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cal vapor deposition (CVD), nanostructured coat-

ings processing, population balance, transdermal
drug delivery, or film growth are normally represented by
partial differential equations (PDEs). They have important
industrial applications, but controlling them presents theo-
retical and practical challenges.™ One of the methods em-
ployed to control first- and second-order systems uses an exact
reduction of a distributed parameter system to a lumped one.™
The theory of lumped parameter systems can then be used to
design a controller that meets user specifications and desired
quality objectives. Laplace transform is a common technique
used to derive the lumped parameter system. Although the
conversion is straightforward, the inversion of the resulting
Laplace transform equation is usually not trivial.

D istributed parameter systems (DPS) such as chemi-

This paper shows that certain materials covered in math-
ematical modeling and process control courses are good start-
ing points for designing controllers for these systems. The
work is divided into

* Section 1, dealing with the solution of a one-dimen-
sional rod in the Laplace domain

* Section 2, using the residue theorem to invert the
Laplace transform

* Section 3, dealing with the design of a PI controller for
set-point tracking

* Section 4, includes experiences in teaching courses in
mathematical methods and chemical process control

SOLUTION OF THE
ONE-DIMENSIONAL ROD PROBLEM

Consider a one-dimensional rod (see Figure 1). The bound-
ary conditions are such that heat from a steam chest is added
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to the system at z = 0, while the other end, z = 1, is perfectly
insulated.” The variables are

x(z,t)=T—-Ty 1
u(t) =Ty —Tyq (2)
where T and T_ are the temperature of the rod and steam

chest, respectively. Variables x and u represent deviations from
the set-point values T and T_ . The model equation is

ox(z,t) _ BZX(Z, t)

3
i =2 (3)
The boundary conditions are
X _px-w)  2=0 (4)
dz
and
Ix
—=0 =1 5
= z (%)
The initial condition is
x(z,0)=0 (6)

To solve Eqgs. (3) to (6), we first take Laplace transforms with
respect to time:

d’x
dz?

sX(z.8)—x(z,0)=

(7)
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dx

E: (X—U) z=0 (8)
ax _
dz

Using the initial condition, Eq. (7) becomes

0 z=1 %)

R(s,4) = ‘i’j (10)
In operator form
(s-p*)x=0 (11)
The characteristic equation is
s—12=0 (12)
with roots
r=+4s (13)
The general solution is
X= ale_(ﬁ)z + aze+(£)z (14)
in terms of exponential function, or
X=¢ sinh(z«/;) +cy cosh(zx/g) (15)

in terms of hyperbolic function.
Using the boundary condition, Eq. (8), one obtains

dx

dz

= clq/gcosh(O) + 021/§Sinh(0) =

z=0

B[c; sinh(0) + ¢, cosh(0) — U(s)| (16)
or

c14fs = Bley — U(s)] (17)

Furthermore, the boundary condition given by Eq. (9) yields

dX ;
EZZI =¢; cosh(\/g) +cy smh(w/g) =0 (18)
or
cp+cy tanh(\/g) =0 (19)
Solving Eqs. (17) and (19) results in
~ —BU(s) tanh(wfg) e BU(s) 20)

=\
! B+ s tanh(\/; )
Therefore, Eq. (15) becomes

2 B+1/§tanh(\/§)

Steam chest
T

w

Figure 1. A one-dimensional rod heated by a steam chest
of temperature T, The temperature of the rod at
position z and time t is denoted by T(z,t).
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_BUG)anh() BUG)
X(s,z)= mﬁt—mh(\ﬁ)smh(zﬁ) + mﬁt—mll(JE)COSh(ZJ;)
(21)
or
X(s,z) B

U(s) = b JE tanh(\lg) [— tanh(\/;) sinh(zwl;) + cosh(zw/;)]

(22)

Since thermal energy is continually transferred from the up-
per end of the metal rod to the lower end, it is of particular
interest to study the temperature profile at the lower end of
the rod and the time it takes this temperature to settle down
to equilibrium.

Atz =1, Eq. (22) becomes

X(s,1) B )
) = Be J;tanh(\lg) [— tanh(\/g) smh(w/;) + cosh(ﬁ)] (23)
Recall that
cosh? (Z)—sinh2 (z)=1 (24)

s0 Eq. (23) can also be written as

Xy Brech(df)
U(s) B+\/§tanh(\/§)

INVERSION OF THE LAPLACE TRANSFORM

In principle, control design for lumped parameter linear
systems can be used to analyze Eq. (25), but the analysis is
not trivial since the zeros and poles are not easily obtainable.
We seek an expression of the form

G(s) = M = & (26)
Uls)  QGs)
where P and Q are polynomials in s and Q(s) is of higher
degree than P(s).”!
The inverse transform of G(s) is given by

L_I{G(s)} = i Re s[F(s)eSt, sk] (27)
k=1

where the sum is taken over all the residues of the complex
function F(s)e*. The function

Pi(t) = Res[F(s)e™,5y | (28)

is the residue of F(s) at the singularities (poles) s, . Its value is
given by

P

ol = L) o
Q(si)

where Q’(s,) is the value of dQ/ds evaluated at the singular

points of interest.*

(29)
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The quantity P(s, )/Q’(s,) can be written as

P
,(Sk) =Tim P(S) = lim (S . Sk)P—S (30)
Q'(sk) Qs)- Qlsy) | s> Q(s)
S— Sk
When s, is a multiple pole of order m of F(s), then
se(t) 2 gL
pk(t):ek A1+tA2+EA3+...+(m_1)!Am (31)
or
11l i-1
— Slt) ot
pk(t) =e’k Zf Al (1 . 1)' (32)
where
. 1 gl .
Ai . Sl_)]IIslk (m . 1)| dsm—i [(S - Sk) F(S)] (33)
Recall that
d n —bt a
Li—t = 34
{n! ) } (5+ by (34

G(s) can now be written as a ratio of polynomials. In the
discussion that follows, we will first show that for a step
change in the amount of heat added to the steam chest, the
temperature at z = 1 follows a time trajectory before settling
to a steady-state value. The amount of heat is usually deter-
mined from steady-state analysis, which is very common in
chemical engineering. This is the case of most controlled
membrane devices in which a specified drug concentration
in the donor cell is used in order to reach a required steady-
state concentration in the receiver cell.

This work shows that it is possible to change the heat from
the steam chest in order for the temperature at z = 1 to reach
the desired value in a predetermined manner. In other words,
both the system performance and the final value can be set a
priori. A standard PI controller can be used for this purpose.

With B=1. Eq. (25) becomes

X(s,l) N sech (\/;)
U(S) - 1+ \/gtanh(\/;)

The identification of P(s) and Q(s) is not difficult in the case
of polynomials. For expressions involving transcendental
functions, one has to make certain that the numerator does
not involve a singularity. Since the hyperbolic secant func-
tion does not have a singularity, the denominator is repre-
sented by

(35)

Q(s) = 1++5 tanh(+s (36)

The first four poles are s, = -0.7402, s, = -11.7349, s, =
-41.4388, and s, = -90.80821. The function “FindRoot” in
Mathematica® was used to compute these roots. Figure 2
shows a plot of Q as a function of s. Although an infinite
number of poles are obtained, it is customary to use the first
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two poles since they dominate the system response. Four poles
are taken in this work for increased accuracy.

By taking the derivative of the denominator, Q’(s), one
obtains

tanh(\/; )
Vs

From Eqgs. (27) and (29), the inverse Laplace transform is

P(Sl) st P(SZ) s,t P(S3) S5t P(S4) syt
Q6T Q6" Q6 Q6
(38)

Q'(s)= % sech? (\/E) + (37)

LHG(s))=

L{G(s)}=0.8284 07402t _1 7801 117341 4

1.93086 4388t _{ gg76o-90-8082t (39)
G(s) is then

G(s)— 0.8284 _ 1.7801 a 1.9308 _ 1.9676
s+0.7402 s+11.7349 s+41.4388 s+90.8082

(40)
or

X(s,1)  —0.988583s° —24.1254s% —1300.31s+32435.1
U(s)  s*+144.7225> +5421.465° + 48092.0s+32684.7

(41)

CONTROLLER DESIGN

In practice, the size A of the step change in U(s) (the stecam
chest temperature) necessary to get a desired value for X(s, 1)
(the temperature at the end of the rod) is usually known from
steady-state analysis or experiments. Therefore, X(s,1) then
becomes

X(s.1)= —0.988583s> —24.1254s% —1300.31s+32435.1 A
T s 1144.72057 +5421.465% + 48092.0s+32684.7

(42)

An important concept in process analysis and control is the
steady-state gain defined as the ratio of steady-state changes

Q)

i 100 -

Figure 2. Characteristic equation Q as a function of
poles s. The poles are in the range (-100, 100).

Chemical Engineering Education



in the process output to sustained changes in process input.
Using the property
lim x(t,1) = lim [sX(s.1)] (43)

t—oo s—0

Eq. (42) becomes

lim[sX(s.1)] = SUILA _ 9904 A (44)

s—0 32684.7
The process steady-state gain is 0.9924, which means that
each degree increase or decrease in u(t) will correspond to a
change in x(t) of size 0.9924. To graph the response, one can
invert Eq. (42) to get

x(t,1)=
A[0.9924+0.02167 exp(~90.8082t)—0.04659 exp(—41.4388t)+
0.1517 exp(~11.73490)~1.119Texp(-0.7402¢)]  (45)

2

1.8F

16+

14r

0.6

0.4r

02+

0 1 2 3 4 5 6 7 8 9 10
is]

Figure 3. Response x(t,1) as a result of an input step in-
crease of size 2. This plot is generated using the “step” func-
tion in Matlab. The manipulated input variableis T .

Xs)

__ 5 E(s) Gy(s) '&LG"(S) Jﬁ'fp(s)

lsp(S)

R

Figure 4. Block diagram of a general feedback control loop.
The transfer functions G (s), G (s), G (s), G [s), and G[s)
represent the dynamics of the controller, actuator, process,
disturbance, and sensor, respectively. The inputs D(s), E(s),
and Ysp(s) (in the Laplace domain) are the disturbance, er-
ror, and setpoint, respectively. The output of the system is
denoted by Y(s).
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For example, if we use an A-value of 2 (step change size),
the response x(t,1) is as shown in Figure 3. This plot is ob-
tained by using the “step” function in Matlab. It is widely
accepted that the response reaches its final value when it is
within £5% of its final value and remains constant.” The final
value is 1.9847. By setting x(t,1) to 95% of the final value
(1.8855), Eq. (45) is solved to give a time t = 4.2097 seconds,
which is the time it takes the system to reach steady state.

The performance of the system can be improved by pole
placement (also called direct synthesis). The main idea of
pole placement is to design a controller such that the system
has closed-loop poles at desired locations. In this work, only
the methodology and the final results are outlined. Further
details and derivations can be found in the literature.5”

Consider the block diagram of a general feedback control
loop (seen in Figure 4)." The transfer functions G (s), G (s),
Gp(s), G (s), and G (s) represent the dynamics of the control-
ler, actuator, process, disturbance, and sensor, respectively.
G, represents how the sensor responds to a change in the tem-
perature. In our example, Y(s) stands for the temperature at z
= 1, which is measured by a thermocouple (Gs). The mea-
sured variable is then compared with the desired value Y,
yielding an error Y-Y  (see Figure 4). This deviation is sent
to a controller G (s). The output of the controller (which is
the temperature of the steam chest) goes to an actuator or
final control element (i.e., a steam valve) that regulates the
temperature of the chest. Assuming no disturbance to the pro-
cess (D(s) = 0), it can be shown that the closed-loop transfer
function for set-point tracking is given by

Ve G(6.6)6.0)
Sy G0, 00000 Y

This equation relates the process output to the set point. The
equation

Go(5)Gp (5)G, (5)G, (5)+1=0 (47)

is called the characteristic equation of the feedback loop. the
roots of this equation are the poles of the feedback process.
Consequently, they determine the response of the process.
For our example, assuming G (s) = G (s) = 1, we obtain

Ga (S): G(j(ps()s(zjf(cs()s-?-l (48)
Solving for G (s),
G, (5=l (49)

Gp[1-Gy(s)]

The pole-placement problem consists of placing the closed-
loop poles at desired locations to meet performance specifi-
cations. A general controller can then be derived using this
procedure. Based on issues related to pole-zero cancellations,
however, and the fact that PID controllers are more avail-
able, we will derive a PI controller. The first step in the pro-
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cedure is to approximate the plant as a first-order system with
dead time

—0_s
er

50
T, s+1 ( )

Gpl (S) =
where G [(8) is the transfer function of the first-order system.
The gam Kp (Ay/Au) is the steady-state process gain. The
quantity 8, is the time delay and 7, is the time constant. A
reasonable choice for G (s) is™

—9 s

Gcl( ) (51)

such that the closed-loop transfer function also contains a
time delay. The time constant determines the dynamic path
of the process as it approaches the new steady state. The pa-
rameters 0, and t_ are pre-specified design parameters. The
condition 8,—-8,=0 must hold since the controller cannot
respond to a set-point change in less than 8, time units.”
From Eq. (49)

Tos+1

—0.s
e
T.s+1
G (s)= re) sc . (52)
er P 1_e 8
T+l TS8+1
or
Tps+1
G (s)=—r———— (53)

K, (Tcs +1- e_e°s)

with 6,=8,. Using a first-order Taylor series expansion,

of the steam chest with these design parameters using a Pl
control. By using Eq. (56), one obtains t; = 1.3790 sec in
both cases. The controller gains (Kc¢) are 1.6220 and 2.2166
for time constants of 0.6895 and 0.4597sec respectively. Fig-
ure 6 shows the implementation of the controller using
Simulink. Two loops are shown with the same plant transfer
functions. The first loop is the closed-loop response with the
PI controller, the second one is an open-loop. Both responses
are recorded in block “scope.” Figure 7 compares the open-
and closed-loop responses. From the figure, the performance
of the system is greatly improved. Figure 7 shows the system
responses to an input step change of size two.

Using a discrete form for the transfer functions, one can
easily implement the controller at desired sampling intervals.
The Matlab function “c2d” converts the continuous system
to a discrete-time system with specified sample time. The
velocity form of the PI controller can then be used.[ The end

08r

0.8 Plant Gp

------------ FOTD plant Gpt

07}
osf
zi 05}

04}
03}

02+

0.1F

0 1 2 3 4 5 6 7 8

tis]

Figure 5. Comparison of the true (solid line) and approxi-
mated (dashed line) plant dynamics. The approximated
plant is represented by a first-order plus delay (FOTD)
model.

8105 (54)
Equation (53) becomes
G.(o)= Tl Tt T (HL]
Kp(tes+0,5) Kyt +0,)s Kyt +6, ) Tps
(55)
which is the form of the PI controller with
K L (56)
eE 7 - N T :Tp
Kp(rc +6p)

where K_is the controller gain and 1, is the reset
time.

The original plant can now be approximated by
0.9924¢0-1672s
Gpi(8)=———o—

1.379s+1

Set Point

(57)

simout

ToWark
. | -0.98858353-24.12648-1300.315+32435.1 SieEs

Ik
&4 +144.722S +5421.46¢ +48092.0s+32684.
Plant Gp

e c

Pl Controller

A -0.98858383-24.1254¢ -1300.315+32435. 1

Figure 5 shows that Eq. (56) is a very good model
of the plant dynamics.

4+144.7223 +5421.468 +48092.05+32684.7
Plant Gp1

Assuming that one wants to reduce the time
constant by a half and one third (in this case
1.=1.379/2=0.6895sec and t./3=0.45970sec,
respectively), let us study how the system re-
sponds to a unit step change in the temperature
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Figure 6. Diagram of the PI controller using Simulink. The step change is
implemented by the block “Setpoint.” The loop G, is the closed-loop re-
sponse with the PI controller, GP is part of the open-loop configuration.
Both responses are monitored in block “scope.” The block “simout” al-
lows the closed and open-loop responses to be saved in the workspace.
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result is that at sampling time, a process operator can manu-
ally calculate the controller output using a hand calculator.
Since a PI controller is relatively inexpensive, however, and
in view of the increased performance of the system, it is ad-
vantageous to use one in line with the systems and in com-
puting the best adjustable parameters computed off-line. It
should be noted that a PI controller could be tuned with much
less effort using classical tuning approaches such as field tun-
ing, Cohen and Coon, and Ziegler-Nichols tuning methods.”
7 Pole placement, however, can be used to develop a general
controller (which may not have a PID or PI structure) de-
signed to meet preset performance criteria.

TEACHING MATHEMATICAL METHODS,
DYNAMICS, AND CONTROL

First-year chemical engineering graduate students at NJIT

-~ with Pl control, ¢ = /2 |
—— with P control, A 1;p/3

without Pl control

5 6 7 8 9 10
tls]

Figure 7. Closed-loop and open-loop response (—) for a
simulation time of 10 seconds. The time constants were
reduced by a half (---) and one third (-*-). A unit step change
was used.

P i e w?th Pl control, T /2 ‘
P z‘ —— with Pl control, TS 1pl3 |
/ . —-= without Pl control !
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=k

0.2

/
7
/
/
/
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1

2 3 4 5 6 7 8 9 10
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Figure 8. Closed-loop and open-loop response (—) for a
simulation time of 10 seconds. The time constants were
reduced by a half (---) and one third (-*-). A step change of
size 2 was used.
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take a 3-credit class in “Applied Mathematical Methods™ in
chemical engineering practice (see textbook!™), They are also
exposed to an undergraduate 4-credit course that deals with
process dynamics and control. A course in the control of dis-
tributed parameter systems has not yet been offered in the
department, but the potential is being explored through col-
laborative efforts among faculty members, mini-projects with
industrial applications, and extensive research. Such prob-
lems are also ideal for independent studies.

Undergraduate chemical engineering students at NJIT re-
act positively to the process dynamics and control of lumped
parameter systems. With time, they understand Laplace trans-
forms and have no difficulty analyzing dynamic behavior of
feedback-controlled processes. The inversion of Laplace
transforms is, usually, the most challenging part. Solving prob-
lems in class and completing homework assignments help
considerably. These students are also encouraged to use math-
ematical software to plot, find roots, and take derivatives of
special functions (e.g., Mathematica, Matlab).

The students are given examples of industrial chemical
processes in which they use their fundamental knowledge in
mathematics to analyze the system open-loop and closed-loop
dynamics. While using the techniques learned in class (transfer
functions, closed-pole analysis, controller tuning) to solve
practical chemical engineering problems, two things become
apparent to them: first, the skills that they are learning are rel-
evant and in demand; second, that they are imbued with knowl-
edge and insight to solve these problems. The students respond
very well to this approach, and some have even become inter-
ested in doing research in control of drug delivery systems.

CONCLUSION

A one-dimensional perfectly insulated rod was solved in
the Laplace domain with given boundary conditions. The
solution in Laplace domain was inverted to the time domain
using the residue theorem. The temperature profile (at the
right end z = 1) was approximated as a first-order system
with a time delay of 0.167 sec and a time constant of 1.379
sec. A proportional-integral (PI) controller was then used to
decrease the time constant of the process by 50 and 33%.
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