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SCALING OF

DIFFERENTIAL EQUATIONS
“Analysis of the Fourth Kind”

PauL J. SIDES
Carnegie Mellon University * Pittsburgh, PA 15213

hat does it mean to solve a differential equation?

The answer might be in closed form, or it can be

an infinite series. A numerical simulation might
also provide the answer. The first kind of answer is preferred
but not always available or even possible. The second answer
is useful if the series converges well, but this is not guaranteed
in all cases. The third kind of answer is the least flexible, and
doubt about the exactness of the simulation can remain.

This paper concerns a fourth kind of analysis, where a so-
lution per se is not found, but the student learns about the
dependence of the solution on relevant parameters and/or ob-
tains an order of magnitude estimate of various meaningful
quantities, such as the approximate thickness of a boundary
layer. This answer is the result of natural scaling of the dif-
ferential equation; it provides insight into an equation even
when the solution to the equation or set of equations is un-
known. This process of deducing relationships among the
physical properties and significant dimensions of the problem
accelerates physical understanding of its nature. The answers
from this type of analysis often guide experiments, reducing
their number to a minimum. Finally, the analysis can demon-
strate that effects are important or unimportant.

The goal is to present an approach for arriving at the fourth
kind of answer. The procedure is called “all-natural scaling”
of the equation. There is at least one contribution in the lit-
erature on a similar topic. Hellums and Churchill™V described
a general method for analyzing equations; their method re-
veals cases where similar solutions are found and at least in-
dicates minimum numbers of parameters and variables. Their
approach is formal and aimed more at deducing constraints on
problems than on deducing physically meaningful quantities.

What need does this contribution fill? It is not a scientific
advance, because scaling of equations has been around for a
long time; scaled equations are the standard form in journal
‘publications. For most undergraduates, the limited need for
this understanding and the modest potential for comprehen-
sion of its significance are not compelling arguments for in-
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troducing them to it. Likewise, this contribution is not in-
tended for the experienced analyst who performs these op-
erations subconsciously or has seen them all.

This method is intended primarily for advanced undergradu-
ates or first-year graduate students who find themselves in
classes where the professor conjures dimensionless groups
without arguing their origins. I introduce this technique to
the students in our core graduate math and transport courses;
they seem not to have seen a direct discussion of this process
before. This contribution is intended to fill that gap.

EXAMPLE 1
Viscous Heating and the Brinkman Number

Consider first the classic problem of viscous heating ap-
pearing in Figure 1. A warm viscous liquid flows laminarly
in a pipe and is cooled by contact with the cold wall; the
concern is whether or not viscous heating of the liquid is im-
portant. For simplicity, it is assumed that axial convection of
energy dominates axial conduction, so that the important heat
transfer terms are radial conduction, and viscous dissipation.
The following equation governs convective heat transfer in
laminar pipe flow under these circumstances:
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where T = temperature, T =incoming temperature, T = wall
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temperature, v, = axial velocity in laminar pipe flow, p = den-
sity of the fluid, p = viscosity, e = heat capacity, k = thermal
conductivity, r = radial position, and z = axial position.

Equation 1 is the convective conduction equation for the
laminar flow of fluid in a pipe plus a term describing the
local dissipation of mechani-

choice is not often critical as long as the term chosen is im-
portant in the problem. The first exercise of the Appendix of
this contribution illustrates this point.

The radial conduction term is also important; after all, this
is how the thermal energy escapes the pipe. Thus, the con-
duction term is scaled to O(1) by

cal energy into thermal en-
ergy.”! Before going to the
trouble of solving the equa- T
tion, or looking up the an-
swer, we can use a scaling

equating its coefficient to unity
and solving for the unknown
length scale.

2
5 2<v>Rpc,

analysis to estimate the im-

e 5

portance of the effect. This
example illustrates the pro-
cess of natural scaling and the deduction of the pertinent di-
mensionless group.

circular cross section.

First, we pick all sensible length scales for the independent
variables in the governing equation. R is obvious for radius,
but there is no obvious choice for axial distance. We there-
fore temporarily give the axial length scale a name and de-
duce it during the derivation. This lets the equation exhibit
appropriate relations among the physical properties. Finally,
we define a dimensionless dependent variable preferably so
that its value varies from zero to unity, when its range is
known.

g
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For laminar pipe flow: v, =2<v> (1 - ﬁz)

Substitute these definitions into the equation using the chain
rule for derivatives. The first crucial step is to divide by the
coefficient of an important term in the equation. In this case,
we are exploring the importance of the viscous heating term,
so its coefficient must float. Axial convection of energy is
obviously an important term, so one divides through the equa-
tion by the convective energy transport coefficient

2pc, <V > [T"Z_iTWJ (3)
The result is O
=82
kz, Z[li[gﬁ]}L lop<v>z, %
2pc, <v>R*| & &\"3E)| 2pc,R*(T,-T,)
(4)

Dividing the energy equation by Eq. (3) “scales” the axial
convection term to O(1); it declares axial convection to be
important. The choice of which term to use in scaling the
equation seems arbitrary at first. (Hellums and Churchill,™
for example, use the coefficient of the diffusive term to scale
their Egs. 10-12 but do not comment on the choice.) This
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Figure 1. Laminar flow of a viscous liquid in a pipe of

With the inclusion of this axial
length scale, the overall energy
equation can now be written as

I I

o & el
where
2
_ p<v>
Br= —k(To T Tw) (7)

The analysis yields two results. First, the temperature of the
incoming fluid changes substantially toward the wall tem-
perature over a distance z_ that is calculable from known quan-
tities of the problem. Second, the resulting parameter in Eq.
7, (Br), is a dimensionless group that governs the importance
of viscous heating;? i.e., we can now quickly determine the
significance of viscous heating relative to the ability of the
system to dissipate the irreversible energy released. If the
thermal conductivity is high relative to heating by viscous
dissipation, the latter is unimportant. The effect of viscous
heating is proportional to the viscosity and the square of the
velocity, and inversely proportional to conductivity of the lig-
uid. If 16Br is very small, we can ignore viscous heating— the
usual case; otherwise, we should consult the published work.™

Guidelines B The method used in the previous example
consisted of several steps.

1) Write the governing equation including effects of interest.

2) Make position variables dimensionless with distances over
which the dependent variable assumes the full range of its
possible values. Where there is no obvious appropriate dis-
tance, give it a name and try to deduce it as part of the analy-
sis (remember R and z, ).

3) Nondimensionalize the dependent variables with their full scale
values.

4) Substitute the definitions into the differential equation using the
chain rule for derivatives. Once students do this a couple of
times, they easily write down the substituted form by inspection.

5) Identify a term of known importance and divide the equation
by the coefficient of that term. This forces that term to order
unity importance in the equation and scales the rest of the
equation to that term. The equation becomes dimensionless.

6) Inspect the remaining terms of the equation. Whenever a co-
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efficient contains only one unknown distance or other nor-
malizing quantity and is also a known important term, set the
coefficient to unity and solve for the unknown quantity (i.e., we
knew the conduction in the radial direction was important, so
we found z, with the coefficient of the conduction term.)

7) Collect remaining terms into as few coefficients as possible.
These terms are generally dimensionless ratios that appear
as parameters of the final solution.

These steps should be considered general guidelines. For
the student, it is useful to try scaling the same equations by
the coefficients of various terms to see the effect on the re-
sults. This process develops insight and experience that make
the analysis meaningful. If one plans to solve the complete equa-
tion in closed form, the choice of reference distances does not
matter. If we plan to solve the equation numerically, it can make
a great deal of difference if the equation is properly scaled.

EXAMPLE 2
Natural Convection Near a Vertical Heated Surface

How much can be said about a classic case of natural con-
vection without actually solving the governing equations in
detail? Consider a heated vertical plate immersed in a fluid
of infinite extent as shown in Figure 2. The well-known equa-
tions for the laminar case (GrPr < 10°) are the following:

Continuity

0
T (®)
dy 0z

Motion

ov A (azv 9%v \
z 28 z z T =T 9
p(vy—ay +v, azJ uL 7 5 J+pr( o )

Energy

ar _ ar) .[a%t o°1)
pCp(Vya—y'FVZ $J=kLV+B7J (10)
where v, =y velocity, v, =z velocity, T = temperature, T =
wall temperature, Tc = bulk fluid temperature, = thermal
heat capacity, k = thermal conductivity, g = gravity, B = co-
efficient of expansion, p = density, p = viscosity, y = hori-
zontal position, and z = vertical position.

For completeness, no assumption has been made about the
relative importance of cunduction or convection in the direc-
tion parallel to the wall. The first step is to identify scaling
parameters for the independent variables, in this case y and
z. The scaling distance for z is obviously H; the scaling dis-
tance for y is unclear since the domain is infinite in that di-
rection. Thus, define a distance y_ as the appropriate scale for
y. This distance is essentially a characteristic hydrodynamic
boundary-layer thickness. Then define the dependent vari-
able over its range

VA

y
=— n=s— 0=
H Yo

(11)

234

Likewise, there are no natural reference velocities for the
vertical and horizontal velocities, so give them names as well
(0,=V,/ Vo q’y =Vy /Voy) and define B= pgﬁ(Tw _Tc)-
After inserting them into the momentum equation, we obtain

PVoyVor [ 90, | pve, [, 00, |_
= [q’y ]+ H ["’Z acJ‘

(92, )
uyvgz LB;ncbzz I+ quIgZ { ZZQ%ZJ +BO (12)

The convection of momentum in the direction parallel to the
wall is surely important; scale the equation by dividing
through by that term’s coefficient

HVO)’ % a‘bz —
o [‘”y an ]“"Z 3

vH (a2¢z\+ v fa%pZL BH
Ycz)voz L 3112 J Hv,, L az;z J pv(z)z

At this point, there are two terms that contain only one of the
unknown reference variables—the second and third terms on
the right-hand side. Typically, diffusion of momentum is neg-
ligible compared to convection of momentum in the primary
direction of flow, thus it would not be prudent to base the
definition of the reference velocity in the z-direction on the
coefficient of this term. Furthermore, we know that for natu-
ral convection, the source term for momentum must be O(1)
or the problem does not make sense. Force the coefficient of
this term to unity. We conclude that a reference velocity for
the flow parallel to the vertical wall should be

_ [
T \[7 (14)

Having this definition, we can now define other reference
quantities by forcing the coefficients of other important terms
to unity. The coefficient of the y-directed momentum diffu-
sion terms yields

(HZ_HYM

=5 |

and the differential equation becomes

o (13)

(u?B)
and vy = L;—HJ (15)

w2 (2%, )

90, H3pBL e J+ 0 (16)
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Figure 2. Geometry for natural convection near a heated wall.
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This is as it should be. The typically important boundary-
layer type terms are all of order unity along with the source
term driving them. The axial diffusion of momentum is mul-
tiplied by a coefficient that allows its importance to be as-
sessed. For even very modest temperature differences between
the wall and the bulk fluid, or for large H, this term is small.
The H dependence of this parameter is very strong.

We now insert the definitions obtained into the energy equa-
tion and obtain

20),(, 20)_(1 2% (o%)"(2%)
(%EJ’L[%&)_C]_LH 3112J LH"’BJ Lang (17)

The equation contains two parameters—Pr and a coefficient
multiplying the axial diffusion term. Assuming that the axial
diffusion of energy can be neglected, we find that the Prandtl
number is the sole parameter of the system of Eqs.(8,9)

What happened to the Grashof number? Why does it not
appear in this equation? To see how Gr arises, examine the
flux of heat at the vertical wall, using the derived definitions
to make it dimensionless

a=H(T, ~T,)=

( 2 \1/4
—ka—T ﬂNuZhyozkﬂ :_a_e

), k k| pB n

(18)

n=0

Still no Grashof number appears. Note that the appropriate
scaling distance for heat flux normal to the wall is the hydro-
dynamic boundary-layer thickness y . The Nusselt number,
i.e., the dimensionless flux of heat, remains solely a function
of Pr. The only way that Gr appears in the equation is if we
convert this “all natural” scaling to one based on H as the
length parameter. Then the flux equation becomes

q=h(T, —TC)=—ka—T = Nuy =
dy V=0
( \1/4
Nuy i = _a_e 92_]3 E (19)
“Yo o OMlo\nwH) 1

The coefficient on the far right-hand side is recognizable as
Gr so that the definition of Nu,, becomes

Nuy = _8_6

Gr'/4 (20)
n=0
The dimensionless temperature gradient at the wall is a func-
tion solely of the Pr number, as we found scaling of the sys-

tem of coupled equations and is most often written as

20

= f(Pr)Pr!/4 (21)

A1l

n=0

where f(Pr) is a slowly varying function of Pr. This definition
leads to the tidy form

Nug = f(Pr)(GrPr)"/* (22)
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which is the one commonly encountered.

As in the first example, there are several useful results. First,
we now have estimates of the velocities achieved in the prob-
lem and the boundary layer thickness (Egs. 14, 15). Second,
we show that if axial diffusion of momentum and energy is
small, the solution to the problem is only a function of Pr.
Third, the origin of the Grashof number in this problem is
clearly demonstrated.

CONCLUSIONS

Scaled equations are the standard for most journal publica-
tions, but apart from this standard, the process of scaling dif-
ferential equations is a way to learn about their nature and
build arguments about what terms can be neglected. The
method requires that the student be able to read the equations
at hand; in the examples, the student needs to recognize dif-
fusive and convective terms. We suggest that this perspec-
tive be imparted concurrently with the method where neces-
sary. We hope the method presented here helps advanced
undergraduates and first-year graduate students become ac-
customed to the practice of scaling equations and, most of
all, to understand the origin of dimensionless numbers, the
shorthand of our profession.

APPENDIX: Suggested Further Examples

1) Repeat example 1, but divide through by the conductive term
rather than the convective term; compare the results to Eq. 7.

2) One might object and say that it is strange to force all the
terms to unity in example 2, that this must create an imbal-
ance in the equation. We can check for suitability by inserting
the definitions into the continuity equation. Problems with the
scaling might appear there. Put the given definitions for the
reference quantities into the continuity equation and deduce
its form. Does a problem appear?

3) Consider the classic problem of flow of a free stream that meets
and flows parallel to a flat plate. Include the axial diffusion of
momentum. Deduce a parameter that allows one to estimate
the minimum plate length for which axial diffusion of mo-
mentum can be neglected. Deduce an estimate of the thick-
ness of the hydrodynamic boundary layer for a plate of length
L. A close approximation to the exact answer is 5, VL /v, .
How does your answer compare to this?

4) Write the energy equation for the above example, including
the axial conduction term. Use the reference distances devel-
oped in Prob. 1. Deduce a parameter that allows estimation of
the lengths below which axial conduction must be considered.

5) Instead of using the hydrodynamic boundary layer thickness
in the energy equation, as in the previous problem, define a
new reference length in the direction normal to the plate for
the energy equation. Deduce an estimate of the thermal bound-
ary layer thickness. Show that the ratio of the hydrodynamic

layer thickness to the thermal layer thickness is given by Pr'2.
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