much closer to the heart of
the chemical and environmental engineer.

Example 1
Processing of Sludge Water by Water Purification Plants

Amunicipality operates two sludge water processing plants. The amount of sludge
water that one plant can process in one day has an exponential distribution with a
mean of L tons for each plant. Assuming that the operation of one plant has no
influence on the other plant, what is the probability that one of the two plants
would process more than L tons during a randomly chosen day?

First, we compute the probability that any of the two plants processes more than [
tons by

TABLE 1
Course Syllabus

Week

1 Basic concepts of probability; counting rules; permutations and
combinations

Basics of probability distribution theory; expectation and variance
Binomial and Poisson distribution
Uniform continuous, normal, and exponential distribution

(O I LY I oS ]

Lognormal and Weibull distribution; normal approximations to
binomial and Poisson distributions; sample mean and sample
variance; central limit theorem

6 Confidence intervals for means, difference in means, and
variances

7 Type I and Type II error; the p-value concept; tests of hypothesis
for means

8 Variance-based tests of hypothesis; chi-square and F-distribu-
tions; contingency tables; goodness of fit

9 Simple regression analysis and associated confidence intervals
and hypothesis testing; simple nonlinear regression

10 Multiple linear regression

11 Analysis of variance; one-way classification for comparison of
means

12 Tests for homogeneity; multiple-range test
13 Review
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P{X>p}:T(l/u)exp(—x/u)dx=exp(—l):0.37 1)
u

Then the probability that one of the two plants processes more than the mean
number of tons per day is given by the binomial distribution

b(2:1,0.37) = 2(0.37)(1 - 0.37) = 0.466 (2)

The answer is independent of the numerical value of the mean.

Due to their recently recognized importance in science and
engineering, the Weibull and the lognormal distributions are
now regular course topics. A typical classroom (or tutorial)
illustration is given by Example 2.

Example 2
Application of the Lognormal Distribution to Metal Structure

This is a modified version of Supplementary Exercise 4.92 in Scheaffer
and McClave." The grains comprising a certain type of aluminum have a
lognormal distribution of their mass with parameters o =0.03 and § =
0.04 g.

a) Find the mean and variance of the grain mass—the mean (or expecta-
tion) is given by

n = E[X] = exp(a. + B /2) ~1.0313 g
and the variance is given by

V[X] = exp(2(1 +p2 )[exp(Bz) 5 1] ~0.0017¢g

b) Find the probability that a randomly chosen grain has a lower mass
than the mean mass—the probability of finding a lognormal variable
between limits of a and b is given by

P{a < X <b} = Fy{[/n(b) - ]/ B} - Ey{[n(a) - /B]} (3)
Hence
P{X<E(X)}= FN{[fn E(X)—a]/ B} = Fy(0.02) = 0.508

from standardized normal distribution tables; F is the standardized
cumulative normal probability distribution of the grain mass.

c) Find the probability that a randomly chosen grain has a mass between
the mean mass and twice the mean mass—from Eq. (3)

P{1.0313<X <2.0626}=Fy (17.35)~Fy (0.02)=1-0.508=0.492

Because of the time limitations, the beta, gamma, hyper-
geometric, and multinomial distributions are not treated in
the course, although some reference may be made to them
during tutorial periods. We feel that the probability sections
in class provide an adequate foundation for students’ self-
directed study of other probability distributions.

Statistics are often viewed with suspicion because its results
can willfully be distorted or misrepresented (how to lie with
statistics?). The intent of Example 3 is to deal with this point.
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Example 3
How Reliable is a Highly Touted (Hypothetical) TB-Testing Device?

A tuberculosis (TB) testing device is reported to be 99% effective if a
(randomly) tested person is infected by TB and 95% reliable if the person
is not infected with TB. If a person taken randomly from a group where it
is known that 5% is infected by TB, what is the probability that the per-
son is healthy, although the test indicates infection?

This is a standard problem in conditional probability for the application
of Bayes’ rule. We have four events to consider: 1) event A, the device
does not indicate TB; 2) event A”, the device does indicate TB; 3) event
B, the person is not infected by TB; and 4) event B, the person is infected
by TB. Bayes’ rule may then be expressed as

The terms with vertical bars denote conditional probabilities, e.g., P(BIA”)
is the probability of the person being healthy when it is known that the
device indicated infection; P(A’IB) is the probability that the device indi-
cates infection, although the person tested is healthy, etc. We have P(AIB)
=0.95,P(AIB")=0.01, P(A’IB) = 0.05, P(A"IB") = 0.99, P(B) = 0.95, and
P(B")=0.05. Eq. (5) yields the disturbingly high value of P(BIA") = 0.49;
the device is prone to be incorrect in about fifty out of one hundred times.
Even if P(AIB) were as high as 99%, Eq. (5) would still yield a not-too-
comfortable probability of about 16%. If this device were announced by
stating only that it is 99% effective, it would be a misrepresentation, if
not false advertising. Equally thought-provoking conclusions can be
reached by solving Problem 2.408! and review exercise Problem 1% on

Ege 49.

SOME FEATURES OF
SECTIONS ON STATISTICS

A number of traditional topics of applied statistics shown
in Table 1 can be covered in a more-or-less “cookbook recipe™
fashion, once the underpinning principles of formulae and
the proper choice of tests have thoroughly been explained.
Due to its highly important position in contemporary engi-
neering, regression analysis is treated as a major theme. Stu-
dents are repeatedly warned against its indiscriminate use,
however, as well as against an overconfident reliance on the
widely used and often abused R? statistic (the square of the
correlation coefficient, also known as the coefficient of de-
termination). Examples 4 and 5 illustrate these cardinal points.

Example 4

Data Linearization for Regression Analysis

Given the data in Table 2 for an irreversible isothermal first order type
decomposition reaction, estimate the regression value of the rate coeffi-
cient.

The traditional handling of such a problem is to first linearize (unwit-
tingly) the integrated form of the differential rate equation dY/dt = - kY,
then perform linear regression on
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where N is the size of the data set. The regression value of the rate coef-
ficient obtained in this manner, k = 0.00376 min’' is statistically biased,
as seen from the following general argument.

Let Q = f(q) denote a transformation of random variable q to random
variable Q. Then, the variances of the two random variables are related
by

04 =(dQ/dg)’ oy (7)
and for f(q) = /nq, we can write specifically
65 =0;exp(-2Q) (8)

An important point here is that the vari-

P(BIA’)=[P(A’IB)P(B)]/[P(A’IB)P(B)+P(A’IB')P(B’)] (5)

ance of Q is a variable from observation

TABLE 2 to observation. Statistical bias arises,

Experimental therefore, in applying Eq. (5) unless it is

Observations in known that dQ/dq = 1 everywhere along

Example 4 the observation set; this is a seldom-met

condition in practice. To circumvent bias,

Time Fraction of the so-called weighted least squares
t(min) species A

method, using weighting factor
unconverted, Y hod g ghting S

W=1/sé, was discussed in the chemi-

150 gggz cal engineering literature about half a cen-
15 0:971 tury ago." It is not used widely due to its
20 0.966 unwieldiness ( sé, the sample variance of
2 0.947 ‘

30 0,947 Q, has to be computed usually for each
40 0814 observation). It is more inviting to use
50 0.861 nonlinear regression as a more powerful
60 0.832 alternative.

70 0.670

In applying nonlinear regression, first we

obtain the least squares relationship by
differentiating the sum of the error squares
and setting it to zero by

a(SSE)/ak=a{ N Y, —exp(——kti)]z}/ak:O )

The numerical value of k is obtained by using a root-finding procedure
applied to the resulting expression

(k)= N, t;[Y; exp(-kt; )—exp(-2kt; )|=0 (10)

In our case, the familiar Newton’s rule (chosen arbitrarily; other root-
finding procedures would also do)

Kp =k, +f(k,)/f(k,) (11)

yields k = 0.00348 min’' [f(k) = 107; £"(k) = 10*]. The fact that the error
variance of the linearization procedure, s >= 0.113 is about 2.5 times the
value of s > = 0.047 of the nonlinear procedure (s * is the sample variance
of the experimental error), is in support of nonlinear regression in this
case. In general, model assumptions about error (structure) should influ-
ence the decision about the choice when either linear, weighted, or non-
linear regression could be used.

Example 5

MmY,=—kt; i=1,..N (6)

Data Fitting and Goodness of Fit

Given the data in Table 3, analyze the linear least squares expression
proposed to link the mass of certain vehicles to their mean fuel consump-
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tion rate, with

Y=a+bx; a=-0.8696; b=8.5164 (12)

obtained via conventional techniques of regression analysis.

Students are warned against accepting the relatively large R?=0.95 value
as a “proof” of a good linear relationship between mean consumption
rate and mass. They are urged to carry out an appropriate analysis of
confidence intervals for the true (population) parameters of the linear re-
gression. Using the computed values of

Y x?=18.3258; 5,=03232; s,=0.6840

the confidence intervals are established as

—0.8696-0.8995 1t <a. <~0.8696+0.8996t,  (13)

and

8.5164—0.66441,, <b,,. <8.5164+0.66441,, (14)

where t_is the critical value of the T-distribution at a significance level
o, evaluated at 0./2, with (N-2) degrees of freedom. The confidence
intervals shown in Table 4 for selected values of o are wide, even at
0=(0.2 (ie., at an 80% level of confidence; conventional statisticians
would not assign importance to confidence levels below 90%).

The weakness of a purely R*-based decision is further demonstrated by
hypothesis testing on assumed values of the true (population) correlation
coefficient p. Applying the Fisher transformation z = (1/2) In [(141)/(1-
r)] = 2.178 with mean (1/2) In [(1+ p)/(1- p)] and standard deviation 1/
\ (N-3), and if we postulate p =0.995, we obtain the standardized normal
variate z = (2.178-2.995)/0.378 = -2.161. Since F = (-2.161) =0.016, it
follows that the p = 0.995 postulate can be rejected at the significant
level (0 =0.05), but not at the highly significant level ( 0.=0.01) accord-
ing to the rules of classical hypothesis testing. Without the evaluation of
the confidence intervals shown above, a purely correlation-based analy-
sis would induce a much stronger “faith” in Eq. (12) than it actually de-
serves. Students are reminded that the widespread practice of considering
only R? values is statistically insufficient.

TABLE 3
Mean Fuel Consumption Rates and Mass of Certain
Vehicles®®*! in Example 5*
(MFCR = mean fuel consumption rate)
Vehicle mass MFCR
Vehicle type x (metric ton) y (liter/100 km)
AMC Concord 1.54 12.93
Chevy Caprice 1.72 13.87
Ford Country Squire Wagon 1.86 15.28
Chevette 1.00 7.76
Toyota Corona 1.18 8.46
Ford Mustang Ghia 1.31 10.82
Mazda GLC 0.91 6.82
AMC Sprint 1.22 8.46
Buick Century 1.54 11.52
VW Rabbit 0.86 7.29
*QOriginal data in Imperial units were converted to SI units by the author

The discussion of significance/confidence levels logically
leads to the concept of the P-value, which may be regarded
as amodern alternative to the ¢ =0.05 and o =0.01 test of
hypothesis scenario of traditional statistics. Among many
sources dealing with this subjects, the textbooks of Doherty,”!
Milton and Arnold,”® Walpole, et al.,””’ and Scheaffer and
McClave® provide a good background. The P-value of a test
of hypothesis is the smallest level of significance (i.e., the
highest level of confidence) at which the null hypothesis
would be rejected due to the numerical value of the test sta-
tistic. Put alternatively, the P-value, known also as the at-
tained significance level,”’ may be regarded as the Type I
error o if the test statistic is considered to be the critical
value (the Type I error is the error committed when the hy-
pothesized value of a true statistical parameter is rejected in
favor of an alternative value). The level of significance would
thus appear “floating,” but Miller, Freund, and Johnson'®! rec-
ommend that a level of sigificance should be specified prior
to the performance of the test. Arnold'"”' argues that the P-
value provides “...a more continuous response to the data...”
than a black-and-white accept/reject decision on the null hy-
pothesis, but on the other hand “...it is difficult to give a theory
of statistics on P-values...” even if they are “...often useful in
applied statistics....” A particularly convincing case for P-
values is made in an earlier book by Huntsberger and
Billingsley.!"!! Example 6 illustrates a typical demonstration
of the P-value concept to students.

Example 6

Applying the P-Value Concept to Decision Concerning Variances

The problem is based on Example 10.16, Section 10.9, of Walpole.!'”
A manufacturer claims that the standard deviation of the lifetime of its
car batteries in 0.9 year. A random sample of ten batteries yields a stan-
dard deviation of 1.2 years. Can it be assumed that the true standard de-
viation is larger than 0.9 year?

The conventional way of treating this problem is to compute the chi-
square variate

2

x> =(N-1)s? /62 =(9)(1.2)* /(0.9)* =16 (15)

TABLE 4
Confidence Intervals of the True Regression Param-
eters in Example 5.
(Degree of Freedom is d.f. = 10-2 = §8)

LL U.L. L.L UL
o t(o/2) fora,, fora,, forb, forb,
0.2 1397 -2.1261 0.3870 7.5882 9.4446
0.1 1.860  -2.5427 0.8035 7.2806 9.7522
0.05 2306  -2.9438 1.2046 6.9843 10.0485
0.01 3355 -3.8874 2.1482 6.2873 10.7455
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and to compare it to the critical value of XZ =16.92 at the significant level

o =0.05 with degree of freedom d.f. = N-1=9. Since 16 is less than 16.92,
the null hypothesis that there is no change in the true standard deviation
of battery lifetime is not rejected.

Now we apply the P-value approach by examining the variation of the
numerical value of chi-square with the level of significance at d.f. = 9.
Plotting the values shown in Table 5,
we find that X2 becomes critical at

TABLE 5 o, =0.065. This is also the P-value. It
Hlustration for follows that the size of the Type I error
Example 6 9 associated with rejecting the null hy-
The Critical X pothesis in favor of the alternative hy-
Versus! o pothesis &> 0.9 is about 6.5%.
Relationship at
d.f.=913 Is this error appreciably larger than
o XZ an error of 5%? The answer depends
e O on the nature of the industrial product.
+ i If the answer is “no” in the case of these
i Y batteries, then rejecting the ¢ =0.9 hy-
0.1 14.68 ) §sgae i
pothesis may be a justifiable decision.
0.05 16.92
0.025 19.02 Going beyond the original problem,
0.01 21.67 assume that in a subsequent test, fif-
teen batteries yield a standard devia-

tion of 1.116 years. Equation (15)
yields X2 = 21.53 and the related P-
value is about 0.014.

Is a 1.4% large Type I error pragmatically different from an error of
1%. Most likely not; so the hypothesis of & =0.9 could be rejected even
at the highly significant level, for practical purposes. It is recognized, of
course, that a traditional statistician would not reject the ¢ = 0.9 hypoth-
esis after the first test, and reject it only at the significant level ( o0 =0.05)
after the second test.

An additional advantage of the P-value concept is in esti-
mating the magnitude of the Type I error when the test statis-
tic is appreciably lower than the critical value associated with
o = (.05, or appreciably higher than the critical value asso-
ciated with o =0.01.

Consider, for example, two equal-sized sets of data with
eight elements in each set from two different populations of
the same species. The individual sample standard deviations
are (.25 and 0.05. The task is to test the null hypothesis that
the two population variances are equal. The ratio of the two
sample variances is an F-distribution variate and the numeri-
cal value is f = (0.25/0.05)*> = 25. The degrees of freedom
being 7 and 7, we find a P-value of about 0.0001 upon some
numerical manipulation.

It follows that, if the null hypothesis is true, the probability
that f > 25 would occur by chance is at most 0.01%; thus
the fact that f = 25 did occur forces us to reject the null
hypothesis.
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Example 7

The Type II Error in Hypothesis Testing: When Does It Matter?

The Type IT error B is the error committed when a null hypothesis is not
rejected, although it is false. It seems to be a more difficult concept for
students than its Type I cousin. The lecture devoted to the Type II error
emphasizes the fact that although this error is just as important in prin-
ciple as the Type I error, its practical importance may be small, if not
negligible, in certain instances. To illustrate this point, consider a catalyst
manufactured by a certain firm with a mean life (before regeneration) of
300 days of continuous operation and standard deviation of 24 days. The
manufacturer claims to have recently developed a new process that makes
this catalyst with a larger mean life, but with a negligible change in the
standard deviation. A test of 70 catalyst samples from the new process is
planned, with an anticipated sample mean x .

Computing the normal variate z = (\/70)(xm—300)/24 =0.3486 x_-104.58,
we can establish for a specified Type I error the value of the Type II error
for specified values of x _ (the size of the Type I error has to be a-priori
specified in order to determine the size of the Type II error for an as-
sumed value of x ). The procedure is described in detail by Problems 7-
26 and 7-27 in Lindley and Scott.""*! Assume that a 0.05 Type I error is
chosen; since F (1.645) = 0.05, z = 1.645 and X, =304.7 days. Thus any
sample mean larger than 304.7 will induce our willingness to accept the
manufacturer’s claim. Now we ask the question, however, “What is the
probability of not rejecting the competitor’s claim with x_=304.7 if the
true new life is a variable?” To obtain the Type II error, we set z = V70
(304.7 - 11)/24 =106.22 - 0.3486 U, then specify various values of the
true mean, compute z, and determine from standardized normal distribu-
tion tables the related values of B . The procedure is summarized in Table
6, which also includes the case where we pre-specify a Type I error of
0.01. If the true mean is well below the x _ value determined by the choice
of the Type I error, it is essentially guaranteed that the old mean will be
considered true, since there is no justification in the claim of a longer-
lasting catalyst. Conversely, if the true mean is considerably higher than
X, it is highly unlikely that the old mean would be retained. The shift
toward higher B values with an increase in o is due to the shift of X%

TABLE 6
Ilustration for Example 7
Variation of Type II Error B with True (new) Mean

True mean Type I error o = 0.01 Type I error o =0.05
W (days) x, =304.7 (days) x, =306.7 (days)
z B : B
280 8.61 1 9.31 1
285 6.87 1 757 1
290 53 1 5.83 1
295 3.38 1 4.08 1
300 1.64 0.9495 2.34 0.9904
305 -0.1 0.4602 0.60 0.7257
310 -1.85 0.0322 -1.15 0.1251
320 -5.33 0 -4.63 0
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toward higher values, indicating that the acceptance of x _ versus {1 >x _
would be more tempting (since Ix_- |1l is smaller, as o increases, for a
set value of [L).

A discipline- and distribution-free argument can be made as follows. Let
the false null hypothesis be that the mean of a random population is 10.00,
whereas the true alternative hypothesis is that the mean is 9.95 (in consis-
tent units). The Type II error could be almost as high as unity, but the
(wrong) acceptance of 10.00 instead of 9.95 may have little importance
(would the mean price of an industrial product costing nine dollars and
ninety-five cents per gallon instead of ten dollars per gallon upset a cus-
tomer wishing to buy only half a gallon?). It would be incorrect, of course,
to draw the conclusion that Type II errors are secondary to Type I errors.
Table V on page 610 of Devore and Peck!"¥ makes this point very clear.

ANALYSIS OF VARIANCE

Time limitations allow only a brief treatment of traditional
one-way classification problems and basic tests of homo-
geneity when at least one of the means is indicated to be
different from the rest, or the sample sizes are unequal.
Duncan’s multiple-range test usually concludes the se-
quence of lectures.

The tutorial period, along with the last homework assign-
ment, provides numerical opportunities for students to famil-
iarize themselves with the structure of ANOVA tables. Use
of statistical computer software (e.g., SAS, Minitab,
Mathematica, Polymath 5, etc.) is accepted only with stu-
dents’ own reasoned evaluation of computer printouts. Their
attention is routinely drawn to the usual futility of eight-digit
decimal “accuracy” of sum of squares, mean squares, param-
eter estimates, standard error of estimates, etc., when physi-
cal measurements might be only one or two decimal accu-
rate. Similar caveats are raised with respect to computer-based
multiple regression analysis, where printouts may be carry-
ing R? values with six-digit decimals. The use of computer
software is encouraged, but the choice (including the use
of statistical calculators) is left to the students’ discre-
tion. A typical example for the handling of regression
analysis is given in the Appendix.

STUDY AIDS

In addition to the textbook chosen for the course, students
are encouraged to consult the wealth of excellent books on
probability and statistics. Beyond the usual statistical tabula-
tions carried by such books, students are introduced (e.g.,
during tutorials) to the well-known Cambridge tables,'* and
mention is made of similar material supplied by Kokoska
and Newison!"®! and Powell.!"' The books by Crow, Davis,
and Maxfield,"” Bruning and Kintz,""® and Freund and Wil-
liams!"”’ may be recommended as references. The gourmet
student can find much delight in the impressive works of
Guenther,” Snedecor and Cochran,?! and Neter, Wasserman,
and Kubner.?? The CRC tables®! are one of the most com-
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prehensive of the kind, but most of its contents are beyond
the scope of the course as well as students’ financial means.
Spiegel’s compendium of problems in probability and statis-
tics,'*! along with brief theory, is a useful and moderately
priced study aid.

STUDENTS’ REACTION TO THE COURSE

In general, difficulties are experienced by many students
in absorbing the plethora of new concepts, and the workload
is considered to be high. This impression is probably due to
the sudden transition from the familiar territory of black-and-
white answers to black-and-white problems to the unfamiliar
(and perhaps strange) domain of chance, odds, inexactitudes,
and the absence of engraved-in-stone solutions.

Tutorials are popular, and instructors’ efforts are well-rec-
ognized (in the student evaluation of the course given in the
Spring 2000 term, 60% of respondents put the value of tuto-
rials in the top two score categories, and the author’s dedica-
tion to the course was rewarded by 88% of the responses in
these score categories).

FINAL REMARKS

In a somewhat iconoclastic monograph, ! Cheremisinoff
advocates an early treatment of confidence limits (Chapter
2), data scatter, and the use of control charts (Chapter 3) when
teaching statistics tuned to practical engineering. Spectral
density analysis, conventionally left to courses dealing with
stochastic processes and signal processing, is also included
(Chapter 4). This is a thought-provoking scheme, especially
for a chemical engineering curriculum, given that employ-
ment opportunities in areas traditionally reserved for other
engineering disciplines may well require chemical engineer-
ing graduates to increase their (limited) knowledge of prob-
ability and statistical methods beyond the conventionally
taught concepts and techniques.

The current trend to compress the treatment of probability
distributions and classical tests of various hypotheses, in fa-
vor of a deeper discussion of regression analysis, design of
experiments, and extended applications of the analysis of
variance is illustrated by the recent texts of Montgomery, et
al.,'” and Kinney."”” This trend reflects an increasing em-
phasis in engineering practice on data handling and its in-
creasing level of sophistication supported by modern com-
puter techniques. The author’s choice of Montgomery’s text
for the Winter 2002, and possibly Spring 2002, term course
is an exploration in this direction, but a somewhat similar
shift in the newest (and heavier) edition of Walpole, et
al.,'” is duly noted.
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APPENDIX

Typical Handling of a Regression Analysis Problem
via Computer Software

Given: six catalysts containing 12, 10, 14, 11, 12, and 9
coded platinum mass units X, The corresponding coded
effectiveness indicators Y are 18, 17, 23, 19, 20, and 15,
respectively. The regression section of Polymath 5 yields
parameter values shown for the simple linear regression y
= a + bx in the tabulation below

Parameter Numerical value
Intersection (a) 1.9130435
Slope (b) 1.4782609
95% confidence for a0 7.9356818
95% confidence for al 0.6933437
Coefficient of determination 0.8975155
RMS (root mean square) of deviations 0.3260064
Error variance 0.9565217

The 95% confidence interval for the true (population) re-
gression parameters can readily be computed as

1.91304 - 7.93568 < @ < 1.91304 + 7.93568,
ie., [-6.02264; +9.84872],

and

1.47826 - 0.69334 < B< 1.47826 + 0.69334,
i.e., [0.78492; + 2.1716]

It is instructive to consider the size of these intervals against
the “comfortably” high correlation coefficient of 0.947!

Other statistical packages will deliver the ANOVA table
shown below, which provides the numerical value of the
F-statistic to test the null hypothesis that Y and X are not
related linearly (i.e., B =0).

Sum of Degree of Mean
Source Squares Freedom Square F
Regression 33.505 1 335051 1351011
Error 3.8279 4 0.957
Total 37.3328 5

The critical values of F (1,4), as shown below, indicate
that the P-value is about 0.0042, hence the hypothesis of
no linear relationship between X and Y can be rejected at
an approximately 99.6% confidence (this is not a surpris-
ing result, sinceab = 1.48 is appreciably larger than zero).

Significance level 0.05 0.01 0.005  0.001
Critical F (1,4) 7oAl 21920 315331 7414

Any hypothesis concerning the true slope (e.g., B = 1.5,
or 1.0, or 2.0) can be tested conveniently by using the T-
distribution, as described routinely in the textbook litera-
ture. (1
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