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0 ne of the major objectives of a thermodynamics 
course is to introduce the modeling of vapor-liquid 
equilibrium (VLE). Over the past 25 years, Profes­

sor Kenneth Jolls has developed visual aides to graphically 
demonstrate various thermodynamic functions and phase dia­
grams. According to Dr. Jolls, "One of the problems with 
thermodynamics is that, to many students, it has no solid be­
ginning. It doesn't start with concrete notions."[1J The devel­
opment and implementation of three-dimensional graphics 
facilitate the cognition of important building blocks of chemi­
cal engineering thermodynamics. Its significance is also re­
flected by the fact that P-xy-T phase diagrams are shown on 
the covers of the newest editions of the two popular text­
books on chemical engineering thermodynamics.[2
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There have been various engines used to generate three­
dimensional graphs. In Dr. Jolls's earliest attempts to display 
the steam tables graphically, a simple, locally developed 3-D 
graphing program was used to generate the plots.[1
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that time, he has used more sophisticated software to pro­
duce more complicated plots. For example, he used the graph­
ing package MOVIE.BYU1J to produce the three-dimensional 
surfaces of the Peng-Robinson equation of state (PR EOS). 
Using these drawings, the unstable, metastable, and stable zones 
can easily be illustrated. He has also developed three-dimen­
sional graphs for the ideal and the van der Waals gases as well 
as the Joule-Thomson expansion coefficient.[ll 

Several commercial software packages have been devel­
oped over the years for various computational applications 
in teaching, including the construction of three-dimensional 
diagrams. At the University of Mississippi, Mathcad is intro­
duced early in the chemical engineering curriculum and is 
used as one of the computational tools for courses at differ­
ent levels; it is also selected as the principal computational 
workhorse for courses on thermodynamics. 

Using limited P-x and P-xy data of a benzene/cyclopentane 
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system, this paper demonstrates the construction of three-di­
mensional, P-xy-T, phase envelopes based on two indepen­
dent procedures in Mathcad; both examples have served as 
the templates in our pedagogical process. In the first approach, 
the phase envelope is constructed based on Barker's algo­
rithm along with the Wilson equations and virial EOS for the 
estimations of the activity coefficients and fugacity coeffi­
cients, respectively. In the second approach, the phase dia­
gram is constructed based on the Peng-Robinson equation of 
state along with the one- and two-parameter models of the 
van der Waals mixing rule. Regression of three sets of P-xy 
data at three different temperatures yields the parameters 
in these governing equations. Using these parameters, the 
P-xy-T envelopes were generated and extended to the 
mixture's critical region. 

MODEL DEVELOPMENT AND DISCUSSION 
The experimental data used for the VLE modeling was 

obtained from Hermsen and Prausnitz.[6J The data included 
total pressures and liquid-phase compositions for the ben­
zene/cyclopentane system at three temperatures: 25°C, 
35°C, and 45°C. The component properties were obtained 
from Reid, et alPl 
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Modell 
Barker's Algorithm 

To construct the phase envelope using Barker's algorithm,[sJ the two tem­
perature-dependent parameters in a model for the activity coefficient were 
recovered through regression, a Mathcad solve block (see Table 1). The 
"Given-MinErr" solve block in Table 1 consists of a powerful, built-in re­
gression procedure in Mathcad for recovering parameters. To avoid pos­
sible experimental errors in the vapor-phase compositions, these data are 
not used in the estimation of activity coefficient in Barker's algorithmP•3l 

The term denoted by Psat_prime in Table 1 represents the ratio of the fugac­
ity of the pure liquid of interest to the fugacity coefficient of that compo­
nent in the vapor mixture under equilibrium, or f/ / <l>i. This ratio deter­
mines the partial pressure, y;, through the equation governing the phase 
equilibrium: 

<l>iYiP=yixJl fori=l,2 (1) 

The fugacity of liquid can be related to its properties at its saturation point; 
thus, the ratio mentioned above can also be visualized as the product of the 
saturation pressure, the Poynting factor, and the ratio of the fugacity of the 
pure component of interest at its saturation pressure to the fugacity coeffi­
cient of that component in the vapor mixture. When the second virial coeffi­
cients are used in estimation of the non-idealities, or the fugacities, Psat_prime 
can be expressed as[sJ 

t' _ i sat 1 11 1 J f l [(vl -B )(P- p.sat)- Py2812. 
Pta =~"'Pi exp RT 

TABLE 1 
Given-MinErr Block for Barker's Algorithm 

intial guesses: 
[

A 12] := [800 ] )oule 
A2I l00 mole 

Given 

I]P experimental - (xl•y I( A 12,A21) •Psatl_prime + x2•y 2(A 12 ,A2I) •Psat2_prime ) J•o 

[
A 12] 
A2I 
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:=MinErr (Al2,A2I) 

25°C 

Figure 1. Model Fits. 

Experimental (-) 
Barker's Algorithm (o) 
Peng Robinson (x) 

(2) 

where B.. denotes the second virial coefficient, and 
ll 

812 = 2B12 - B11 - B22 

In this example, the Wilson equation was used 
for the estimation of the activity coefficient, and 
regression yielded the two parameters of Wilson 
equations for the activity coefficients, A 12 (T) and 
A21 (T). After the recoveries of these parameters 
at three temperatures, regression was conducted 
to recover the parameter associated with the expo­
nential dependence of temperature. 

Once the functions of A 12 (T) and A21 (T) were 
generated, the total system pressures at various 
compositions were determined by summing the 
partial pressures. Vapor-phase compositions, y/s, 
were estimated after the total pressures were ob­
tained. The vapor-phase compositions, y/s , are 
used only for comparison after total pressures are 
obtained because the aforementioned activity co­
efficient conforms to the Gibbs-Duhem equation. 
Since the vapor-phase compositions were not known 
initially, the vapor-phase compositions, y/s in Eq. 
(2), were set equal to zero in Psat_prime for the ini­
tial regression for Aii. With a set of coarse estima­
tions of y's in hand, a second round of regression 

J 
was performed using the full version of Psat_prime. [sJ 
The inclusion ofy's only slightly altered the values 

J 
of A and A in this example. Using these new 
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values of A
12 

and A
21

, the refined total pressure 
and vapor phase compositions were calculated. 

Figure 1 presents the comparisons of the experi­
mentally measured and predicted P-xy data from 
both Barker's algorithm and the EOS model. 
Since the number of traces in Mathcad is lim­
ited to sixteen, only two groups of the data at 
25°C and 45°C are shown. 

Figures 2 and 3 (next page) represent the three­
dimensional P-xy-T phase envelopes. The former 
illustrates the phase envelope around the experi­
mental conditions, and the latter illustrates the phase 
envelope extended to the mixture's critical region 
through the temperature dependence of A 12 (T) and 
A21 (T) in the Wilson equation. 

For extrapolation, an expression similar to the 
one in the "Given-MinErr" solve block in Table 1 
was used to calculate the system pressure at vari­
ous temperatures. Once the system pressure was 
known, the vapor phase mole fraction was calcu­
lated in the same manner as above. A surface plot 
graph was then inserted into the Mathcad 
worksheet. Smoother phase envelopes can be con­
structed if more data sets at different temperature 
levels are included. Figures 2 and 3 present results 
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from only three and four sets of P-xy data, respectively. 
Mathcad, unfortunately, does not allow titles to be included 
for the axes of the 3-D graphs. Vertical axes in these figures 
represent pressure in bar, and the two horizontal axes repre­
sent temperature K and mole fraction. 

It is interesting to note that the envelope observed in Fig­
ure 2 becomes much thinner as the temperature is extended 
to the critical region. As the temperature approaches the 
critical temperature for the mixture, the phase diagram 
begins to converge. A three-dimensional figure in Mathcad 
can be rotated to illustrate the features of curvatures by 
dragging the mouse. 

Model2 
Peng-Robinson EOS with 

van der Waals Mixing Rules 

To demonstrate Mathcad's ability to process more compli­
cated algorithms, the same system was modeled with Peng­
Robinson EOS and the van der Waals mixing rules.[9l Both 
the one- and two-parameter models for the van der Waals 
mixing rule were included in the computation. When a cubic 
EOS is used for estimating the properties of both the vapor and 
the liquid, the fugacity coefficient of component i in a liquid 
mixture can be defined in the same manner as that for the vapor 
phase. Therefore, the equation governing the phase equilibrium 
can be expressed as 

<l>iYi =cp)xi fori=l,2 (3) 
where the fugacity coefficients in both phases of the mixture 
were estimated by 

Given 

in command "polyroots." The maximum and minimum roots 
correspond to the vapor and liquid volumes, respectively. 

To find the parameters k. or K. by regression, a "Given-
lJ lJ 

MinnErr" block similar to Table 1 was executed. The equa-
tion below the Given command, however, was replaced by 
minimizing the sum of the differences between the left-hand 
side and right-hand side of Eq. (3). Once the values for kii 
and K;/s were obtained, the system pressure and vapor phase 
compositions were determined by a bubble point calculation 
(see Table 2.) The two equations shown in Table 2 state 
that the sum of the mole fractions must be equal to one. 
They also suggest the efficiency of using vector notations 
for handling data for multiple points in Mathcad. It should 
be mentioned that, since the experimental data concern­
ing the vapor-phase composition are not readily available, 
the outputs from Barker's algorithm were used as experi­
mentally measured data for Y;· 

The fit from the two-parameter PR EOS is presented in 
Figure 1. Calculations for Barker's algorithm took a shorter 
processing time and produced a better fit. The extended 
processing time for the PR EOS was primarily due to the 
bubble point calculation. 

As with Barker's algorithm, it was desirable to use the PR 
EOS to predict the system pressure and vapor-phase compo­
sition near the mixture's critical temperature. To accomplish 
this extension, the values fork. or K's were assumed to be 

lJ lJ 

temperature independent. Vapor-phase compositions were 
estimated using a bubble point calculation. The key to the 
extension was the estimation of the vapor- and liquid-mole 
volumes. In the development of the P-xy diagram, the ex-

(4) 

TABLE2 
Bubble-point Calculation 

Mole fractions, y/s, in the above equation were re­
placed by x/s when the fugacity coefficients of com­
ponent i in the liquid were estimated. Moreover, the 
parameters of the PR EOS for mixtures a and b were 
related to their counterparts for the pure component, 
mole fractions in the phase of interest, and the bi­
nary interaction parameters, kif When the one-param­
eter van der Waals mixing rule is implemented, kii is 
the only adjustable parameter in the model. When 
the two-parameter mixing rule is used, it is expressed 
as[9l 

[ 

• l.(xlexp,x2exp.K 12.K 21 .Pcaic. V liquid) • 2(xlexp.x2exp,K 12.K Zl ,Peale, V liquid). + 
xlexp ' +x2exp · · •l 

• 1 (ylcalc ,y2calc, K 12,K 21 ,Peale, V vapor) • 2(ylca1c ,y2calc, K 12, K 21,Pcalc, V vapor) 

(5) 

and Kii and Kii are adjustable parameters in the model. 

To find the mole volumes of the mixture in the in­
dividual phases, the PR EOS was expanded in vol­
ume and solved for the three roots by using the built-
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-----+ -----+ 
ylcalc y2calc + ========~+=========~1=1 f 1 (xtexp,x.2ex.p, K 12,K 21 ,Pcalc, V liquid) • 2(xlexp,x2exp,K 12,K 21,Pcalc, V liquid; 

• I (ylcalc ,y2calc .K 12,K 21 ,Pcalc, V vapor) ,p(ylcalc ,y2calc ,K 12,K 21 ,Pcalc, V vapor) 

[ 

Peale ] 
ylcalc :=MinErr(PcaJc,ylcalc ,y2calc) 

y2calc 
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Figure 2. Phase envelope developed by 
Barker's algorithm. 

Figure 3. Extended phase envelope developed by Barker's 
algorithm. 
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Figure 4. Phase envelope developed by Peng-Robinson equa­
tion of state and two-parameter van der Waals mixing rule. 
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Figure 5. Extended phase envelope developed by Peng­
Robinson equation of state and two-parameter van der Waals 
mixing rule. 
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perimentally measured pressure was used to calculate the 
vapor and liquid molar volumes. Since the pressure is not 
known as the phase envelope is extended, however, this 
method could not be used. To solve this problem, the vapor 
and liquid volumes were expressed as functions of pressure 
in the worksheet. Therefore, every time the pressure was al­
tered in the iterative process, the vapor and liquid volumes 
were recalculated. The phase envelopes developed from these 
procedures, one for the region where the experimental data 
were collected and the other near the critical region, are shown 
in Figures 4 and 5, respectively. 

The Mathcad worksheets for Barker's algorithm and those 
for the PR EOS discussed above have been used in our ther­
modynamics classes. Recoveries of parameters at various 
temperatures are split into several files for convenience 
and speedy results. They have been posted on the web 
under the index "Mathcad Programs for Thermodynam­
ics" at <www.olemiss. edu/-cmchengsl> 

CONCLUSIONS 

Vapor-liquid equilibrium data were modeled in Mathcad 
using both Barker's algorithm and the Peng-Robinson cubic 
equation of state model. Using the experimental data at three 
temperatures, Mathcad was capable of calculating the neces­
sary parameters for each of the two models. Once the param­
eters were determined, Mathcad was used to predict the sys­
tem pressure and the vapor- and liquid-phase compositions. 
Both models yielded reasonable fits with the experimental 
data. The three-dimensional P-xy-T phase diagrams were then 
extended to the mixture's critical region. The data reduction 
procedures described herein are representative for students 
who are learning VLE for the first time; moreover, the three­
dimensional phase envelopes give students concrete notions 
concerning the phase behaviors. 
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