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Abstract

In nonmonotonic reasoning, a conditional of the form ‘If A
then usually B’ is typically accepted if a situation where both
A and B hold is deemed to be more plausible, more probable,
or less surprising, etc., than a situation where A holds, but B
does not hold. In a propositional setting, this leads to a rela-
tion on the propositional interpretations, also called worlds,
by comparing worlds according to their plausibility. In this
paper, we address the question of which kind of relations on
the set of worlds can be obtained by completing a conditional
belief base via an inductive inference operator. As a key con-
cept for our investigations, we introduce and employ the no-
tion of observational equivalence of belief bases that takes
an inductive inference operator and a set of queries into ac-
count. This leads to the notion of the observational normal
form (ONF) and, by focussing on so-called base conditionals,
to the base conditional normal form (BCNF). The acceptance
of base conditionals corresponds to the plausibility ordering
on possible worlds induced by an inference method. Both nor-
mal forms ONF and BCNF are combined with renamings as
an additional dimension. We establish the interrelationships
among the normal forms and evaluate them empirically with
respect to systematically generated belief bases.

1 Introduction

Normal forms of syntactic representations occur in many
areas of computer science. Benefits of normal forms can
include, e.g., more succinct or standardized representa-
tions, simpler comparisons, avoidence of redundencies, and
more efficient processing algorithms. While recently, normal
forms of conditional belief bases, containing conditionals of
the form “If A then usually B”, have gained some atten-
tion (e.g. (Beierle 2019; Beierle and Kutsch 2019a; 2019b;
Beierle and Haldimann 2020a; 2020b; Beierle, Haldimann,
and Kutsch 2021)), the main focus of research in conditional
belief bases has been on different semantics (e.g., Lewis’
system of spheres (Lewis 1973), conditional objects evalu-
ated using boolean intervals (Dubois and Prade 1994), pos-
sibility distributions (Benferhat, Dubois, and Prade 1999),
or ranking functions (Spohn 1988; 2012)) and on general in-
ference properties (e.g. (Adams 1965; Kraus, Lehmann, and
Magidor 1990; Lehmann and Magidor 1992)).
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Important properties of normal forms like providing,
possibly unique, representations for all relevant consid-
ered items, rely on both syntactic and semantic aspects.
In (Beierle and Haldimann 2022a), normal forms of belief
bases are introduced from the viewpoint obtained by re-
specting inference methods satisfying corresponding prop-
erties expressed by postulates put forward for nonmono-
tonic reasoning. In this paper, we extend this line of research
by introducing the new notion of observational equivalence
of conditional belief bases. In contrast to inferential equiv-
alence, requiring that the complete inference relations in-
duced by two belief bases A; and A, coincide, observa-
tional equivalence takes a set () of queries into account.
If Ay answers the queries in @ precisely as Ay, then A
and A, are observationally equivalent. Use cases of such
a scenario are situations where one is interested in the re-
sponse behaviour with respect to only a subset of all pos-
sible queries, for instance in the framework of intentional
forgetting when abstracting from details or when focussing
on particular aspects, see e.g. (Eiter and Kern-Isberner 2019;
Beierle et al. 2019). Observational equivalence that besides
@ also depends on the considered inference method, leads
to the observational equivalence normal form (ONF) and
we show that for each A there is a corresponding, uniquely
determined normal form.

A specific instance of observational equivalence, called
base conditional normal form (BCNF), characterizes pre-
cisely the situation where A; and A, agree on the relative
plausibility of all possible worlds, i.e., A; considers a world
w strictly more plausible than a world w’ if and only if Ay
does so. Employment of the BCNF enables one to determine
the strict partial orders on possible worlds that can be real-
ized. Our empirical evaluations show, for instance, that with
p-entailment it is possible to realize all 219 strict partial or-
ders on the four worlds over a two-element signature, while
for several other established inference methods, only a sub-
set of these partial orders can be achieved. As an additional
dimension, we study the effect of signature variable renam-
ings, both of belief bases and of queries on observational
equivalence and on the normal forms ONF and BCNF.

In summary, the main contributions of this paper are:

* observational equivalence of conditional belief bases with
respect to an inductive inference operator and a set of
queries,



¢ induced normal forms observational normal form (ONF)
and base conditional normal form (BCNF),

* orthogonal combination with renamings of belief bases
and of queries,

 empirical evaluations over systematically generated belief
bases.

In Section 2 we present basics of conditional logic, and Sec-
tion 3 recalls the required background of inductive inference
operators and inferential equivalence. Section 4 introduces
observational equivalence and ONF, Section 5 introduces
base conditional equivalence and BCNF, and Section 6 in-
troduces renamings on observations, while Section 7 con-
cludes.

2 Background: Conditional Logic

Let £L(X), or just £, be the propositional language over a
finite signature . We call a signature 3 with a linear or-
dering < an ordered signature and denote it by (X, <). For
A, B € L, we write AB for A A B and A for —A. We iden-
tify the set of all complete conjunctions over X with the set
Q of possible worlds over £. Forw € Qand A€ L,w = A
means that A holds in w. The set of worlds satisfying A is
Q4 = {w | w = A}. Two formulas A, B are equivalent,
denoted as A = B, if Q4 = Qp.

We define the set (£ | £) = {(BJA) | A,B € L} of
conditionals over L. The intuition of a conditional (B|A)
is that if A holds then usually B holds, too. As seman-
tics for conditionals, we use functions x : Q — N such
that k(w) = 0 for at least one w € (, called ordinal
conditional functions (OCF), introduced (in a more general
form) by Spohn (1988). They express degrees of plausibil-
ity where a lower degree denotes “less surprising”. Each «
uniquely extends to a function x : £ — N U {oco} with
k(A) = min{x(w) | w | A} where min() = co. An
OCF & accepts a conditional (B|A), written k |= (B|A), if
k(AB) < k(AB). A conditional (B|A) is trivial if it is self-
fulfilling (A |= B) or contradictory (A |= B). We say that
(B|A) and (B’|A’) are conditionally equivalent, denoted by
(B|A) = (B'|A"),if A= A" and AB = A'B’. A finite
set A C (L|L) is a belief base. An OCF k accepts A if x
accepts all conditionals in A, and A is consistent if an OCF
accepting A exists.

For orderings like < or < the strict variants are denoted
by < or <, respectively, i.e., a < biffa < band b £ a.

3 Inductive Inference, Normal Form
Conditionals, and Inferential Equivalence

An inference relation  C L x L is a binary relation
on formulas capturing (nonmonotonic) inferences: A |~ B
iff B can be inferred from A. The concept of an induc-
tive inference operator formalizes how an inference relation
k- C L x L is obtained by inductive completion of a given
belief base.

Definition 1 (inductive inference operator (Kern-Isberner,
Beierle, and Brewka 2020)). An inductive inference oper-
ator is a mapping C: A — |, that maps a belief base

to an inference relation such that direct inference (DI) and
trivial vacuity (TV) are fulfilled:

) if (B|A) € A then Arop B
(TV) if A =0 and A~\ B then A |= B

If no confusion arises, we will often simply use |~ to
denote the inductive inference operator mapping A to pox.
Examples of inductive inference operators are:

p-entailment " (Goldszmidt and Pearl 1996) considers
all ranking models and coincides with system P-inference
(Lehmann and Magidor 1992; Dubois and Prade 1994).

system Z ~* (Goldszmidt and Pearl 1996) uses the inclu-
sion maximal tolerance partition of A and it coincides
with rational closure (Lehmann and Magidor 1992).

c-inference kvc (Beierle et al. 2018; 2021) considers all c-
representations (Kern-Isberner 2001; 2004).

system W }ww (Komo and Beierle 2020; 2022) captures
both c-inference and system Z and thus rational closure.

In the following, we formalize some properties an induc-
tive inference operator can have: (AND) and right weaken-
ing (RW) from system P, self-fulfilling (SF), semi-monotony
(SM) (Reiter 1980; Goldszmidt and Pearl 1996), syntax in-
dependence (SI), and conditional equivalence (CE).

(AND) A Band ApCimply A BAC

(RW) BE=Cand A Bimply A C

(SF) A |= Bimplies ta¢(pjay = Ma

(SM) A C A’ and Ay Bimply Ay, B

(SI) A=A’ and B=B' imply %AU{(BM)} = Maui(B/1a}
(CE) (B|A)=ce(B'|A") imp. tpiq(p1ayy = Maugsrany

For comparing belief bases, an important criterion is
whether they induce the same entailments. In a nonmono-
tonic setting, this obviously depends on the inductive infer-
ence operator inducing the entailments.

Definition 2 (=, inferentially equivalent with respect
to |~ (Beierle and Haldimann 2022a)). Two belief bases
A, A’ are inferentially equivalent with respect to |,
denoted by A =, A’ if, for all formulas A,B,
A A B holds if and only if A A, B.

A desirable property for a normal form <NF> is that it
also covers all sets of entailments that can be obtained from
a belief base not in <NF>. In the following, we will use
A(<NF>) to denote the set of all belief bases in <NF>.

Definition 3 ( r-complete (Beierle and Haldimann 2022a)).
IR C LxLisa ~-relation if there is a consistent belief base
A with pon = IR. A set S of belief bases is -complete if
for every (~-relation IR there is A € S with vy = IR.
A normal form <NF> is p~-complete if A(<NF>) is |-
complete.

All semantic approaches for conditionals cited above have
in common that they are ignorant with respect to the syntax
of formulas. Moreover, ", %, |, and "are ignorant
with respect to self-fulfilling conditionals; furthermore, they



treat two conditionals having the same verification and the
same falsification behaviour identically.

While the set of syntactically different conditionals and
also the set of different belief bases over X is infinite be-
cause £ = L(X) is infinite, we can abstract from the syntac-
tic variants of the underlying propositional language £ and
represent each formula A € £ uniquely by its set 24 of
satisfying worlds. This allows us to simplify the represen-
tation of conditionals by using only normal form condition-
als. In the following proposition, the two conditions B ; A
and B # () ensure both the falsifiability and the verifiability
of a conditional (B|A), thereby excluding any trivial condi-
tional.

Proposition 1 (NFC(X) (Beierle and Kutsch 2019b)). For
NFC(X) = {(B|A) | AC Qx, BG A, B # 0}, the set
of normal form conditionals over %, the following holds: (i)
NFC(X) does not contain any trivial conditional. (ii) For
every nontrivial conditional over X there is a conditionally
equivalent conditional in NFC(X). (iii) All conditionals in
NFC(X) are pairwise not conditionally equivalent.

Example 1. Representing each conditonal in Ry =
{(@|b), (bla Vv b), (@ V bla Vv b)} by its conditionally equiva-
lent normal form conditional yields Ry = {({ab}|{ab,ab}),
({ab,ab}|{ab,ab,ab}), ({ab,ab}|{ab, ab,ab})}.

Using only NF'C(X)-conditionals yields the CNF normal
form, and for each A, there is a uniquely determined CNF.

Definition 4 (CNF, CNF(A) (Beierle and Haldimann
2022a)). A belief base A over ¥ is in conditional normal
form (CNF) if A C NFC(X). For each consistent be-
lief base A over %, its CNF representation is CNF(A) =
{(@a5124) | (BIA) € A} N NFC(Z).

Normal form conditionals are sufficient to represent every

p--relation induced by an inductive inference operator p
obeying (SF) and (CE).

Proposition 2 ((Beierle and Haldimann 2022a)). CNF is |~-
complete if |~ satisfies (SF) and (CE).

Note that Proposition 2 covers all inductive inference op-
erators discussed above, in particular, it covers kvp R kvz,

k¢ and .

4 Observational Equivalence and
Observational Normal Form

When comparing two belief bases A; and As, inferential
equivalence =, with respect to an inductive inference oper-
ator (Definition 2) takes the full induced inference relations
into account. However, in certain situations one may not be
interested in the complete inference relations -, obtained
from A; via p~, but only whether Ay and A, agree or dis-
agree on a particular set of queries. For as much flexibil-
ity as possible, we consider conditionals as queries. Note
that choosing conditionals here is more general than using
propositional formulas because A € L can be represented
by (A|T).

Definition 5 (observational equivalence, EE). Let |~ be an
inductive inference operator and let Q C NFC(X) be a set

of conditionals, called queries. Two belief bases A, A" over
Y are observationally equivalent with respect to |~ and @,
denoted by A = A, if, for all (B|A) € Q, it holds that
A aBifand only if Ap 5, B.

For instance, one might be interested in the question
whether A; and A, agree on all questions of the form
whether a world w is considered strictly more plausible than
a world w’. Questions of this form can be modelled by so-
called base conditionals.

Definition 6. The set of base conditionals over a signature
Y is given by:

BC(S) = {(B|A) € NFC(S) | |A| = 2and |B| = 1}

Acceptance of the base conditional (w|w Vw’) by a model
of A corresponds to w being considered strictly more plausi-
ble than w’. For a ranking model «, the following derivation
makes this observation explicit:

Kk E (wwVw) (1)
iff k((wVW)Aw) <k((wVw)Aw) (2)
iff k(w) < k(W) 3)

The following example illustrates observational equivalence
with respect to base conditionals.

Example 2. Ler X, = {a,b}, and consider the following
belief bases over ¥,

Ry = {(ablab Vv ab)} (4)
R3 = {(ablabV a@b), (abV @blabV abVab)}  (5)

We have ab \V ab b, ab for i € {1,3}, and ab V ab Vv
abpvp ab Vv @b, but ab V ab vV ab W ab Vv ab. While
Ry #p» Rs, for the set of base conditionals we have
R, Eif(zab) Rs.

Among all belief bases that are observationally equiva-
lent with respect to an inductive inference operator and a
set of queries we want to select a unique representative.
For this, we employ an ordering on the set of belief bases
over NFC(X) as it is developed in (Beierle and Haldimann
2020a). This ordering uses signature renamings, where a
function p : ¥ — ¥ is a renaming if p is a bijection. E.g.,
the function p,;, with pgp(a) = band pap(b) = a is a renam-
ing for ¥,;. As usual, p is extended canonically to worlds,
formulas, conditionals, belief bases, and to sets thereof.

Definition 7 (~). Let X, X' be two signatures, worlds, for-
mulas, belief bases, sets, or relations over one of these items.
We say that X and X' are isomorphic with respect to signa-
ture renamings, denoted by X ~ X', if there exists a renam-
ing p such that p(X) = X'.

For a set M, m € M, and an equivalence relation = on
M, the set of equivalence classes induced by = is denoted by
[M],=, and the unique equivalence class containing m is de-
noted by [m]=. E.g., [25,,]/~ = {[ab]~, [ab,ab]~, [ab]~}
are the three equivalence classes of worlds over ¥,, =
{a, b}, and we have [(ablab V ab)]~ = [(ablab V @b))~.



Based on the equivalence classes with respect to ~~,
the linear ordering < on NFC(X) is defined in (Beierle
and Haldimann 2020a) for each ordered signature 3.
The —<-minimal conditional in each equivalence class in
[NFC(X4p)]/~ is the canonical representative of that class,
called canonical normal form conditional. Extending —
yields an ordering on belief bases.

Definition 8 (A < A’ (Beierle and Haldimann 2020a)). The
lexicographic extension of the ordering < on NFC(X) to
strings over NFC(X) is denoted by <,,,. For belief bases
A= {ry,...;rpand A = {r],...,rl.} over NFC(X)
with r; < 141 and r;- = T;'+1 the ordering =< ;. Is given
by: A =Zeer Aiffn < n/yorn = n'andry... Ty <ea
vy ...rl .. Furthermore, A < A stands for A < z¢; A

For instance, for the belief bases from Example 2 we have
Ry = Rs. The ordering =< on belief bases is used in the
definition of observational normal form.

Definition 9 (ONFE ). A belief base A is in observational
normal form with respect to |~ and a set of queries ) (in
ONFE ), if A is in CNF and for every belief base A" in CNF
with A =2 A’ it holds that A < A'.

Example 3. The belief base Ry from Example 2 is in
ONFLy e,

Using the observation that < is a linear ordering on belief
bases, yields the following proposition.

Proposition 3 (ONFS(A)). Let |~ be an inductive infer-
ence operator and let Q) be a set of queries. For every con-
sistent A in CNF there is a uniquely determined belief base
in ONF{?, denoted by ONF(A), with A =2 ONF?(A).
Example 4. For the belief bases from Example 2 we have
Ry = ONFZ®)(Ry).

In analogy to the completeness property of CNF (Prop. 2)
we obtain that ONFS is p-complete when considering |~-
relations focussed on Q.

Proposition 4. If |~ satisfies (SF) and (CE), then for ev-
ery p~-relation IR there is a A in ONFg with A~ A B iff
(A,B) e IRN{(A",B")| (B'|4") € Q}.

If we take all normal form conditionals as queries into ac-

count, observational equivalence and inferential equivalence
coincide.

Proposition 5. If |~ satisfies (SF) and (CE), then
=N = = (6)

Using an algorithm for the systematic generation of belief
bases (Beierle and Haldimann 2022b) and the reasoning sys-
tem InfOCF (Kutsch and Beierle 2021; Kutsch 2019), leads
us to the following observation.

Observation 1. Systematically generating consistent belief
bases over the two-element signature ¥, = {a, b} and clas-
sifying them according to observational equivalence with re-
spect to all normal form conditionals over ¥, yields to the
follwing numbers:

ind. inference operator |~  belief bases in ONF ﬁFC(E“b)

p-entailment 485
system Z [ 75
c-inference ¢ 111
system W R 75

Another immediate consequence of observational equiva-
lence is the following property.

Proposition 6. Let |~ be an inductive inference operator
and let Ay, Ay be belief bases. If Q, Q' are sets of queries

with Q C Q' then Aq Eg/ Asg implies Ay EE As.

Note that the statement of Proposition 6 can also be com-
pactly represented by the following equation:

Q C Q' implies Eg C Eg 7

In the following section, we will focus on a specific set of
queries; furthermore we will take renamings of belief bases
into account.

5 Base Conditional Normal Form and
Renamings on Belief Bases

As indicated in the previous section, the acceptance of base
conditionals induces a partial order on worlds representing
their relative plausibility, cf. Definition 6 and Equations (1)—
(3). For the observational equivalence with respect to the
set of all base conditionals we introduce a dedicated normal
form.

Definition 10 (BCNF,., BCNF,, (A)). Let |~ be an in-
ductive inference operator and let Q be a set of queries
over a signature .. A belief base A over ¥ is in base con-

ditional normal form with respect to p (in BCNF,, ), if

A is in ONFZ™. The BCNF,., of A is BCNF,. (A) =

ONFZC™)( ).

Observation 2. Evaluating belief bases over X, with re-
spect to base conditional normal form yields the following
numbers:

ind. inference operator ~  belief bases in BCNF.,

p-entailment ¥ 219
system Z [ 75
c-inference [ 99

system W R 75

Thus, with p-entailment all 219 different strict partial or-
ders that exist over the four X,,-worlds can be obtained
from a X ,;-belief base. All other inductive inference oper-
ators mentioned in Observation 2 are less skeptical than p-
entailment; for each of these other operators, only a subset of
the 219 strict partial orders can be modelled by a ¥,;-belief
base.

Example 5. Consider the belief base Ry from Example 2.
The base conditional acceptance with respect to ¥ and Ry
is illustrated in Figure I(a). Each of ° € {~°, B, "}
entails additionally the two further strict order plausibility
relations ab < ab and ab < ab (cf. Figure 1(b)). Note that
there is no belief base such that either ~°, R~ or "



ab ab

| SN

ab ab ab ab ab ab
(a) The strict partial order on (b) The strict partial order
worlds corresponding to the on worlds corresponding to
base conditional acceptance of the base conditional acceptance
the inference relation induced of the inference relation in-
by Ry with P. duced by R; with ° €

{h5 pS P

Figure 1: Strict partial orders on worlds induced by different
inference relations from R; (cf. Example 5).

shows the acceptance behaviour with respect to base con-
ditionals shown in Figure 1(a).

The number of systematically generated belief bases over
a signature X can be reduced significantly by taking symme-
tries into account, for instance symmetries obtained by the
permutation of propositional variables. Based on the renam-
ing equivalence ~ (Definition 7) of belief bases and the lin-
ear ordering < (Definition 8), the following renamnig nor-
mal form (Beierle and Haldimann 2020a) has been proposed.

Definition 11 (oNF, pNF(A)). A belief base A in CNF is in
renaming normal form (pNF) if for every A’ with A ~ A’
it holds that A < A’. For every consistent A in CNF, the
renaming normal form pNF(A) of A is the uniquely deter-
mined belief base in pNF such that A ~ pNF(A).

Now it is interesting to combine BCNF,., and pNF. How-
ever, the result of applying both BCNF,. and pNF to a belief
base depends on the order in which the normal forms are ap-
plied: in general, pNF(BCNF,. (A)) and BCNF,. (pNF(A))
may be different belief bases.

Example 6. Consider the belief bases

Rs = {(@blab Vv @bV ab), (abV ablabV abVab)} (8)

Rg = {(@blab Vv ab Vv ab), (abV ablabV abVab)} (9)

R7; = {(ablab Vv abV ab)} (10)

Rg = {(@blabV abV ab)} (11)
Note that Ry is obtained from Rs by removing the sec-
ond conditional. We have BCNF,.»(R5) = Ry as the ad-
dition of the second conditional does not lead to the en-
tailment of any other base conditionals. Regarding renam-
ings, we have pNF(R7) = Rg as Rs = pa(R7) and
Rg < Ry. Furthermore, we have pNF(R;) = Ry as
Rs < pap(Rs) = Rg. Hence, pNF(BCNF,.»(R5)) = Rs
and BCNFFVP (pNF(R5)) = Ry but Rg 7é R

While Example 6 exhibits an undesirable phenomenon,
the result of BCNF,_ (oNF(A)) may not even be in pNF.
Example 7. For the belief bases from Example 6, we have
BCNF|.»(pNF(R5)) = R7; but Ry is not in pNF as Rg is a
renaming of R7 with Rg < Rx.

6 Renamings on Observations

In the case of observational equivalence, instead of taking
renamings of the involved belief bases into account, we now

also consider renamings of the queries. Taking this perspec-
tive is useful, e.g., if the belief bases are not accessible to the
observing agent.

Definition 12 (EE’?]). A, A’ are observationally equivalent
with respect to |~ and @ modulo renamings of the query
variables, denoted by A EE?] A', if there is a renaming p
such that for all (B|A) € Q it holds that A~ A B if and
only if p(A) b o/ p(B).

Example 8. Consider the belief bases R, Rs from Exam-
ple 2 and

Ry = {(@blab Vv ab)}. (12)

For Ry and Rs, we have R, EEPC(E“)] R>. Additionally,
Ry ~ Ry because pap(R1) = Ro.

In Example 8, there are two belief bases which are obser-
vationally equivalent with respect to BC(X,;) modulo re-
namings of the query variables; additionally the belief bases
are renamings of each other. The next proposition general-
izes this correspondence for all renaming equivalent belief
bases and arbitrary sets of queries.

Proposition 7 (~ implies EE?]). Let |~ be an inductive in-
ference operator and let Q) be a set of queries. Then

A ~ A implies A ELC?] A (13)

However, the implication of Proposition 7 does not hold
in the other direction.

Example 9. Consider the belief bases Ry, Ro, R3 from Ex-
amples 2 and 8 and

Ry = {(@blab Vv ab), (abV ablab V ab V ab)}. (14)

For Rs and R4 we have observational equivalence with
respect to the queries BC(X,.,) modulo renaming, i.e.,

Rs EE,,C(E“)] Ry. P-entailment with respect to the belief

base R3 accepts exactly the base conditional r = (ab|ab v
ab) from BC(Xap), and p-entailment with respect to Ry ac-
cepts exactly the base conditional ' = (ablab V ab). The
conditionals v and r' are equivalent under renaming be-
cause pqp(r) = r'. However, R3 and Ry are not renaming
equivalent because R3 # Ry and p.p(R3) # Ry.

We now introduce a normal form for belief bases based
on the equivalence = 7.

Definition 13 (WONFL?]). A is in observational normal
form with respect to |~ and () modulo renamings of the
query variables (in TONFE?] ), if A is in CNF and for every

A’ in CNF with A Ef] A" it holds that A < A,

Example 10. R, from Example 2 is in TONF Epc(z"b)] be-
cause there is no A with A EEPC(E“”)] Ry and A < R;.

For every inductive inference operator and any set of
queries, Definition 13 induces a uniquely determined nor-
mal form.



Proposition 8 (WONFE](A)). Let |~ be an inductive in-
ference operator and let Q) be a set of queries. For every
consistent A in CNF there is a uniquely determined belief

base in WONF{?], denoted by WONFB](A), with A EE?]
TONFIY(A).

Example 11. For Ry from Example 8 the unique equiva-

lent belief base in WONFEPC(Z“E’” is Ry from Example 2 (cf.

Examples 8 and 10); i.e., WONFE,,C(E“)](RQ) = R;.

In our empirical evaluations, we determined observational
equivalence moduo renamings over all normal form condi-
tionals for X ,;-belief bases.

Observation 3. Determining belief bases over X, in
observational normal form with respect to all normal form
conditionals modulo renaming of the query variables yields
the following numbers:

ind. inference operator |~ belief bases in WONFEVFC(Z“)]
p-entailment P 263
system Z [ 44
c-inference h© 63
system W R 44

Instead of combining observational equivalence with re-
spect to the set BC(X) of all base conditionals with renam-
ings of belief bases (cf. Examples 6 and 7), the following
normal form combines observational equivalence with re-
spect to BC(X) with renamings of the query variables.

Definition 14 (TBCNF,., TBCNF,. (A)). A belief base A
is in base conditional normal form with respect to ~ mod-
ulo renamings of the query variables (in TBCNF,.), if A is

in WONFEC(E)]. The mBCNF\. of a belief base A is the
uniquely determined TBCNF ., (A) = WONFEC(S)](A).

Example 12. R, from Example 2 is in TBCNF.» (cf. Ex-
ample 10).

Observation 4. Evaluating belief bases over ¥, with re-
spect to base conditional normal form modulo renamings of
the query variables yields the following numbers:

ind. inference operator ~  belief bases in TBCNF .

p-entailment 119
system Z [ 44
c-inference  p° 56
system W Y 44

In Example 6 and 7 we demonstrated phenomena that
may occur when combining the normal forms TBCNF,., and
pNF arbitrarily. The next proposition relies on the corre-
spondence expressed in (13) in Proposition 7 and clarifies

()

the general correspondence among pNF, ONFEC , and

mONF[P*),

Proposition 9. Let |~ be an inductive inference operator
and @ be a set of queries. Then for any belief base A we
have:

pNF(ONFZ(A)) = TONFIF(A) (15)

Thus, given any belief base A, first determining
ONFg(A) and then transforming the result into pNF yields
WONF[:?](A). Because BCNF,, and 7BCNF,, are special

cases of ONFg and WONFE], respectively, an immediate
consequence of Proposition 9 is:

Proposition 10. Let |~ be an inductive inference operator.
Then for any belief base A we have:

pNF(BCNF,. (A)) = mBCNF,. (A) (16)

Other immediate consequences of Proposition 9 are:
pNE(rONFZ(A)) = 7ONF?(A) (17)
pNF(7BCNF. (A)) = 7BCNF, (A) (18)

Thus, every FONFE] and hence every TBCNF is also in
renaming normal form.

7 Conclusion and Future Work
In this paper, we introduced observational equivalence Egp

with respect to an inductive inference operator |~ and a set

of queries @. Using this concept, we introduced the obser-

vational normal form ONFS. By additionally considering

renamings of the queries, we obtained observational equiv-

alence modulo renaming Eg} and the corresponding obser-

vational normal form modulo renamings WONFB]. For ob-
taining the plausibility orderings on worlds that can be re-
alized by applying an inductive inference operator to a be-
lief base, we introduced the base conditional normal form
BCNF,. and the base conditional normal form modulo re-

namings 7TBCNF,, as special cases of the ONFS and the

WONFE] , respectively.

We elaborated the general interrelationships among these
normal forms. Our empirical evaluations yield the number of
belief bases in each normal form over the signature >,; for
each of the four inductive inference operators p-entailment,
system Z, c-inference, and system W. The evaluations show,
for example, that p-entailment can realize all 219 strict par-
tial orders on the four X, worlds, while with each of the
other three considered inductive inference operators only a
subset of these possible plausibility orderings on worlds can
be achieved.

Our future work includes the generation and empirical
evaluation of belief bases in these normal forms for larger
signatures as well as the coverage of other inductive infer-
ence operators.
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